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Sum m ary
The use of electronic train control systems and power electronic control for traction on 
electric railways is well established. The application of such systems has increased the 
awareness of the effects of electromagnetic interference with regard to system safety and 
reliability. One approach to assuring electromagnetic compatibility between subsystems 
is by circuit simulation studies. This requires the establishment of an accurate electrical 
model for the whole traction network. Of importance in this modelling procedure is 
the representation of the rail track. This thesis reports on the results of research to 
accurately define the track self and mutual impedances and admittances.
The material properties of the complete track structure are examined. The electromag­
netic properties of rail material are determined, by measurement, testing and modelling 
methods. The ground plane and track bed also have significant effects in such studies 
and the results from the examination of the electromagnetic properties of ballast, soil 
and sleepers are reported.
The influences of material properties on the track transmission line parameters are 
described in terms of series impedance behaviour and shunt admittance behaviour. 
These parameters have been measured, estimated from approximate analytical methods 
and modelled by appropriate numerical techniques.
Applications of the derived track transmission line parameters are described. A matrix 
method has been used and this is explained in detail. Case studies are given with typical 
design problems considered and the usefulness of the simulator in such studies of the 
interaction of traction and signalling systems is outlined.
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The introduction of power electronic traction converters and computer-based train con­
trol systems on electric railways has been wide-spread. Such advances have increased 
the awareness of the effects of electromagnetic interference with regard to system safety 
and reliability. One approach to achieving electromagnetic compatibility assurance be­
tween subsystems is by circuit simulation studies in the microsecond and millisecond 
timescales. This requires the establishment of an accurate electrical model for the whole 
traction network. A vital part of this modelling is the representation of the rail track. 
This thesis reports on the results of research aimed at defining in detail the track self 
and mutual impedances and admittances.
1.1 A n O verview  of E lectric Traction and Train Signalling  
System s
The use of electricity for traction and signalling in railway operations is taken for 
granted. Electric drives with the power source concentrated at discrete points and 
the energy transmitted by conductors provide an economic method of train propulsion 
to the moving vehicles. Economic and ecological pressures, as well as operational con­
siderations, have caused both urban and main-line operators to turn to electric traction 
since the source of pollution may be removed from densely populated regions to remote 
sites.
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Due to the increased demand on train operators to improve service by increasing capacity 
or frequency especially at peak traffic times, the need for more advanced signalling has 
become apparent. This has been encouraged by a rapid evolution in electrical and 
electronic signalling technology. The need to ensure compatibility between traction 
drives and signalling systems is well understood. However, achieving such compatibility 
is a complicated engineering process. To understand this further the variety of traction 
and signalling systems used in practice must be examined.
1.1.1 Electric Traction System s.
The choice of electric, rather than diesel based, traction is made on overall operational 
cost effectiveness. In most cases, commuter traffic will benefit from electric traction. 
For long distance traffic, the construction and maintenance of overhead supply systems 
may become uneconomic. If the traffic density is low diesel traction is chosen.
Electric traction supplies may be d.c. or a.c. This together with the different types of 
traction motors and converters, leads to a range of possibilities in traction systems as 
shown in Table 1.1. The trade-offs of transmission efficiency and motor controllability 
for various voltage levels and supply types are only clear for the extreme cases. That is 
urban railways which use low and medium voltage d.c. and high speed railways which 
use high voltage a.c. power transmission.
The standard voltage levels for d.c. supplies are 600 V, 750 V, 1.5 kV, although voltages 
up to 3 kV are used. For voltages less than 1 kV, the power is supplied by a rail running 
along the side the track. The train connects to this third rail by a power supply pick-up 
or shoe. Although the normal return path is through the running rails, there are notable 
exceptions such as the L.U. (London Underground) system and the Red Line on the
Table 1.1: Traction Drives and Converters
Power Supply Traction Motor Converter Notes
D.C. D.C. Series
D.C. Separately Excited
Resistance controller (cam) 
D.C. -  D.C. Chopper
D.C. Induction V.S.I.
Chopper -  C.S.I. 
Chopper -  V.S.I.
(1)
(2)
D.C. Synchronous Chopper -  C.S.I. (3)
A.C. (l.f.) Universal Tap changer (4)
A.C. (power freq.) D.C. Series
D.C. Separately Excitecn
Tapchanger -  rectifier 
Controlled phase rectifier
A.C. (power freq.) Induction Pulse converter -  V.S.I. (1)(5)
A.C. (power freq.) Synchronous Rectifier -  C.S.I. (3)
Notes
(1) Expected to be the standard system in the future.
(2) Early models : later used P.W.M. to vary D.C. link voltage.
(3) France only : dual system trains.
(4) Germany, Austria, Switzerland, Norway, Sweden use 16.66 Hz.
(5) Also l.f. used -  16.66 Hz.
C.S.I. -  Current Source Inverter 
V.S.I. -  Voltage Source Inverter
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Milan Subway, which both have a fourth rail, laid in the centre of the track to provide a 
return path for the traction current. D.c. systems use a catenary feed when the supply 
voltage is in excess of 1000 V (typically 1.5 or 3 kV).
A.c. supplied traction systems typically have the power supplied by an overhead cate­
nary. Power collection is made via train roof-mounted sliding pickups or pantographs. 
The specifications of this type of system vary substantially from country to country 
but the power is generally at high voltages, with a standard set at 25 kV1. Supply 
frequencies in use include 16.66, 25, 50 and 60 Hz. The lower frequencies are left over 
r  from the (1920s jwhen a.c. commutator motors where used for traction2. The basic
feeding system consists of substations supplying the catenary with the return current 
path along the running rails. More sophisticated systems include booster transformer
0
and autotransformer feed circuits; the larger capital costs of these being offset by the 
increase in transmission efficiency and reduction in electromagnetic interference from 
induced track-side voltages.
The initial attractiveness of d.c. powered trains was that d.c. traction motors could 
be used with simple cam control. Until recently d.c. motors were used in a.c.-fed 
systems using phase converters with rectifiers. With the development of thyristors, 
simple effective controllers became available. Modern traction drives use inverter-fed 
three-phase a.c. motors. These were first developed for d.c.-fed railways and later 
applied to a.c.-fed railways using an a.c. -  d.c. line converter feeding the d.c. link. The 
advantages of a three-phase induction motor is that it does not have a commutator or 
slip rings and has a higher power-to-weight ratio than the d.c. machines. An additional 
advantage is that, regenerative braking is available although the process may also be f
r
......
*50 kV has been tried on some railways in North America and South Africa. V 2 - ,  
2The 161 is derived from | x  50 Hz for ease of generation.
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achieved using d.c. — d.c. chopper drives but is not often implemented due to the need
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to establish inverting d.c. substations. Studies have shown that cost savings through the
regeneration of power may be significant. For example, the New York Subway System 
has chosen inverter-fed control for all new rolling stock, purely on economic grounds. 
The new generation traction drives for a.c. supplied systems have pulse (four quadrant) 
a.c. -  d.c. converters feeding 3-phase a.c. motors. These drives also can provide 
regenerative breaking but, because traffic is generally less frequent on a typical main­
line system, the additional capital costs in providing the necessary harmonic protection 
in substations are not always recoverable in operational savings.
1.1.2 Train Signalling System s.
Although there are current international projects to standardise signalling systems3, 
there are many variations in train signalling which essentially provide a solution to the 
same train control problem. There always will be a need for detection of train position 
and velocity. Also data transmission of safety information i.e. through line side signal 
or cab signalling always will be required.
There are three common methods of train detection. The first is a count of the train 
axles passing a point, or more often a number of points. These devices are known as 
Axle Counters. It is a precise, if inflexible, approach to determining train location. Axle 
counters are usually mechanical treadles or magnetic circuit devices which are attached 
to the rails. The presence of train wheels passing then activates the devices. The second 
approach is to use conductors, positioned between the running rails, usually with the 
conductor crossing repeatedly. These crossing points are used by train-mounted systems 
to detect position by phase reversal of the detected signal. The third method of train
3Examples of these are EURET and EUROCAB which are European Community Funded.
detection is known as the Track Circuit. In this system the track is divided into section
lengths termed track circuits. Within a track circuit, the running rails are used as a
transmission line. With a transmitter at one end of the track circuit and a receiver
at the other end, a train is known not to be present while a signal is detected. If the
receiver does not detect a signal, then either a train has been detected with the axles
short-circuiting the transmission line, or the signalling system has failed. The fail-safe
principle is inherent in this method. The first two methods are not inherently fail safe.
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The practical implementation of the track circuit depends on the type of power supply
to the traction drives. In the case of a d.c. traction supply, the track circuit system
must use an a.c. signal. The running rails must be electrically continuous within each
track circuit and so the ends of the track circuits are separated by block joints if they
operate at power frequencies or by tuned circuits if they operate at audio frequencies.
For an a.c. traction supply, it is sometimes possible to use d.c. track circuit signals.
The track circuits must be physically isolated by inserting block joints in one rail, so
the traction return current flows along one rail with the d.c. track circuit current along
both rails. The insulated rail joints which isolate the d.c. track circuits are generally
known to be mechanically unreliable and this has resulted in the development of a.c.
traction supplied systems using audio frequency excitation with tuned electrical circuit
joints to delineate adjacent track circuits. In this case, the operating frequencies in
adjacent track circuits must include a suitable spectral separation for correct operation.
Many track circuit frequencies are in use with typical values for power frequencies of 
33.33, 50, 60, 100 Hz, 125Hz. For example,L.U. use 33.33 and 125 Hz, whilst 100 Hz 
is found on the AMTRAK (the USA National Passenger Railway)4 north east corridor. 
Audio frequencies in the range of 2 to 20 kHz have been chosen by many rapid transit
4This system uses insulated rail joints.
operators, such as Singapore Mass Transit and Washington Metropolitan Mass Transit 
Authorities.
There are also many methods of transmitting the control information to the train. 
Several main-line methods are simply magnetic devices laid in the track to repeat 
signal aspects giving a visual message to the driver. An example is the AWS (Automatic 
Warning System) technique operated by British Rail. A more sophisticated system is 
the INDUSI transmission system in use in Germany.
A number of wider bandwidth automatic transmission methods have been developed 
to transfer data to the cab, when the train is either stationary or moving, using the 
principle of inductive transmission of coded information. An example of this is the 
original system installed on the D.L.R. (Docklands Light Rail) operating in London. 
The problem of on-the-move information transfer has been solved by passive static 
beacons or active transponders positioned between the running rails. Beacons allow 
one-way information transmission from track-to-train, whereas transponders can be 
configured for two way transmission.
The natural extension of this is to have a continuous data transmission system, allow­
ing flexible operation with full two-way data exchange. The Vancouver Skytrain and 
the Singapore Mass Transit System both have a range of sophisticated communication 
systems.
1.1.3 A utom atic Train Control.
Train control can be considered as a set of nested feedback control loops, as illustrated 
in Figure 1.1. Effective track-to-train and train-to-track data transmission is necessary 






Figure 1.1: Nested Loops Forming an Automatic Train Control System
Safe train operation is controlled by A.T.P. (automatic train protection), the inner-most 
loop. It must be the over-riding mechanism such that, if it is unsafe to proceed, the 
train speed is reduced and the train may eventually be stopped. This system includes 
fail-safe track occupancy detection, safe transmission of speed limit information, train 
position and speed monitoring, door closure status information and traction drive- 
braking supervision (for operation within a defined safety margin).
The next control loop outside A.T.P. is A.T.O. (automatic train operation). This might 
include normal door opening operation, control of speed and braking to operate to the 
timetable and accurate (stopping) positioning at station platforms. Generally it covers 
all non-vital functions local to the train.
The outermost control loop is A.T.S. (automatic train supervision). This represents 
control of the overall system and can be used to meet a particular service specification 
e.g. to maximise passenger throughput at peak traffic periods. Also as a supervisory
system, control of other cost functions can be achieved e.g. optimisation of energy 
demand or consumption. Using A.T.S, the parameters to be optimised can be changed 
automatically, depending on the most pressing requirement at the time.
1.2 T he Requirem ent for Sim ulation in Electrified R ail­
way System s
Considering the complexity and number of variations in electric traction and signalling
methods, especially when combined into one system, it can be seen that computer aided
" --------------------------
analysis should be a powerful tool for the design and fault analysis of such systems. 
Simulation can be carried out in microsecond, millisecond, second or tens of seconds 
timescale, depending on the problem to be solved. For example, for traffic flow studies, 
in the tens of seconds timescale, an initial system design could be achieved by passenger 
flow considerations and then the detailed design could be optimised by simulation. 
For power flow studies in the seconds timescale, the simulator would need to have 
the capability of modelling both power system and signalling operation. For E.M.C. 
studies in the microsecond and millisecond timescale, the simulator would need to model
O  r
electrical parameters very accurately. _ (P)  ̂ ^
This thesis is concerned with electrical simulation for E.M.C. studies. To achieve a useful 
electrical model for such an application, the rail track can be treated as a distributed 
power line. The difficulty is that the rails and earth in an of electrified track system 
exhibit (unusual,Jnon-linear properties. Hence the track modelling must consider the 
material properties (conductivity, permeability and permittivity) in detail.
1.2.1 E lectric Traction and Power Supply Considerations
In the second timescale, simulators may be used to optimise power flow. For a sim­
ulator to be useful in a practical sense, it must allow for both d.c. and a.c. supply 
systems. Verified commercial software is available for the simulation of industrial power 
distribution systems. These simulators may be applied to single-phase a.c. and d.c. 
traction supply systems, with some software modifications, since they are capable of 
representing power electronic circuits, including train-borne traction systems.
1.2.2 Signalling System  C onsiderations
One application of train signalling simulation is in track circuit design. Track circuit 
optimisation must include the choice of signal frequency and magnitude, with respect 
to variations in ballast and soil conditions, the proximity of other track circuits and the 
presence of E.M.I. (electromagnetic interference) from traction supplies.
Most track circuit designs have evolved from continuous development of existing sys­
tems. It follows that in most cases the design can normally be refined further by the 
use of simulation.
1.2.3 E lectrom agnetic Interference in Train System s
E.M.I. within any system is defined as the presence of an unwanted signal within the 
operational range of the receptor system. E.M.I. may result from a number of cou­
pling effects, including magnetic induction, conduction, electric induction or radiation. 
The design process in any system should ensure E.M.C. (electromagnetic compatibility) 
between individual subsystems.
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A line of track circuits within the same running rails are usually electrically coupled 
because traction power current must pass through many track circuits to return to 
the substation. Thus signalling power from one track circuit will couple with other 
track circuits, as filters do not have ideal characteristics. The method of coupling 
is usually inductive and conductive, since the signals rarely exceed mid-range audio­
frequencies, making radiative E.M.I. much less significant. Also with relatively low 
voltages, capacitive coupling is usually not significant5. The actual coupling mechanism 
is often open to speculation as detailed studies are rarely undertaken6. Also coupling 
via track side cables or track-bed re-enforcing structures cannot be excluded especially 
when 25 or 50 kV systems are used, since capacitive effects may be significant. Adjacent 
track circuits also can exhibit electromagnetic coupling through crosstalk (by inductive 
coupling), as the tracks are only a few metres apart, whereas the circuits may be up to 1 
km in length. The problem of E.M.I. between track circuits is that unsafe failures may 
occur e.g. where a train axle shunts a transmitted signal but significant power, at the 
same frequency couples from traction equipment on another track to keep the receiver 
energised thus indicating a state of unoccupancy.
It is good practice to provide complete spectral separation between traction and sig­
nalling frequencies to alleviate E.M.I. However, harmonics generated by power control 
circuits in traction systems still may produce significant power at or near the track
^  r -  9circuit frequencies if faults arise in equipment/. t
The problem of both the wanted track circuit currents and the unwanted power har­
monics occurring at similar frequencies is further emphasised if they share the same 
conduction path, which happens in the case of the running rails. In addition, since sig-
Capacitive coupling may be significant when spikes of e.m. noise are generated from trains to track 
circuits.




nailing currents are small (e.g 5 A) compared to traction currents (e.g. 1000 A)7, power 
supply harmonics may be of the same order of magnitude as the signalling currents.
The effect of E.M.I. from traction power systems into circuits other than signalling also 
may be significant, for example, on telecommunication systems in main-line railways 
and rapid transit systems.
The most cost effective way to  avoid E.M.I. is at the design stage, by careful choice of 
power/signal levels and operating frequencies in all subsystems. Spacial, tem poral and 
spectral separation requires careful pre-selection and their interaction and interdepen­
dency in railway electrical systems indicates that complex design procedures must be 
invoked. This implies the extensive use of computer based simulators reliant on accurate 
system modelling
1.3 E lectrica l R ep resen ta tion s o f Track S tructu re
The central feature of electrical traction simulators is an electrical equivalent model of 
the track. The track structure (i.e. rails, power conductors and track bed) may be 
represented in a number of ways in electric circuit terms. It is possible to represent the 
track as discrete or lumped components. W ith two parallel rails, there will be inductive 
coupling between the rails and between each rail and ground (when ground currents 
flow) so that inductance always must be included in time varying analyses.
Since the rails are in contact with the sleepers, ballast and hence ground, conduction 
paths must exist between the rails, sleepers, ballast and ground. The rails also exhibit 
capacitance between each other and the ground. To allow for a variable length of track, 
the discrete component electrical model necessarily would represent a defined unit length
7This value is typically for a 700 kW train at 700 V
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of track.
In a more general case when multiple tracks may be long, the discrete component 
model might become rather cumbersome. The physical layout of track tends to leads to 
a transmission line representation as a more useful modelling technique. The electrical 
behaviour of the track may be represented by distributed transmission line param eters, 
enabling the exploitation of telecommunication and power system transmission theory.
o, t *
For a two-rail single track study, it may be acceptable for some purposes to consider 
the track as a simple two wire transmission line. The proximity of the ground will 
have an influence on the electrical characteristics of the track and must be included 
if unbalanced conditions are to be modelled. For 3 - or 4-rail systems and those with 
catenary and multiple tracks, the simple two-wire model is insufficient. A multiple rail 
track system must be considered as a multi-wire transmission line with more extensive 
analysis due to the interaction between lines.
1.4 Scope and B ounds o f R esearch  and T h esis
This thesis reports on a study undertaken to analyse rail track as a multiple-wire 
transmission line. To achieve this analysis, a detailed investigation of the equivalent 
electrical track param eters was carried out. The research programme concentrated 
on the effects of rail material and lossy ground with their influence on the electrical 
param eters. The work includes theoretical analysis, experimental measurement and 
numerical modelling in an attem pt to obtain a complete physical understanding of the 
processes involved.
Case studies of signalling systems and traction signal harmonic propagation along the 
track have been included to illustrate the use of the track param eters (obtained from
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the research programme results) in simulations. Signalling equipment specifications and 
characteristics such as track circuit transmitter and receiver circuits have been included 
where appropriate; this has been supplied by several manufacturers and operators of 
railway systems, or obtained by measurement.
1.4.1 Thesis O utline.
The thesis initially reviews previous published work. This provides an overview of earlier 
track modelling studies and discusses the advantages and disadvantages of the methods 
used. The rail material is significant in the conduction process and reports on studies 
into magnetic material properties have been included in the literature review. In a 
similar manner, previous work on the electrical properties of ground has been examined 
to provide an understanding of the influence of ballast, soil etc. Other relevant literature 
has also been considered. A critical appraisal of alternative simulation methods is given. 
This describes the benefits of the choice of multiple-wire transmission line modelling, 
compared to the alternatives available.
Following this the material properties of the complete track structure are examined. 
The magnetic and electrical properties of rail material are determined, by measurement, 
testing and modelling methods. The ground plane and track bed also have a significant 
effect on the track electrical parameters, and a study of ballast, soil and sleepers has 
been undertaken.
Then the influences of material properties on the transmission line parameters are con­
sidered. The transmission line parameter study is separated into the series resistance 
and inductance ^ehaviai^^ d  the shunt conductance and capacitance ^ehaAdou .̂ These 
parameters have been measured, estimated from approximate analytical methods and
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modelled by appropriate numerical techniques with further tests to confirm the results.
The thesis continues by describing the application of the derived transmission line pa­
rameters. A matrix method, analogous to a power system multimode transmission line 
method, has been used and this is explained in detail. Case studies are given with 
typical design problems considered and the usefulness of the simulator in such studies 
of the interaction of traction and signalling systems is outlined. To conclude the the­
sis, the overall results, together with modelling methods are discussed and appropriate 
conclusions drawn. Further work is suggested.
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C h a p ter  2
R e v ie w  o f  L itera tu re  ^
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In examining the features and techniques that might be considered in the development of 
a track model for a microsecondy millisecond or second timescale simulator which could 
assist in the analysis of ET.M.I. problems in electrified railways, it has been essential 
to consider a wide range of published studies. Also a number of general background 
areas associated with electrified railways have been included. The areas covered are 
traction power supply systems and drives, train signalling and control, E .M .I./E .M .C ., 
evaluation of track param eters and simulation techniques.
2.1 T raction  Pow er Supply S y stem s and D rives
2 .1.1 A .C . T rac tio n  Supplies
A.c.-supplied traction systems are most often used for main-line railways and are asso­
ciated with longer distance operation than d.c. systems. To prove that there are always 
exceptions to rules, Sykes [1] describes the d.c. electrification of the 150 km London 
to  Bournemouth main-line which did not use an a.c. system since it was treated as an 
extension to  an existing system.
There has been much work reported on the analysis of a.c. traction power systems per­
formance. Glover, Kusko and Peeran [2], for example, describe a method of analysing 
train  voltages for new railroad electrification systems at 25 kV, 50 kV and 60 Hz. The 
analysis can be carried out with or without booster or autotransform ers. The power
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supply system analysis is required to aid the determination of optimum substation spac­
ing, catenary feed configuration, requirement for auxiliary transformers and equipment 
ratings. The train voltage analysis ensures that train performance specifications can be 
met. This report puts emphasis on catenary and return rail impedances with detailed 
calculations given. It is shown that accurate resistance and reactance values, for running 
rails improves the accuracy of calculations. However, only approximate, well-known 
evaluations are given, with internal rail reactance left to unspecified measurement.
General reviews of a.c. electrified railway power supply systems have been given by 
Suddards [3], and Spenny and Kusko [4], whilst specific applications and implementa­
tions are described in other papers [5, 6, 7]. Although these provide practical details of 
systems in operation, there is only limited information in terms of the analyses used.
Bozkaya et al. [8] and Mellitt et al. [9] provide a detailed examination of the comparative 
merits of auxiliary transformers. It is shown how B.T.s (booster transformers) are used 
to draw current up to a return conductor, away from the track and so reduce rail and 
earth  currents. One aim of this design is to reduce induced voltages in line-side metallic 
conductors. The B.T. method is used mainly on conventional 25 kV systems with a 
transform er spacing limitation of between 2-5 km. From the viewpoint of the reduction 
of E.M.I. from earth currents, the A.T. (autotransform er) system also achieves a similar 
objective. A.T.s are used with a 25-0-25 kV power system; 25 kV is applied between 
catenary and rails with the aid of an auxiliary feeder and a 50 kV power supply. Since 
most standard train-borne equipment is developed for a 25 kV rating, the 25-0-25 kV 
method is preferred to a 0-50 kV system. The work also gives a detailed comparison 
between the performance of B.T. and A.T. systems, showing simulation results of earth  
currents.
Machczynski [10] gives a m athematical analysis of currents and voltages in earth -retu rn
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circuits for a.c. traction supplies. The practical application of this analysis is for 
determining induced voltages in parallel cables and example calculations are given. 
The paper is concerned with the determination of harmful effects of power electronic 
converter traction supplies on other systems.
Kneschke [11] [12] has shown how relatively simple circuit theory and power system 
analysis can be used to determine substation distribution. A base substation spacing 
is used and this is followed by examination of the parameters that affect the final 
substation spacing. Single-end, double-end and centre-fed systems with booster and 
autotransformers are all considered.
As stated in Chapter 1, commercial software is available to analyse industrial power 
supply systems. Cesario et al. [13] have shown that it is possible to apply a commercial 
package to traction power supply simulation. The paper explains the difficulties in 
simulating traction systems using E.M.T.P. (Electromagnetic Transients Programme) 
but states that complex elements can be incorporated into the model. Two case studies 
are given for the Dorsale-Sarda railway line in Sardinia, Italy and for the Carajas line 
in Brazil. Although the package has standard built in models for many components and 
subsystems, the actual values used, and the type of models used for these components 
(and those developed by the authors) is not made clear.
With the demand for more rapid main-line trains, European railway operators have been 
developing power supply and catenary systems to operate trains at speeds in excess of 
350 km per hour. Harprecht et al. [14] present a paper illustrating the modifications and 
extensions to standard German Federal Republic Railway equipment to achieve these 
higher speeds. Much test data is presented to illustrate the operation of a high-speed 
train.
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2 .1 .2  D .C . T rac tio n  Supplies
Since the d.c. traction supply system is most often used in rapid transit operation, it 
is usually characterised by shorter distances between stations compared with main-line
|
operation. This tends to imply th a t the load on the supply, from the train , is normally 




De Koranyi [15] describes the system requirements tha t arise when designing a d.c.
power supply for rapid transit systems. He states that the aim of a design, whether for ,
4; a ■ *
a new system or for a modernisation contract, is to optimise substation location and size
relative to the passenger station location. Train currents and voltages are considered,
as was the case for the a.c. design procedure. Similarly, line data, substation data
and substation loads are examined. De Koranyi gives a numerical example to highlight
the design process. The results are based on a simple model, as is to be expected
when attem pting the analysis of a whole system. No reference is made to regenerative
breaking which indicates that this paper predates the implementation of power electronic
devices in more advanced circuit applications. However, silicon rectifiers are discussed
in substation data. Lincoln [16] provides a summary of what he terms fringe areas
affecting the power-supply engineering of traction systems. These include harmonic
generation, interference and induced voltages.
By 1970, the use of regenerative breaking had become established, although Holden 
[17] pointed out that the practical application was unsatisfactory. This seemed to be 
because the rectifier substations of the day could not accept reverse power flow. Even
with modern semiconductor devices, inverting substations are still often prohibited by 
cost, although not by technology. Holden provides a useful summary of the elements
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th a t make up the electrical distribution and drive systems.
Suzuki [18] presents a more recent description of a d.c. power supply system for rapid 
transit operations. He discusses the principle of a reversible d.c. power supply and 
gives, as an example application, the Seishin Line of the Kobe Metro, Japan. Again, 
substation positions and ratings are considered together with control and operation of 
the substation inverter circuits. Mellitt et al. [19] also describe the merits of energy 
savings, when using chopper control on the Jubilee Line of the L.U. system in London, 
evaluated by simulation. Comparison between conventional equipment and th a t of 
a regenerative braking scheme is made. It is explained that three principal factors 
influence the reduction in energy demanded by the system:
• The power losses associated with mechanical components. The electrical losses of 
motors and conductor rails are reported as not being significant but mechanical 
losses provide some of the electrical braking effort. Hence, the energy delivered to 
power the train is usually less than that available for electrical braking.
• The availability o f load demand and the constraints on power transmission. The 
periods of braking and motoring influence the energy demanded by the system.
I\Jzty ^
The paper describes this as the coincidence of these periods. It could also be
thought of as an effective m ark-to-space ratio. This ratio is affected by train
c— -----  -  . . . . . .
headway and station waiting time. There is also the constraint of sectioning in 
the power supply system. Ideally, the whole system should be fully linked but 
limits of voltage at the train  terminals, when braking, constrain the distance over 
which regenerated power can be transm itted.
• The power rating of the electric brake. Traditionally, low characteristic tractive- 
effort/speed curves are followed during powering of motors. This constrains the
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regeneration capability. In addition, it is expected th a t non-m otoring axles may 
have to take part in the braking so that traditional braking rates can be achieved 
without extensive mechanical braking.
After explaining how the calculations can be carried out, the paper concludes with 
numerical examples. Gondo [20] also discusses modern d.c. railway feeding systems and 
provides a description of modern substation design, capable of absorbing power.
A number of reports provide details of actual systems in operation. Examples of these 
are by Olsen [21] and Miller [22], which gives a general description of the B.A.R.T. 
(Bay Area Rapid Transit) (USA) electrical power distribution system. Emphasis is 
placed on the power distribution to the traction equipment. Lincoln [23], and later 
Prickett [24], give similar types of reports on the Tyne and Wear M etro (U.K.). Lincoln 
provides a good overview of the apparatus and Prickett offers descriptions of various 
constructional details together with more detail of the control of the system. Later 
papers [25, 26] provide reports of electrical power systems operating in Hong Kong and 
Dublin. A more recent paper by Buchanan [27] places more emphasis on the com puter- 
based control of a power system. He describes the L.U. power network control strategy. 
This paper differs from earlier examples by reflecting the move to reliance of power 
system control on software.
2.1.3 T rac tio n  D rives
The development of traction drives has been briefly summarised in Chapter 1. Craw- 
shaw [28] explains that the performance of the drive system is limited by the machine 
characteristics, power source and control method. The actual performance achievable 
may be a balance between the ideal and equipment cost, with the restriction of existing
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infrastructure. Crawshaw also explains that traditionally it is thought that the d.c. 
motor is most suitable for traction use, as it is the easiest to control to give satisfactory 
performance. U.K. manufacturers have limited a.c. traction motor development to cage 
induction motors and Crawshaw provides a comparison between this system and the
d.c. motor system. The paper reviews the early days of d.c. electric traction and then 
summarises the characteristics of the separately excited d.c. motor and the induction 
motor, together with more advanced methods of control.
Jager et al. [29] consider typical power electronic circuits used in traction systems for 
the control of d.c. motors. This paper indicates that the major advantages of using 
these circuits are
• Improved adhesion due to continuously variable control and selection of suitable 
tractive effort/speed characteristics.
• Automatic train running by use of computer control without human intervention.
However, the advantages must be considered together with the disadvantages. The main 
drawbacks are stated as
• Increased reactive and distortive loading of substations.
• Electromagnetic interference into other systems.
Jager et al. provide a basic analysis of phase control for the a.c. supplied system, 
further emphasising the problem of generated harmonics. They also discuss where these 
harmonics might cause problems in other systems. They then proceed to examine the 
use of filtering, more advanced circuits and switching methods to improve the situation. 
An example of the implementation of thyristor control is given, the Berne-Lotschberg- 
Simplon Railway. D.C. supplied systems are then considered and an examination of the
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origins of harmonics, resulting from chopper circuits, is given. A similar discussion to 
that for a.c. supplied systems is provided.
Wagner [30] describes the continuing increase in the use of a.c. motors with power- 
electronic control. Wagner’s paper provides practical circuits used by Siemens in a 
number of recent projects. He also explains that, up to that time, both current-fed and 
voltage-fed inverter circuits had been used in approximately equal number. However, 
with the development of the G.T.O. offering a simple power turn-off facility, combined 
with microprocessor control of gate signals, Wagner considers that voltage-fed inverters 
are the best candidate for further development. Since this publication, this has been 
confirmed to be the case. The advantages of the voltage-fed inverter with respect to the 
current-fed inverter are outlined by Lander [31]. He explains that the current-fed (or 
constant current) inverter suffers from torque pulsations at low speeds, the requirement 
for bulky capacitors and inductors with poor speed regulation at lower powers. In 
addition, Lander points out that P.W.M. (Pulse Width Modulation) methods have 
not been pursued with current-fed circuits; long commutation times would restrict the 
application to low output frequencies so that low-order harmonics could be eliminated. 
The main advantage of such circuits is that conventional thyristors can be used. Further 
publications [32, 33, 34, 35] specify particular algorithms and general considerations of 
P.W.M. to minimise harmonic interference into other systems. In some cases, detailed 
mathematical analysis is given.
An implementation of this is described by Fischer [36]. Although the supply is generated 
by an on-board diesel engine, the control principle is similar to an electrified supply 
system. An overall explanation of a particular locomotive application is given. At 
the same conference, Smith and Comer [37] presented the concept of a dual mode 
locomotive. For the particular application they described, the locomotive had to operate
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as a diesel-powered, electric-motor driven vehicle with the option of being supplied from 
a third rail arrangement for tunnel operation.
As control methods develop, different techniques offer improved performance. In the 
last three years the move to field-oriented direct self control (vector control) has become 
prevalent in development and it is thought that this may replace P.W.M. Steimel [38] 
reviews the various control techniques available for traction applications and explains 
that field-oriented control uses simplified algorithms (compared to earlier techniques) 
allowing optimal switching of the inverter under all circumstances.
2.2 Train Signalling and Control System s
As outlined in Chapter 1, the techniques and systems used to progress a train through 
a railway network can be thought of as a feedback control loop. The demand parameter 
or input to the control system is the time-table or desired operation. The forward path 
of the loop is the track-to-train signals (traditionally the line of sight of a driver to a 
wayside signal), with the feedback path representing the train detection method. This 
then leaves disruptions to the system as noise or disturbance inputs. The requirements 
of the electrical systems involved in train signalling and control in the form of forward 
and feedback paths of the control system are of particular importance in developing 
simulations of electrified track.
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2.2.1 Train D etection  -  The Track Circuit
While several different methods of train detection exist, the method in widespread use 
on lines with moderate or heavy traffic is the track circuit1. The track circuit is a 
key subsystem which requires accurate modelling of the rail track itself to give full 
information concerning circuit performance and possible E.M.I. problems. Track circuit 
development has been the subject of many publications. Frielinghaus [39] and Hill [40] 
provide useful introductions to the subject, describing the basic track circuit operation. 
Both give brief historical reviews and indicate that d.c. track circuits were the first to be 
implemented. However, experience has shown that the necessary insulating block joints 
are a maintenance liability. In addition, since d.c. traction systems share the running 
rails as the same conduction path as the track circuit, the need for a.c. signalling 
methods becomes apparent.
Walter [41] describes developments occurring on the S.N.C.F. (Societe Nationale des
Chemins de Fer) system during the 1960’s with the advances in solid-state devices. He
explains that, although of concern prior to this time, axle resistance was not a problem
when used to shunt the track circuit. Wheel-rail contact was of concern, mainly due
to rail oxidisation. A method of overcoming this problem is outlined: high-voltage d.c.
pulses are used to overcome the oxidisation effect. Walter then continues by discussing
track circuits at selected frequencies with insulated block joints. These are at the
lower end of the audio frequency range but are limited in length for the applications
considered. He also provides information relating to a.f. track circuit implementations
without insulated block joints. Tuning and frequency separation are used to define
the track circuit. The problem of inadequate train shunting, described by Walter, has
1Also axle counters are widely used on heavy traffic lines. On light traffic tracks, no train detection 
at all may be found.
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been of concern continually throughout the evolution of track circuits. Nagase [42] 
also addresses the problem, presenting a practical method of measuring the shunting 
resistance and including example results.
The procedures involved in track circuit design have been the subject of a series of 
papers by Iancu [43, 44] and Iancu and Giuhat [45]. In the first of these papers, it is 
explained that determination of an optimum length and termination impedance may be 
treated as a non-linear programming problem. Two methods are suggested
• Fix a number of conditions and then optimise a simplified problem.
• Application of strict boundary conditions.
Iancu continues by identifying the critical parameters for the evaluation of terminal 
impedances. He then provides the algorithms for calculating optimum track circuit 
length and terminal impedances, concluding with numerical examples. The subsequent 
papers examine particular aspects of track circuit design. The influence of direct- 
coupled receivers is considered in detail as is the influence of track circuit parameters 
on maximum circuit length. Although the algorithms used are given in some detail in 
these papers, no experimental or practical confirmation of the method is provided.
Other papers covering similar material include published work by Frielinghaus[39] and 
Harmon [46]. Frielinghaus provides much practical data needed when establishing the 
maximum circuit length, for a.c. signals, while Harmon reviews problems that must be 
considered in circuit design.
A typical application is presented by Gaffney and Harris [47]. They give practical 
details of the signalling systems used on M.T.R.C. (Mass Transit Railway Corporation) 
in Hong Kong. The development of a number of signalling strategies is explained. The
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improvement in technology and hence performance as the transit system expanded, is 
illustrated; future trends are suggested.
2.2.2 Train Control
Track circuits and other detection techniques provide train position data which allows 
control strategies to be carried out. However, to implement the controlling action, 
information must be transmitted to the train. Traditionally, this is achieved by setting 
signal aspects at the track-side for the driver to observe. Ogilvy [48] introduces this 
conventional control method, including A.W.S., and briefly introduces communication 
systems. However, to improve control and hence system performance, more reliable, 
faster methods must be used.
Track-to-train data transmission is generally recognised as being essential to modern 
train systems. Jeffries [49] explains how track circuits can also be developed into part of 
a track-to-train communications link. He initially reviews the historical progress of this 
idea and follows this by examining the basic principles. Included in this are the merits 
of various antenna positions, data transmission considerations, inherent properties of 
track circuits, attenuation compensation and limitations to the method. He then dis­
cusses what information should be included for transmission over this limited bandwidth 
channel. Hill [50] reviews the overall concept of A.T.O. Included in this overview are 
train detection and automatic signalling, track-to-train communication and computer- 
control supervision. A second paper [40] by Hill, also provides a detailed analysis of 
a specific transmission method using F.S.K. (Frequency Shift Keying) techniques and 
includes practical examples of F.S.K. transmission in a.f. track circuits.
Fricke [51] describes another technique which includes transposition of in-track con­
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ductors for more refined train position and identification. A higher resolution of train 
control can be achieved and in this way it is possible to implement moving block sig­
nalling. He also considers that it is only by substituting working by space intervals with 
working by time intervals th a t cab signalling will offer very considerable advantages2. 
Considering this paper is dated 1964, it shows much forsight and imagination towards 
future trends, especially as computer technology was not well developed at th a t time.
In a paper by Gaffney and Harris [47] on signalling of the Hong Kong Mass Transit 
System, track design, vehicle and signal performance are considered, in practical terms, 
with respect to A.T.O., A.T.P. and A.T.S (or train regulation). This is a good illustra­
tion of future trends.
Most of the advanced signalling techniques are used in Mass Transit Systems. This 
is probably because the capital investment is less than would be required to imple­
ment such methods on main-line systems. However, main-line developments are often 
discussed and Alston and Birkby [52, 53] provide papers concerned with this. They 
describe developments in British Rail train control. It is explained that a number of 
systems are used to provide communication links to moving trains. These systems are 
similar to those described in the previous articles.
W ith modern computing facilities, together with the large capital costs involved in train 
signalling implementation, it is to be expected that C.A.D. (Com puter Aided Design) 
methods should be developed. Ho et al. [54] provide a description of a simulator for 
modelling signalling in Rapid Transit systems. It appears that the application of A.I. 
(artifical intelligence) principles, in the form of expert systems could offer a powerful 
design aid.
2 Working by space intervals is the traditional fixed track circuit (fixed block signalling) occupancy 
method.
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2.3 E lectrom agnetic Interference and C om patib ility  in  
Railways
In order that E.M.C. can be achieved in any system, it is normally necessary to identify 
the sources of E.M.I. by measurement, analysis or modelling. It should be possible 
to predict problems that might occur during normal system operation and by careful 
design, eliminate such problems. This is particularly the case in railway systems and 
a general introduction has been given in Chapter 1. A typical selection of published 
studies are presented here.
2.3.1 A nalysis of E .M .I. and E.M .C . M ethods
In recent years, there have been two extensive studies of the problem of E.M.I. in rail­
way signalling. Holmstrom [55, 56, 57, 58, 59, 60] published his findings, resulting 
from a study carried out on behalf of U.M.T.A. (Urban Mass Transit Administration -  
D.O.T. USA). In a series of volumes he examines the problem of E.M.I. in Rapid Tran­
sit Systems. An E.P.R.I. (Electric Power Research Institution) report [61] complements 
Holmstrom’s work by describing track modelling using transmission line techniques. 
Both reports provide in-depth, detailed descriptions of the theory of and mechanisms 
by which interference occurs. Holmstrom clearly differentiates between inductive and 
conductive mechanisms. He also provides some novel experimental techniques for mea­
suring the effects of rail impedance. The E.P.R.I. report follows a more conventional 
approach but provides extensive experimental results. Both reports offer an explanation 
of the problem, highlighting the difficulties in obtaining meaningful experimental and 
analytical results. For example, Holmstrom only measures changes in rail inductance, 
rather than internal inductance specifically, while the E.P.R.I. report uses some mea­
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surement and some analytical techniques to provide results which have not been verified. 
The report is also limited to the case of two running rails only. In addition, it makes 
approximations concerning the earth reference point (or layer) in the track model and 
this puts the subsequent results in some doubt.
Frasco et al. [62] provide an overview of the effect of train-borne chopper circuits on 
a.f. track circuits. A more detailed study is given by Krempasky et al. [63] who de­
scribe a programme of testing and provide experimental results relating to E.M.I. in the 
W.M.A.T.A. (Washington Metropolitan Area Transit Authority) system. This study 
had been carried out because of the decision to use chopper-controlled d.c. traction 
drives in new rolling stock. They initially carried out laboratory tests, using tuned 
receiver circuits, to identify positions of maximum sensitivity and amplitudes relating 
to track circuit receiver operation. In addition, a tape-recording of the e.m. (electro­
magnetic) noise generated by chopper power-electronic control circuits was made and 
this was used for site testing. The recording was amplified and injected into the third 
rail system for testing purposes. The results of this program were then used to achieve 
compatibility between traction and signalling equipment. Smith [64] explains how this 
was achieved in a later paper and describes the spectrum management necessary to 
achieve E.M.C. He also includes other practical considerations.
The need for this type of study has been well understood for 20 years. A number 
of articles [65, 66, 67] briefly describe experiences where E.M.I. has been a problem. 
Abrahamsohn and White [68] and Abramson and Kapitonov [69] give more detail of the 
prediction and measurement of E.M.I. in situ. They also suggest methods of improving 
and controlling the problem.
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2.3.2 Effects of Power Supply and Power Electronic Circuits on E.M .I.
Since a major generator of e.m. noise is the traction supply and power-electronic 
control equipment, many studies have examined the performance and design of these 
systems. Littler [70, 71] has considered the performance of a.c. electrified systems and 
latterly the performance of autotransformers at harmonic frequencies [72] . Mellitt et 
al. [73, 74, 75, 9] have published a series of papers describing how computer-aided 
design can analyse induced voltages from a.c. railways. Holtz and Klein [76] apply 
similar techniques to investigate the propagation of harmonic currents, generated by 
power electronic traction control circuitry.
Taufiq et al. [77] examine the compatibility between railway signalling and inverter-fed 
drives. The emphasis is placed on choosing methods of P.W.M. for the inverter such 
that harmonics are eliminated. Hill at al [78] describe the modelling of interference in
d.c. fed rapid transit railways using chopper-controlled traction drives. Simulations of
e.m. noise are compared with laboratory experimental measurements. Hill and Yu [79] 
further develop the technique to incorporate the idea of modal analysis of the track, to 
more easily simulate the mutual coupling between tracks. The theory is outlined and 
a number of graphical examples are given. The track impedance values are highlighted 
as being of critical importance to the propagation effect.
Studies relating to electrified railways and communication systems have also been re­
ported. Cowdell [81], Mellitt et al. [82], and Manganella and Mario [83] examine the 
problem of acceptable levels of E.M.I. in telecommunication systems. Since telephone 
lines often follow the same route as the electrified track, this is of considerable impor­
tance. The methods of analysis given in these papers are used to provide examples of 
practical applications. Mellitt et al. make reference to the C.C.I.T.T. directives which
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specify levels of induced noise permissible between these systems.
2.4 Evaluation o f Track Param eters
As briefly discussed earlier, a number of papers [76, 2, 84] make use of assumed track 
parameter values. It is made clear in these papers that accurate values are required to 
achieve a useful numerical analysis.
Stanek et al. [85] explain that an accurate value of the impedance of a track/trolley 
system is important in the design of power systems in mines. The time constant of 
the electrical system must be known accurately to design fuse performance. The paper 
describes a simplified method of evaluating track impedance as the return path for the 
system. Then an analytical method is given for approximating the influence of the rail 
steel on the calculation. It should be noted that no attempt is made to evaluate the 
admittance of the track.
In an earlier paper by Mellitt [86], the loop electrical characteristics of a railway track 
are considered. This information is needed when considering track-to-train data trans­
mission. Hence the characteristics have been evaluated for frequencies up to the audio 
range. In this case a single two-rail track has been evaluated; the characteristics include 
loop (circuit) series impedance together with shunt admittance. As explained earlier, 
a report from E.P.R.I. [61] covers measurement techniques for obtaining some of these 
parameters. Hill [40] also presents loop transmission line parameter data for varying 
conditions of track, applicable to data transmission.
Tylavsky [87] and Tylavsky and Kulkarmi [88] extent these ideas when working in a 
similar area to Stanek [85] i.e. mine track/trolley systems. In these later papers, the 
impedance is developed into a matrix, although it is not used in a true multiconductor
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modal analysis. Tylavsky and Kulkarmi give a comparison of analytical and measured 
results but these are by no means conclusive.
2.4.1 M odal A nalysis of Transmission Lines
To take full advantage of the matrix technique, developed by Tylavsky and Kulkarmi, 
a modal analysis of a multiconductor system using both impedance and admittance 
matrices of the track is required. The advantages of achieving this are that extensive 
studies have already been carried out in the power systems field; these well known 
methods and techniques could then be applied to electrified railway track. Development 
of this theory has been carried out over the past thirty years in power systems analysis 
and it is felt that this should be considered in some detail, so that it can be applied 
to rail track. Wedepohl [89] presented the basis of the method in 1963. He developed 
the multi-wire case by first considering a hypothetical single wire transmission line. 
This is extended to a simple two-wire case and then the general n-wire case is given 
in matrix form. In addition, Wedepohl shows that a special case of this, for a 3- 
wire geometrically symmetrical balanced line, leads to the well known symmetrical 
components formulation. Each symmetrical component is a mode in this particular case. 
The modal analysis is often termed the concept of natural modes and in a second paper, 
Wedepohl [90] presents further work for nonhomogeneous multiconductor systems. This 
forms a generalisation of the analysis given in the earlier paper.
In these papers it is seen that the earth resistivity may have considerable influence on 
the numerical evaluation of the system. Hence Wedepohl and Wasley [91] developed 
the principles to include a more realistic multilayer earth model. The inclusion of 
theory, developed independently by Carson [92] and Pollaczek [93] provides data for 
the completion of the impedance and admittance matrices. The theory as developed by
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Carson is considered in a later section. The effectiveness of modal analysis is enhanced 
by further studies [94, 95, 96, 97] to include more practical features.
More recently Wedepohl and Efthymiadis [98, 99] have developed a more complete 
solution to determine the elements of the matrix. Many of the simplifications used 
earlier, which are inherent in Carson’s work, have been removed. This is achieved by 
using an electromagnetic field solution. Although the elements of the impedance and 
admittance matrices are arrived at by a more accurate route, the application in terms of 
modal analysis is identical to earlier work. The impedance matrix elements are frequency 
dependent and a suitable time domain modelling method to allow for this is presented by 
Semiyen and Deri [100], for the three-phase case. Much effort is spent in achieving a fit 
between model and measured results and it is unlikely that the computational expense 
would be tolerated in a design aid simulator. More recently Arabi et al. [101] have 
carried out numerical methods of including frequency dependency in the impedance and 
admittance matrices, although the method is elaborate and limited in its applications.
2 .4 .2  Im p e d a n c e  an d  A d m itta n c e  M a tr ix  E le m e n ts
The impedance matrix for a multimode analysis is made up of self and mutual impedances; 
this is described in more detail in Chapter 3. The self impedance has two distinct parts 
which may be termed internal and external impedance. The internal impedance is made 
up of the conductor resistance and the internal inductance which is defined as the in­
ductance due to flux inside the conductor. The external impedance is made up of a real 
part and an imaginary part also. The former is dependent on the power loss outside the 
conductor surface, including eddy currents in the track bed, while the inductive part is 
due to flux outside the conductor, generated by the conductor current itself rather than 
by currents in other conductors [102]. The definition of mutual inductance between two
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conductors is described rigorously in terms of circuit effects [103, 104]. Also there may 
be mutual resistance between conductors depending on the surrounding environment.
The internal impedance of a steel rail is non-linear with temperature, frequency and 
current magnitude. This is due to the influence of the conductivity and permeability 
of the material. Techniques for conductivity modelling and evaluation are described in 
literature [105, 106]. The permeability of ferromagnetic materials with suitable methods 
for modelling also have been the subject of many publications. Only a selection can 
realistically be described here. One early and reasonably thorough set of definitions 
of permeability has been given by Von Hippel [107] [108]. These definitions have been 
adopted throughout this thesis since they appear to form the most complete description 
of permeability available. Many more modern methods of modelling hysteresis, and 
hence indirectly permeability, have been presented [109, 110, 111, 112, 113].
The majority of these methods are developed with application to numerical methods of 
solving e.m. problems. The most versatile of these methods, with non-linear permeabil­
ity, is that of F.E.M. (Finite Element Method). The method has been shown capable of 
providing accurate values of resistance and inductance. An article by Luetke-Daldrup 
[114] compares the two-dimensional FE (finite element) solution for a non-linear eddy 
current problem with measurements and explains when favourable results can be ex­
pected. Further techniques for determining resistance and inductance in cables (as 
components of transmission lines) has also been presented [115]. Weiss and Csendes 
[116] use a “One-Step” F.E.M. for multiconductor skin effect problems but this re­
quires specific algorithms which may not be available commercially. This is extended to 
a more general case by Chari and Csendes [117]. Nakata [118] explains how the principle 
can be widely used by describing the methods in terms of flux distributions (although 
in this case the application is one of electrical machines).
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Many of the F.E.M. reports do not include hysteresis, but some particular studies by 
Nakata et al. [119], Del Vecchio [120] and Burais and Grellet [121] present varying 
techniques for including hysteresis in F.E.M. algorithms. The techniques are generally 
very application specific and are not easily introduced into commercial software. In 
addition, several attempts at simplified algebraic analyses, as an alternative to F.E.M, 
have been presented [122, 123, 124] but on examination it can be seen that the problems 
considered are of a particular specific nature. Hence on examination of the literature, 
it would seem that F.E.M. offers the most useful, general purpose method of evaluating 
the track impedance and admittance matrix elements.
The evaluation of self and mutual impedance of conductors above a conductive plane 
has been the subject of a number of papers. The basic approach is developed indepen­
dently by Carson [92] and Pollaczek [93]. Carson develops the method further [125,126] 
and many researchers have taken the analysis to a more complete form, especially with 
the advent of computer methods. Coleman [127] examines the case within a layered 
environment where each layer may have different conductivity. Wait, together with 
a number of colleagues [128, 129, 130], has written a number of papers describing a 
similar case of conductors above a conducting ground. Alvarado and Betancourt [131] 
further this investigation by presenting an approximate closed form of the original Car­
son equations but loose the generality of the original work. A comparison of Carson’s 
work with image theory is also made for particular cases and this illustrates the areas 
where agreement is possible [132].
Using these developments, the principles also have been used to model impedances for 
conductors above a horizontally stratified, multilayer earth [133, 134, 135]. The method 
is summarised in a text [136]. Measurements are also available [137, 138] to indicate 
typical values for the impedances concerned. However, all the above papers are aimed at
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either overhead lines or buried cables, which tend to be well insulated from the ground.
In a similar manner to the impedance matrix, the interconductor admittance matrix 
is made up of admittance elements dependent on ballast, soil and sleeper conductivity 
and permittivity. By analogy between electromagnetic and electrostatic analyses, it is 
possible to model inter-rail conductance and capacitance. However, the evaluation of 
conductivity and permittivity is a difficult problem. Starosol’skii [139] has presented 
results for the electrical resistance of ballast. Hill and Green [140] and Mayhan and 
Bailey [141] provide details of measuring soil permittivity and permeability but these are 
at radio frequencies rather than audio frequencies. Tables of resistivity and permittivity 
for various rock and soil types are provided by Keller and Frischknecht [142] although 
again these are at high frequencies. The influence of steel-reinforced concrete sleepers 
has been the subject of an investigation by Tso et al. [143]. However this again involves 
a simplified method of analysis and it would seem that an F.E.M. approach would yield 
a more accurate solution.
The evaluation of soil conductivity has been the subject of a number of studies. Initially 
the principle was developed by Langer [144, 145] and Slitcher [146]. Further theoretical 
and practical work by Blattner [147, 148] indicates that the technique is reliable. The 
evaluation of earth resistivity has also been considered by Meliopoulos et al. [149] and 
Baishiki et al. [150] but these authors do not extend the work of Blattner substantially. 
The method assumes that the ground is horizontally stratified and the ground conduc­
tivity can be determined by a four probe linear array. Telford et al. [151] describe a 
number of array techniques and Sunde [152] fully develops and collates the theoretical 
analysis.
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2.5 Sim ulation Techniques
Although most of the work reported in Jfhis thesis is aimed at track modelling, the 
model results are used as data inf a microsecond aiid millisecond timescale simulator in­
tended for the study of E.M.I. in traction systems. In the development of this software 
simulator, two possible approaches were considered. The first of these was to develop 
the software from initial algorithms. An alternative approach to original source code 
development is to adopt an existing, more general commercial software package and 
modify the code where necessary. In electrified railway simulation, both types of soft­
ware simulations have been used. Mellitt et al. [19, 9] and Ho et al. [54] have developed 
dedicated code to simulate various specialised aspects of traction and signalling prob­
lems. Others, such as Klauser et al. [153], have also developed specific programs for 
energy consumption investigations.
The adoption of commercial software has also been considered. Handel et al. [154] 
uses a common computer package (Lotus 123) to assist in the calculation of energy con­
sumption of railway vehicles. This involved a single spread sheet approach. Hill and Yu 
[79] developed methods from Wedepohl’s work, introduced earlier, such that matrices 
could be used to simulate both series impedance and parallel admittance of rail track. 
This was implemented by Hill et al. [155] using the S.P.I.C.E. software package and 
interference problems were considered. Wirth [156, 157] shows that a modal technique 
can be used for modelling p.c.b. tracks as transmission lines. However this must be 
carried out manually, causing considerable inconvenience and providing opportunity for 
additional error. Cesario et al. [13] also used a commercial package for traction power 
supply simulation. E.M.T.P. has been developed to simulate power systems and this 
paper shows that it is equally applicable to the special, single-phase case of traction 
supply. Wang and Mathur [158] show how the package can be modified to provide a
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transmission line frequency response. Lin and Marti [159, 160] have illustrated how nu­
merical oscillations, inherent in time stepping simulation software, can be eliminated by 
a technique of CDA (critical damping adjustment). A review of the E.M.T.P. simulation 
method is also given. The advantage of using commercial software and hence having 
extensive development and validation successfully completed, is indicated by Natarajan 
and Gentzler [161] who describe the problems of installing E.M.T.P. onto a personal 
computer system. In addition, a comparison between small and large computer system 
performance is given.
A very similar software package has also been subject to extensive validation and several 
papers describe this. Woodford et al. [162] describe how E.M.T.D.C. (Electromagnetic 
Transient D.C.) performs an analysis, and indicate methods of interfacing user-defined 
algorithms to the program. Subsystem models are described and the resulting output 
is given in a number of forms. Nyati et al. [163] provide examples of simulations and 
make comparisons between the results obtained and the actual power supply system 
installation. Nyati et al. [164], in a second paper, also compare the solution provided by 
an analogue simulator, E.M.T.D.C. and the actual installation. In all cases E.M.T.D.C. 
gives good agreement with measurements taken.
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C hapter 3 
T he U se o f M ultim ode Transm ission  
Line A nalysis in Sim ulation
Transmission lines may be represented using two main methods in simulation. One 
well known method is termed the pi line section representation. This technique couples 
a number of pi section networks together to make up any length of line. Since these 
networks are made up of lumped components, the method is most suitable for analogue 
simulation. Since every phase has to be connected to every other phase explicitly, the pi 
section network simulation becomes cumbersome and complicated when more than one 
or two phases are being considered. The second method was developed in the 1960’s 
and is more suitable for digital computer simulation. A novel and complete solution to 
the problem of analysing a multiwire (or multiphase) transmission line, in the presence 
of a lossy ground, was first described by Wedepohl in 1963 [89]. He demonstrated how 
the performance of a transmission line can be predicted by developing the solution, 
in matrix form, of the distributed model using the principle of travelling waves. The 
solution of the n simultaneous equations, describing an n-phase line, is achieved by 
decoupling the phases into modes. The application of interest to Wedepohl was that 
of power system transmission and the problems of protection, fault location, switching 
of unloaded lines and calculation of recovery voltages on circuit breakers. It has now 
become a well known method for determining the characteristics of transmission lines 
in many types of systems, as shown in Chapter 2. Applications range from traditional 
power distribution systems, through telecommunications links, to printed circuit board
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tracks coupling integrated circuits [156, 157]. The method has also been incorporated 
into a limited number of software packages based on work by Dommel and Meyer [165].
However the method has had limited application in rail track analysis. This is probably 
due to the fact that the assumptions made in many situations cannot be adopted in this 
case. A report by E.P.R.I. [61] considers the method but limits detailed investigation 
to a two rail track, with little consideration of the application of the results. The data 
is obtained by measurement or, where this was not possible, approximate analytical 
methods were used. Hill and Yu [79] use the method for a three rail system, but only 
estimate the data for the analysis. They show that the method could be used for 
simulation using the S.P.I.C.E. software package. In both cases, no attempts have been 
described which would validate the data or the analysis.
Since the principle of modal analysis of a transmission line is well understood, only a 
summary is given here, with further details in Appendix A.
3.1 R eview  o f th e Theory o f M odal Transm ission Lines
The objective of using the theory of modal (or eigenfunction) analysis is to determine 
the solution of coupled transmission line equations. This is achieved by decoupling the 
equations and solving each equation separately. It is most conveniently expressed in 
matrix form.
Consider a polyphase system of coupled transmission lines as shown in Figure 3.1. It is 
easily shown in Appendix A that the equations governing the electrical behaviour of a 
two wire system can be expressed as
dVi





Tx and Rx 1111111 n
Tx and Rx
Figure 3.1: Multi-wire Transmission Line
and
^  =  ~ { Z u h  +  Z22/ 2) (3.2)
where
Vn, In are the voltage and current in line n
Znn is the self impedance of line n (see Section 3.2.1)
Znm is the mutual impedance between lines n and m  (see Section 3.2.1)
and
^  =  -(^11  Vi + Y12V2) (3.3)
=  _ (y 12Vi + y 22v2) (3.4)
where
Ynn +  Ynm is the self admittance of line n (see Section 3.2.1)
—Ynm is the mutual admittance between lines n and m  (see Section 3.2.1)
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or in matrix form
IfcT = - W W  (3-5)
and
4 3  = —[Y].[V] (3.6)
where
[V] is the vector of phase voltages 
[I] is the vector of phase currents 
[Z] is the matrix of phase impedances 
[Y] is the matrix of phase admittances
The physical interpretation of the matrix elements, in the case of a rail track, is the 
subject of Section 3.2.1
It is easily shown that Equations 3.5 and 3.6 can be combined to give




= [A] [I] (3.8)
[A] =  [Y][Z]
[M]t represents the transpose of matrix M
The simultaneous Equations 3.7 and 3.8 are clearly coupled and represent the phase 
quantities of the polyphase system. To solve these Equations, the modal analysis method 
proceeds by decoupling them. This is achieved if
= [A]r m  = [A][Vm] (3.9)
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and
®  = [A][Im] (3.10)
where
superscript m indicates modal quantities
[A] is a diagonal matrix of modal (or eigen) values
Using the theory of similar matrices, a matrix operator [T] is introduced, which satisfies
[A] =  [T]r [A][T]T_1 (3.11)
where
T  is the modal transformation matrix (further described in Appendix A)
[M]-> represents the inverse of matrix M
Hence Equations 3.9 and 3.10 provide decoupled forms of voltages and currents of the
polyphase line1 and may be solved in a straight forward manner. The solutions have
the familiar form
Vnm = Unm+e“7nX + Vr„m_e7nX (3.12)
where
Vnm+ is the forward travelling voltage component of mode n 
Vnm~ is the reverse travelling voltage component of mode n 
7n is the propagation constant of mode n
The solution of Inm has a similar form. These solutions can then be substituted back
1In general these decoupled equations cannot be related to the physical system.
44
into Equations 3.7 and 3.8 as shown in Appendix A since
[V] = [T][Vm] (3.13)
and
[I] =  [T f- ' .[ I ”1] (3.14)
In a similar manner, the impedance and admittance matrices can be related between 
phase and mode by
[Z] = [T][Zm][T]T (3.15)
and
[Y] = [T]T-1[Ym][T]"1 (3.16)
where
Zm is the modal impedance matrix 
Y m is the modal admittance matrix
It is easily shown that from Equations 3.11, 3.15, and 3.16 that
[Ym][Zm] = [A] (3.17)
From two conductor transmission line analysis [61], it is usual to infer that the elements 
of the diagonal matrix [A] are the square of the modal propagation constants. Hence
[Ym][Zm] = [72] (3.18)
where [72] is a diagonal matrix of the square of the modal propagation constants
Hence each modal propagation constant is the square root of the eigenvalue 7t- = y/ \ T o
decouple the transmission line equations and obtain solutions, provided the elements
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of [Z] and [Y] are know, it is only necessary to determine the [A] and [T] matrices. 
The elements of the [A] matrix are eigenvalues of the system and can be obtained by 
rearranging Equations 3.11 as
[A][T]T_1 = [T]r_ 1 [A] (3.19)
It is shown in Appendix A that this is satisfied if
I [A] -  A,-[U]| = 0 (3.20)
where
|M | is the determinant of M
[U] is the unit matrix
A,- are the eigenvalues of the system
The solution of Equation 3.20 yields the values At(« = l..ra) where n is the number 
of phases. This then permits the evaluation of the T matrix by standard numerical 
algorithms as described in Appendix H. This then yields
[A][Tj] = Aj[T,] (3.21)
where is the ith. column of the T matrix and is the eigenvector associated with the 
ith eigenvalue A,-.
3.2 T he Corollaries and C onsequences o f U sing M odal 
A nalysis
The main benefit of using modal analysis in the solution of the performance of a multi­
wire transmission line is that each mode can be solved separately, as described in the
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previous section. This avoids the problem of developing a complicated dense m atrix 
formulation for the coupled physical system. The computational effort of solving the 
coupled line problem directly is far in excess of the modal method. This difference in 
computational effort increases as the number of lines increase.
It has been shown in Equation 3.17 and 3.18 that a direct result of determining the 
transform ation matrices required to change from phase quantities to modal quantities 
is the evaluation of the eigenvalues and hence the modal propagation constants. These 
propagation constants indicate the behaviour of each mode in terms of attenuation 
and phase shift, along the line, in a similar way to classical transmission line theory. 
Apart from the special case of the symmetrical two wire and three wire systems, it is 
not apparent that these constants have physical significance, with respect to the phase 
quantities. To obtain physical meaning the propagation constants may be transposed 
back into the phase quantities. It should be noted tha t as the square of the propagation 
constants are the eigenvalues of the system, standard mathematical procedures can be 
used [168] for eigenvalue evaluation. Similar procedures can be used to determine the 
eigenvectors, which form the columns of the transform ation matrices. These procedures 
are illustrated in Appendix H.
In association with the propagation constants are the modal characteristic impedances 
which are defined as
where
Zim is the element of the modal impedance m atrix associated with the ith mode 




Hence a set of modal characteristic impedances exist which form a diagonal modal 
characteristic impedance matrix [Zom]. This matrix is useful as it defines the current 
that would flow in an infinitely long mode, excited by a given modal voltage. It can 
also be expressed in terms of injected current and resultant potential difference along 
the line. For this reason it is utilised in software simulation. The phase characteristic 
impedance is the dual of the modal characteristic impedance and is defined as
[Zo] = [T lM -'m -M Z ] (3.23)
This has similar phase properties to the modal dual. However, in this case the matrix 
is not necessarily diagonal but does represent the physical system. That is, if the 
actual transmission line is terminated in a network represented by [Zc], it appears as 
an infinitely long line.
The final property of interest is the reflection coefficient matrix defined by Wedepohl 
[89] as
[K] = [Z + Z £,]-1[ Z - Z 0] (3.24)
This can be used to determine the reverse voltage at the end of a line, subject to
an incident (forward travelling) voltage. Since [K] is not necessarily diagonal, it is of
interest to note that an incident voltage on one phase, may cause reflected voltages on 
other phases, which have not been excited.
3 .2 .1  P h a se  A d m itta n c e  and  Im p e d a n c e  M a tr ix  E le m e n ts
The phase admittance and impedance matrices relating to the physical transmission 
line are given in Equations 3.1 to 3.4, together with Appendix A. Galloway et al [94] 
explain one method by which elements of these matrices may be calculated, for power
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system overhead lines. This method incorporates the usual (and valid) approximation 
for power system transmission lines that, in the admittance matrix, conductance may 
be negligible with respect to the susceptance, G «  B. That is the admittance ma­
trix is made up of imaginary elements. This is not the case with rail track where the 
running rails are considered as separate conductors. Further, the method of evaluating 
susceptance assumes that the conductors are surrounded by a uniform medium of fixed 
permittivity. A uniform charge distribution may then be assumed, allowing the calcu­
lation of capacitance to be relatively straightforward. Again this is not the case for rail 
track; the rails lie on (or close to) a boundary between two substantially different media 
(i.e. air and the conductive track bed).
Galloway et al also describe a classical approach to evaluating the phase impedance 
matrix elements. It is stated that there are five components to each impedance element, 
i.e.
Z = R C + R e + j ( X g + X c + X e) (3.25)
where
R c, R e are the resistance components due to the conductor and earth respectively.
X g, X c, X e are the reactance components due to the geometry of the conductors, the 
conductor itself and the earth path respectively.
It should be noted that R c and X c are also known as internal resistance and reactance.
In his original paper, Carson [126] developed expressions for X g, X e and R e, while 
Galloway et al. separate X g from X c, although the resulting numerical evaluations are 
the same. In subsequent developments of the so called “Carson Equations” , it is usual 
to form an expression which combines X g and X e. This is the case in a useful summary
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text by Bickford et al. [136]. The are no restrictions in the method used by Galloway et 
al. in determining the impedance elements, although the original “Carson Equations” 
do have some restrictions.
Considering the case of rail track specifically, the phase admittance matrix elements can 
be expected to be of a complex form. This is due to both capacitive and conductive 
components being present since the rails are in contact with the ground. The phase 
impedance matrix, for rail track, takes a similar form to that of the power system. 
However, the periodicity of the sleepers and the fact that the conductors are steel, 
with a varying value of relative permeability much greater than unity, creates addition 
non-linearities.
The physical significance of each phase element can be related to the track and track- 
bed structure. Within the impedance matrix of Equations 3.1 and 3.3, the diagonal 
elements, Za (i = 1 .. .n) where n is the number of phases, are termed self-impedance 
and can be thought of as the impedance representing a single rail with earth return. 
This leaves the off-diagonal elements Z{j (j  = 1 . . .  n) i ^  j ,  which can be considered 
to represent the mutual impedance between two rails with an earth plane present. The 
admittance matrix is less directly associated with the physical structure. The off- 
diagonal elements, Y{j, represent the magnitude of the mutual admittance between rails 
but with a phase inversion, i.e.
Y ij =  - Y m ij (3.26)
where Ymij is the mutual admittance between two rails
The diagonal elements, Yu form part of the admittance from the rail to a remote ground,
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3.3 T he Choice o f Software Sim ulation M ethod
As indicated in Chapter 2, it may be considered that there are two methods for de­
veloping software simulators. One approach requires the development of the software 
from basic algorithms, whilst the alternative is to adopt existing simulation packages 
and make modifications to suit the particular application. Both methods have inherent 
advantages and disadvantages.
The former method requires the detailed development of original algorithms. By the 
nature of such work, the initial cost tends to be large since much validation and testing 
is required. Hence many man-years will be involved before the simulator can be used 
with a high degree of confidence in complicated analysis. In addition, code and user 
guide documentation must be prepared. The end product is usually a very powerful 
design aid. Such is the case with some existing simulation programs [9, 19, 54, 153]. 
The large number of man-years involved in these projects has resulted in successful 
products, although they are not all commercially available as packages. The main ap­
plication of these packages is as part of a consultancy service, provided by the software 
originators i.e. the package is used for customer applications in-house rather than mak­
ing the software directly available. Hence the majority of industrial users commission 
the software authors to provide simulation results.
The second approach has advantages in that commercial software will have had a satis­
factory period of validation. In addition, documentation will be complete and previous 
user experience may be available. The obvious disadvantage is that there may be re­
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strictions on certain applications since it is not dedicated to the specific problem.
In considering which of the two approaches should be used in this study, the main 
consideration was the requirement for robustness and minimisation of initial overheads. 
That is, the simulator should be developed to a useful working state in a relatively short 
period (less than three man-years). Hence the decision was taken to adopt commercial 
software and modify this where necessary.
To this end, suitable packages were considered. It was thought that three packages might 
be suitable, these being S.P.I.C.E, E.M.T.P, E.M.T.D.C. The latter, E.M.T.D.C., op­
erates in a similar manner to E.M.T.P. but has special provision for d.c. power system 
links. The S.P.I.C.E. simulator is primarily used for discrete electronic component or 
integrated circuit simulation. It is not designed for power system applications and trans­
mission lines must be modelled individually, especially when using modal transmission 
line techniques. Much of the sophistication of S.P.I.C.E. is in the modelling of semi­
conductor components and it was thought that the modelling of power transformers and 
motors would be more difficult.
The similarities between E.M.T.P. and E.M.T.D.C. make the choice between the two 
packages difficult. Advice on the comparative strengths of the two programs was sought 
[166] which indicated that since d.c. traction systems were to be considered, then 
E.M.T.D.C. should be selected. The advantages of using E.M.T.D.C. apply equally to 
E.M.T.P. The versatility of E.M.T.P. has been indicated by reference to earlier work, 
as outlined in Chapter 2. This selection of the “D.C.” version of the software is not 
thought to be irreversible. At any stage of development it is felt that E.M.T.P. could 
well by exchanged with E.M.T.D.C. as the algorithms are very similar. Further, it may 
well be that each package has relative strengths dependent on the application under 
consideration.
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Figure 3.2: The Nodal Connections of the Inductor and its Computational Equivalent
3 .3 .1  T h e  T im e —S te p  S o lu tio n  M e th o d  fo r S im u la tio n
The theoretical basis of the solution method has been fully explained by Dommel and 
Meyer [165]. The principles can be easily explained if discrete passive components are 
considered. Using nodal analysis, a conductance matrix method can be used. Lumped 
resistors are modelled as resistive branches. Of course these are time invariant. How­
ever this is not the case with lumped inductors and capacitors. If the inductor, L , is 
considered, as shown in Figure 3.2
* m n ( 0  = J  J  ( v m ( t )  ~  Vn ( t ) )  d t  (3.28)
where
*mn(0 is the current in the branch between nodes m  and n at time t 
Vk(t) is the voltage at node k at time t
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Using the trapezoidal rule of integration
imn(t) = ^  (vm(t -  At) -  vn(t -  At)) + constant (3.29)
where At is the time interval representing the time-step length of the simulation
The voltages Vk(t — At) are used as these are known from the previous time step cal­
culation. The constant provides a time history of the current through the branch i.e. 
a memory function relating to the current flowing up to time (t — At). Dommel and 
Meyer define this constant as
7mn(t -  At) = imn(t -  At) + ^  (vm(t -  At) -  vn(t -  At)) (3.30)
which can be evaluated from the previous time step results. Defining
Req = ^  (3.31)
gives
i m n ( t )  = - 77 -  ( ^m (*  “  At) -  Vn ( t  -  At)) +  / mn(t -  At) (3.32)
■tleq
The same equation holds for a capacitive branch (capacitance C) where
and
= %  (3-33)
2 C
Imn(t -  At) = - i mn(t -  At) -  —  (vm(t -  At) -  vn(t -  At)) (3.34)
The equivalent circuits for the inductor and capacitor are shown in Figures 3.2 and 3.3 
respectively.
Since an equivalent resistance is obtained for each component, which is time invariant, 
this can be used as an element (or component of an element) in the conductance matrix.
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Figure 3.3: The Nodal Connections of the Capacitor and its Computational Equivalent
The whole of the conductance matrix is then time invariant. This procedure operates 
on the conductance matrix of equivalent resistances together with a current vector. The 
elements of the current vector are made up of the sum of the source currents at each 
node. The general principle is that at each time step
[Gnode]*[Vnode] = [Inode] (3.35)
To solve for the voltages at each node, [Vnode]> then
[Vnode] = [Gnode]-1 [Inode] (3.36)
The method is computationally efficient as the conductance matrix need only be inverted 
at the start of the simulation, or when the circuit is changed (e.g. at times of switching). 
Mutually coupled branches can be incorporated into the conductance matrix in a similar 
manner [167]. The modelling of transmission lines is somewhat different and is the 
subject of the next section.
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3.4 T he A pplication o f M odal Transm ission Line A naly­
sis in Sim ulation
As can be seen from Section 3.1 (in particular Equation 3.12), the modal analysis or 
distributed model operates by considering travelling waves along the transmission line. 
In E.M.T.D.C, the fundamental concept is that the transmission line acts as a delay 
function. That is, a voltage excitation at one end of the line will travel at the propagation 
velocity until it is reflected at the far end. The time taken for the wave to travel from 
one end to the other is the delay or travel time. Some distortion and interaction with 
termination networks is also likely to occur. As explained earlier, traditional simulation 
techniques used pi section lines. However, when using digital computer software, the 
main advantages of using a distributed line are
• the smaller computational time and smaller matrices
• the ease of modelling many multi-coupled lines
• the incorporation of frequency dependent attenuation of the travelling waves
To consider the basic principles used in implementation of the modal analysis in a digital 
simulation package, a simple case will be considered here with a more complicated 
situation discussed in Chapter 8. The single phase line is equivalent to a single mode 
line. In a power system model, it is assumed that the conductance to ground and 
between conductors is negligible. It is found that the travel time for such a line is
t  = V l TJI (3.37)
where




Figure 3.4: Transmission Line Interface
C is modal capacitance per unit length 
/ is the line length
The characteristic impedance of the line is then
The interface used in E.M.T.D.C. is shown in Figure 3.4. In this case the 
Norton resistance in the Figure is
ZN = Zo +  f  4




Dommel and Meyer [165] have determined that the sending end Norton current source
is given by
1 + h T"')
Zn
~  i m k ( t  ~  T )
i  — h r —€k(t — t ) . ■
+ — ---------^ -----   -  lkm{t ~ T)
Zn
(3.40)
where h = Zn i“N + T
In{t — t )  is determined in a similar manner by replacing the values above for those 
from the other end of the line. This approach inherently divides the line into two parts 
of equal length, y  is placed between the two lines i.e. the mid-point of the original 
line and ^  is placed at each end of the line. To incorporate modal conductance, half 
the total conductance for the original line is place at either end of the line. If a more 
distributed effect for R and G is needed, the original line must be divided into a number 
of sections. Although this appears to create computational inefficiencies, it has certain 
advantages in that with shorter lines, the time step length can be reduced, allowing 
greater accuracy to be achieved. It should also be noted that there is a minimum line 
length that can be modelled. This is given by the travel time from one end to the other 
which has to be greater than the simulation time step.
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C hapter 4
M aterial Properties o f Rails and Track 
B ed
It will be shown in Chapter 5 and 6 that the material properties of the three rail track, 
i.e. the power and running rails, and the surrounding media, i.e. the ballast and soil, 
have a significant effect on the performance of the track as a transmission line. Hence 
it is necessary to determine accurately the electrical and magnetic properties of the 
materials involved.
In evaluating the material properties, it was decided that not only measurements should 
be made but also modelling techniques should be developed. In this way, the models of 
material properties could be used to evaluate the electrical performance of the system. 
By using this approach, once acceptable agreement between model and system mea­
surement has been established, model validation is achieved. This allows the modelling 
method to be used when modified or new systems are examined and exhibit different 
properties.
4.1 R ail M aterial Properties
The material properties of the steel rails determine the internal impedance of the con­
ductors of the transmission line. It will be shown in later chapters that the resistive 
part of the internal impedance dominates the series resistance of both the traction and
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signalling circuits through the rails. It will also be shown that the inductive component 
of internal impedance is often a significant proportion of the total series inductance, 
depending on excitation conditions. To evaluate the internal impedance of the rails, 
electric and magnetic properties of the rail iron must be considered. There are two 
main parameters, these being conductivity and permeability. Conductivity (a) of the 
rails is a microscopic effect and can be evaluated in a straightforward manner, by mea­
surement. This is described in Section 4.1.3. Steel rails have magnetic properties which 
may be quantified by complete determination of the steel permeability. Permeability 
(/i) is the ratio of flux density (B) to magnetic field strength (H). However, permeability 
is found to be extremely non-linear and the B-H relationship exhibits hysteresis when 
the magnetic field strength excitation is bidirectional.
4 .1 .1  M e a su rem en t T ech n iq u e for P e r m e a b ility  E v a lu a tio n
To evaluate permeability, in the absence of other effects, such as skin effects from eddy 
currents, careful consideration must be given to the experimental apparatus and dimen­
sions of the specimen of material. It was decided to use equipment developed elsewhere 
[169] based on magnetisation of a filament of the test material with uniform longitudinal 
field. The method has been shown to reduce the effect of eddy currents on the measure­
ments to a negligible level. The filament is subject to an alternating magnetic field of 
0.33 Hz frequency in the direction of the long axis. For typical magnetic materials, of 
which rail steel is one, this creates a skin depth of many times greater than the width 
of the filament. Then, using a suitable search coil placed around the filament, the flux 
density can be measured.
Each of the three orthogonal orientations were measured for each type of rail material 
being tested. It was found that all rail steels under tests were isotropic. To obtain a
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Figure 4.1: B-H Relationship for F lat-B ottom  Rail Steel
range of curves, each material sample was subject to a number of different magnetic 
field strength magnitudes. The sample was demagnetised between tests.
Three rail types were examined for comparison purposes. Used rail has been chosen. 
This then includes any changes in magnetic properties due to operational “working” . 
The types of rail examined were flat-bottom  rail, bull-head rail and conductor (power) 
rail. The B-H relationships are shown in Figures 4.1 to 4.3 . There is some difference 
between the two running rail results but the most significant difference is seen when the 
conductor rail curve is examined. The B-H loop, for the conductor rail, is smaller in 
size. This is due to the different composition used to create a more conductive material. 
The rail also has less hysteresis loss.
This comparison can be seen quantitatively in Table 4.1. In addition to the three 
samples described above, the result for a typical mild steel sample is also given. The 
table shows the energy loss per cycle which is evaluated as /  HdB,  the area of the B-H 
loop. In addition to skin effect, in some instances secondary effects may occur due to 
increase in frequency. One example of this is loop widening. However these tend to be 
negligible in comparison with hysteresis [112].
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Figure 4.2: B-H Relationship for Bull-Head Rail Steel
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Figure 4.3: B-H Relationship for Conductor Rail Steel
Table 4.1: Energy per Cycle of Hysteresis Loops
Sample
Energy Loss Per Cycle ( J m  J )
H max —
5600 A m ~l
max —
1700 A m ~ l
H  max —
900 A m '1
Mild Steel 1871 1318 680
Flat-Bottom  Rail 3908 1805 506
Bull-Head Rail 3957 1704 461
Conductor Rail 844 650 432
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4 .1 .2  M o d e llin g  P e r m e a b ility  for R a il M ater ia l
The data obtained above is required to determine the permeability function as the 
magnetic field strength varies sinusoidally. Permeability may be defined in a number of 
ways as illustrated in Figure 4.4. Von Hippel [108,107] introduces a number of these and 
several further definitions have been included in the figure. All of those illustrated can 
be considered as instantaneous. That is, the value depends on the position, direction 
and peak value of the magnetic field strength. These are useful for a time and space 
numerical model where the permeability can be changed from one time step to the next 
and between spacial points. Such a model would be a full F.D.M. (Finite Difference 
Method) or a F.E.M. (Finite Element Method) with Finite Difference time steps.
For an analytical model, that is one in which a single effective value of permeability is 
required, it is necessary to develop the analysis further. A number of approaches have 
been considered for the evaluation of a single value of permeability.
If the expression for permeability is considered, then the hysteretic loss (i.e. the B-H 
loop area) can be approximated by a phase shift between the magnetic field strength 
and the flux density. This can be expressed as a complex permeability1
B = f H  = ( n ' - w " ) B  (4.1)
The reactance due to the changing flux is proportional to
$  f B d s  / ( / /  - jn " )H d s
I  ~ I  f  Hdl
For constant fi*
(4.2)
1 Complex permeability is traditionally associated with molecular loss effects. However this alterna­
tive interpretation is dimensionally correct.
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The rail internal impedance is then
$
a il — R (.& ')  “ I" j ^ ~ j
, . r „  f  H d s= ^ ) + Jw i + M _
= R(a) + R(n") + ju>L (4.4)
Here R(fJ>N) represents a resistance component of rail impedance due to the hysteresis 
losses.
As indicated earlier, a number of methods have been examined in an attempt to identify 
a suitably accurate procedure for evaluating permeability. These are described here.
• Method 1 -  Normal Permeability (fin). In this method, the initial magnetisation 
curve is used to evaluate permeability by calculating the ratio of absolute flux 
density to magnetic field strength (B / H ). This represents an approximate method 
since no allowance is made for hysteresis loss. However, nonlinearities are included. 
The method is graphical and is illustrated in Figure 4.5. This is the approach taken 
by many numerical methods (e.g. finite difference and finite element calculations). 
The method has been used on selected materials and an example, for flat-bottom 
rail with variation in magnetic field strength, is given in Figure 4.6.
• Method 2 -  Permeability from Fundamental Flux Density ( hb0 )-
Assuming a sinusoidal magnetic field strength (H), the resultant flux density (B ) 
has been analysed by fourier transform. Using F.F.T. techniques [170] both fun­
damental and harmonic magnitudes together with phases have been evaluated, 
for all rails. An example, for flat-bottom rail with variation in magnetic field 
strength, is given in Figure 4.7. By considering only the fundamental flux density 
waveform, the measured hysteresis loop is represented by an ellipse, as shown in
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Figure 4.7: Fourier Transform of Flux Density for F lat-B ottom  Rail Material
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Figure 4.8: Relationship between Magnetic Field Strength and Fundamental Flux Den­
sity
Figure 4.8. This illustrates both the magnitude and phase relationships of the 
magnetic field strength and fundamental flux density waveform. Hysteresis loss is 
represented by the area of the ellipse (i.e. f  B d H ) but will differ from the mea­
sured value due to the elimination of flux density harmonics. An example is given 
in Figure 4.9, which illustrates the variation with magnetic field strength.
• Method 3 -  Permeability from the B -H  loop area ( //area )•
In this approach, the area of the hysteresis loop is equated to the area of an 
ellipse. The magnitude of losses due to hysteresis are represented completely by the
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Figure 4.9: Complex Permeability -  the B 0 Model
ellipse area, including the non-linear (harmonic) losses. The form of the B  H
relationship is different since the harmonics of the flux density are eliminated 
and replaced by increasing the magnitude of fundamental. To obtain a unique 
orientation and unique major and minor semi-axes, the measured coercive force 
and remnant flux density are used in the elliptical model. This is illustrated in 
Figure 4.10. An example of this permeability, with variation in magnetic field 
strength, is given in Figure 4.11.
• Method 4 ~ Incremental Permeability (fiinc)-
This method is used when the signal producing the magnetic field strength takes 
the form of a large d.c. offset with an small a.c. signal superimposed. The gradient 
of the (B  -  H ) loop (i.e. A B /A H )  is evaluated at the operating (offset) point 
and negligible hysteresis loss is assumed. This is easily evaluated graphically. The 
method is illustrated in Figure 4.12. Incremental permeability has been evaluated 
for the materials of interest and an example is given in Figure 4.13, with variation 
in magnetic field strength.
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Figure 4.10: Comparison of Measured Hysteresis Loop and Elliptical Model
_  -----------  R eal
g P e r m e a b i l ty
I m a g in a r y
P e r m e a b i l ty
0.8
0.4
0 2 4 6
Magnetic Field S t r e n g t h  (kA/m)
Figure 4.11: Complex Permeability -  the Loop Area Model
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Method 5 -  Effective Permeability by F.D.M. Model
In this approach, the magnetic field strength in the rail material is considered. In 
order that the effect of rail shape is eliminated, a semi-infinite slab model of the 
material is used. From Maxwell’s equations, the magnetic field strength within 
the material is given by
62H dBOH  „
W  =  a dH~dt (4'5)
It should be noted that in cases where the material is magnetic and non-linear, 
(i.e. permeability) will vary with the magnitude of H. Due to this non-linear 
variation, an analytical solution is not possible. Hence a finite difference technique 
has been used.
The Du Fort-Frankel Scheme [171] was chosen as it is an explicit equation which 
does not have stability restrictions. The basic difference equation is
Hi,k+1 =  rD F H i+ i ,k  +  (1 -  2T D F )S i,k  +  rDF#*-i,Jt (4 -6)
where
rDF ~ a Jha2
p is the time step length 
h8 is the spacial step length
By substituting the average of the previous and next nodal values for the present 
nodal value into Equation 4.6, that is
Hitk = -(#;,*+! +  H^k-1) (4*7)
an explicit difference equation is formed.
HiM i  = -ff.-,*-, +  2r^ FD+ 1(//|+1't  "  2Hi'k~1 + (4'8)
By varying Hot 35 a s n̂e wave 0-e- the surface magnetic field strength) and ob­
serving the values of nodes into the material, then the distribution of the magnetic
69
In crem ental P erm ea b ility  1/^) -





Magne t i c  F i e ld  S t r e n g t h  (A /m )










Magnetic Field S t r e n g t h  (kA/m)




  H 5000






0 2 4 6
D ep th  (m m )
Figure 4.14: Finite Difference Model of Magnetic Field Strength Variation
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field strength can be determined. The solution undergoes an initial transient pe­
riod since the method is a time simulation (of discrete time step form). However, 
of most interest is the steady-state solution which follows this transient output. 
An example of the variation in time and space is given in Figure 4.14.
Examples of the steady-state results, for various Magnetic Field Strengths, are 
shown in Figure 4.15. It can be seen that although the decay of the magnetic field 
strength is not exponential, the shape is similar.
From this, it is possible to determine an effective skin depth directly from the 
resulting magnetic field distribution in the material. This may be expressed as
l^e//| = J   (4.9)
y uapejf
Hence the magnitude of an effective permeability can be obtained. The phase 
angle of the value of permeability is given by the angle determined in Method 2 
above. The results are illustrated in Figure 4.16.
4 .1 .3  C o n d u c t iv ity  o f  R a il M ateria l
The conductivity of a material is uniquely defined and will not be discussed here. The 
evaluation of the conductivity of the materials under investigation is described. The 
conductivity of filament samples where measured using the circuit shown in Figure 4.17. 
Temperature was also monitored so that a relationship between conductivity (cr) and 
temperature could be obtained. The measurements were carried out for each sample 
and repeated to obtain a suitable distribution of data.
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Figure 4.16: Effective Skin Depth and Permeability
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Figure 4.17: Conductivity Test Circuit
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Table 4.2: Resistivity Results for Materials at 293 K
Sample Resistivity (pQ,m) Temp. CoefF (K  *)
Mild Steel 0.159 0.004
Flat-Bottom Rail 0.225 0.0034
Bull-Head Rail 0.202 0.0031
Conductor Rail 0.113 0.008
R esu lts.
The results are given in Table 4.2. They are of the form given by Equation 4.10 [105]
P = P2o(l + <*T) (4-10)
where
a is the temperature coefficient of resistivity ( if -1), assumed linear over the tempera­
ture range of interest 
p is the material resistivity ( flm -1 )
T  is the temperature (K)
4 .1 .4  D isc u ss io n  on  R a il M a ter ia l P ro p er tie s
It was necessary to determine the material properties experimentally. The design and 
construction of the experimental apparatus needed to determine the conductivity of the 
rail material proved to be straightforward. The temperature of the material was found 
to be the most critical variable. Care had to be taken to make measurements at specific 
temperatures. Samples of rail material were tested in each of the three orthogonal 
directions of the rail. No variation, with orientation, was found, within an acceptable
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experimental error. The conduction process predicts that conductivity is constant with 
magnitude of current.
The experimental arrangements for determining the magnetic properties of the rail ma­
terial were adapted from standard techniques [169]. Again the material was tested in 
the three orthogonal directions and again, no variation was found, to within experimen­
tal accuracy. The rail material was taken from “used” rails so that any effects due to 
mechanical working could be included. The experimental apparatus provided both an 
initial magnetisation curve and cyclic B-H loop data. Hence it was possible to use the 
data for d.c. excitation (with a.c. super-imposed) and for a.c. excitation.
Since the magnetic characteristics of the rails are extremely non-linear with magnetic 
field magnitude and hysteresis, it was decided that an analytical representation would be 
useful when describing the internal impedance of the rail. Although much work relating 
to the description of magnetic material characteristics has been published and some of 
the more relevant reports have been referenced in Chapter 2, the application to rail 
track has not been examined thoroughly or successfully. Hence, a number of magnetic 
material models have been developed to describe the phenomenon when applied to 
current carrying steel rails.
The incremental permeability model is directly applicable to the case of a rail excited 
by a large d.c. signal with a small a.c. signal superimposed. The effect of hysteresis, 
in this case, is negligible compared to the ohmic loss. The use of this model proved to 
give good agreement between experimental results and analytical methods for internal 
rail impedance evaluation when the rail is excited by this composite signal. This is seen 
later in Figures 5.2 to 5.5.
For the case of the rail excited by a large a.c. signal, three direct models for permeability
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have been developed. They are termed direct since they have been evaluated directly 
from the B-H characteristic results. These have been termed
• Normal Permeability evaluated from the initial magnetization curve, with no al­
lowance for hysteresis. The value is real, so there is no allowance for phase shift. 
Hence this method is limited to conditions where hysteresis effects are small. 
A comparison between experimental results and analytical modelling, using this 
method, is given later in Figures 5.10 and 5.11.
• Permeability from Fundamental Flux Density is based on the waveforms of the 
magnetic field strength and flux density. Assuming a sinusoidal magnetic field 
strength waveform, the Fourier transform of the resulting flux density waveform 
was evaluated. Taking the magnitude and phase of the fundamental of the flux 
density waveform, a value of complex permeability was calculated. This repre­
sents an elliptical B-H loop and so incorporates an allowance for hysteresis. The 
angle information proved to give good orientation agreement between the elliptical 
model and the measured B-H loop. However the magnitude of the permeability 
model only provided limited agreement with experimental evaluation of internal 
rail impedance, as can be seen later in Figures 5.10 and 5.11.
• Permeability from B-H loop area is a method which makes a complete allowance 
for the hysteresis loss by equating the true B-H loop area to that of the area of an 
ellipse. Both curves have the same coercive force and remnant flux values. Again 
only limited agreement was achieved between experimental results and analytical 
methods, using this model, as shown later in Figures 5.10 and 5.11.
A more sophisticated model was sought to provide more widespread agreement between 
experimental and analytical values.
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• Effective Permeability is a model based on the phase shift information, adopted 
from the fundamental flux density method with the magnitude of the permeability 
model being determined from a F.D.M. model. To summarise the technique, the 
relationship between the flux density and magnetic field strength is modelled by 
finite differences in a one dimensional time varying model. From this an effective 
skin depth can be determined and hence an effective permeability magnitude. The 
results are shown later in Figures 5.6 to 5.9 with good agreement over a wide range 
of frequency and current.
4.2 S o il/B a lla st Properties
The material properties of the track bed, i.e. sleepers and ballast material together 
with the soil composition, have a major influence on the admittance between rails of a 
track. The conductance component of the admittance is dominated by the conductivity 
of the track bed elements. The capacitance component of the admittance is determined 
by both the track bed permittivity and track geometry.
4 .2 .1  G ro u n d  C o n d u c tiv ity  as a Function  o f  D e p th  an d  F req u en cy
As outlined in Chapter 2, previous investigations into soil conductivity have made the 
assumption that the ground is horizontally stratified. This implies that the only varia­
tion in conductivity, within a limited area, is with depth. If the process of formation and 
the structure of ground at or near the surface of the earth is considered, this assumption 
would appear to be reasonable for short sections of track. Thus it has been adopted in 
this investigation.
An earlier investigation [172] made the assumption that the ground stratification could
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be accounted for by using a two layer approximation. This was achieved by modelling the 
soil conductivity as two distinct values in two distinct layers2 as shown in Figure 4.18. 
The method used to evaluate these conductivity values and the depth at which the 
interface between the two layers occurred was a four probe measurement technique. 
It follows the same method as outlined by earlier work [149, 150]. The probes were 
arranged in a Wenner array, also shown in Figure 4.18. By measuring the potential 
between the inner electrodes, due to current passing from one outer electrode to the 
other, an estimation of the conductivity of the two layers of earth and the interface 
depth can be obtained. The method follows that described for prospecting [151] and 
has only been reported for the d.c. excitation case.
It was felt that this two-layer model may not provide an accurate basis for determina­
tion of the conductance between rails, since it was restricted to two distinct values of 
conductivity. In addition, the method was restricted to d.c. excitation and thus would 
not provide frequency variations of conductivity. Hence a more rigorous and complete 
approach has been developed. The technique is based on work presented by Langer 
[144, 145] and Schliter [146], as outlined in Chapter 2. A summary of the theoretical 
arguments is given in a text by Sunde [152]. However, no experimental results were 
reported. Here the technique has been extended to provide frequency variation of con­
ductivity, in addition to variation with depth. Practical details are given together with 
measured results and the process by which these results may be interpreted to give a 
complete function of conductivity.
2It should be noted that the two layer model is not intended to simulate the true conductivity depth 
profile, but only to approximate the current paths from the surface observations.
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4 .2 .2  A S o lu tio n  in  T erm s o f  th e  E le c tr ic  F ie ld  E q u a tio n
Consider an isolated point current probe, at the surface of the earth, as shown in 
Figure 4.19. In general
V J = V (aE) = 0 (4.11)
and
V(<rE) = <tVE + EV<r = - a V 2V -  V V .V a  (4.12)
Hence
VJV + —W .V tr  = 0 (4.13)a
Assuming a is a function of depth (z) only, in cylindrical co-ordinates
d2V  l d V  d2V dV „ . , . n _
+ r " 5 r  +  (ZH Z) = 0 (4-14)dr2 r dr dz2 dz
where <j ' =
Following Slichter’s approach and solving by separation of variables, where V(r, z) — 
u{r)v(z), yields
d2u 1 du .o n A ^\
X T + - T -  + A « = ° (4-15)dr1 r dr
d2v a1 dv o ^
j .  +  - 7-  -  A2u =  0 4.16dz£ a dz
Equation 4.15 is the Bessel Equation and Equation 4.16 is the Strum-Liouville Equation. 
While a solution to Equation 4.15 is given below, the solution to Equation 4.16 depends 
on conductivity and so is used, with the experimental results, to obtain the conductivity 
function. The solution of Equation 4.15 is
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Figure 4.18: The Two-Layer Model with Wenner Array
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Figure 4.19: Isolated Current Probe at the Surface of the Earth
where
Jo and Yq are Bessel Functions of the first and second kind respectively and of order
zero
A u and B u are constants
When r = 0, Yq —»► oo, thus B u = 0. This provides a  general solution to Equation 4.14, 
which is dependent on the variation of potential with depth (due to the variation of
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conductivity with depth), of the form
f O Ov= g(X)J0(Xr)v{X,z)dX (4.18)
Jo
where <z(A) is an arbitrary function of A, chosen to suit the boundary conditions.
At the surface, since the current in the z direction is zero (except at the probe), the





= /  g(X)J0(Xr)v'(X,z)dX 
Jo
where v '(A,z)= g .
= 0 (4.19)
2=0
Slitcher shows that Equation 4.19 is satisfied by g{A) = anc  ̂Provides the potential
solution
roo
V = A J0(Xr)k(X,z)dX (4.20)
Jo
where
< « ■ >
and A is a constant.
4.2.3 D eterm ining the Potential Equation Constant
Sunde provides a method of determining the constant A  of Equation 4.20, which is
outlined here. Since Equation 4.20 is a general solution, it must satisfy all cases, where
the initial assumptions are valid. One such simple case is where a(z) is constant i.e. 
the earth has uniform conductivity. Equation 4.16 then has a solution
v = A\eXz + A2e~Xz (4.22)
and with v —>• 0 as z —> oo, A\ = 0. This gives k(A, z) = e~Xz and
roo A
V = A I Jo(Xr)e~ dX =  -7= =  (4.23)
Jo y r l z l
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Now consider the physical significance of a uniform earth. If current I flows into the 
ground through a point electrode at the surface (see Figure 4.17), the current density 
will be radial with hemispherical equipotential surfaces. Hence the current density is 
J  = 2 ^ 1 where s is the radial distance from the point probe to the hemispherical 
surface. Since E  = ^  — 27rg32 then
V  = — f  Eds = — t ——r =  / „  „ (4.24)
J 2n<rs2 2TT(Ty/r2 +  z2
which shows that
a  = <4-25)
Equation 4.20 becomes
( 4 - 2 6 )
4 .2 .4  A n  E x p ress io n  for th e  G roun d  C o n d u c tiv ity
Both Langer and Slitcher briefly describe a method for the determination of the con­
ductivity function. What follows is a full explanation of this approach.
T he K ernel Function
Equation 4.26 can be written in terms of the mutual impedance
Q{r) = _ 7 = 2̂ (0) I •/°(Ar)fc(A)dA (4-27)
where
*(A) =  *(A,0)
<r(0) is the conductivity at the surface of the earth
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The definition of the mutual impedance, Q(r), is the ratio of the potential, V , at a 
distance r from the probe and the current in the probe. This is the current injected 
into the ground. The negative sign is due to the voltage being absolute (i.e. measured 
from —oo).
Using the Inverse Hankel transform, this can be re-arranged to give
roo
k ( A) = 2?ro-(0)A I Jo(\r)Q(r)rdr (4.28)
Jo
k(X), the so called kernel function, can now be evaluated from experimental data. The 
resulting function can be used to determine the conductivity function, cr(z).
4 .2 .5  D e te r m in in g  G rou n d  C o n d u c tiv ity  from  th e  K e rn e l F u n ctio n
It is now necessary to show how knowledge of the kernel function k(A) will provide a 
solution for ground conductivity, <?(z). By substituting
(4.29)
then the Equation 4.16 becomes
& ^  + 1 -  A2<t> (4.30)
a  <j>
As A —*■ oo, Equation 4.16 can be approximated by
~  -  X2v =  0 (4.31)
and under these conditions v —*■ BieXz + B2e~Xz. However v -* 0 as z —► oo and so
B\ = 0. Hence v —► B 2e~Xz.
From this result and Equation 4.29, <j> —* \  as A —► oo. By Taylor’s series
where h is a small fraction of A.
From Equation 4.21
kW  = - A * L a  = A*(A,0)




Substituting into Equation 4.30 and after some work
^  = —2ai + i  -  2«2 + « i2} + -̂ 2 {a i3 + 2 a i« 2 -  2a 3 -  oqa'i} +  . . .  (4.34)
For the ground conductivity not to be a function of A, all but the first term must be 
zero. So
a i = 2a 2 -  a i 2
a" = — 2a i 3 + 4a 3 — 4a ia 2
a " ' =  2 [ 8 a i 2a 2  — 3 a i 4 — 4 a i a 3  — 2 a 2 2 +  4 0 4 ]
etc.
From Equation 4.34
This has the solution
a = Ce~2f o aidz (4.37)
and when z = 0, cr = <r(0), giving C = o'(O). Using MacLauren’s series
ai (z) = c*i(0) + za[(0) + f r a 2(0) +  . . .
= ai + (2a2 -  a2)z + ( - a f  -  2aia2 +  • (4.38)
The final solution of the ground conductivity is then
a(z) = a{ 0)e-2f ° aid* (4.39)
where
a i is determined from the coefficients of the series approximation for k(A).
4 .2 .6  E v a lu a tio n  o f  G rou n d  C o n d u ctiv ity  from  E x p e r im e n ta l R e su lts
To evaluate the Ground Conductivity as a function of depth, a{z), the kernel function 
has to be evaluated. This is achieved by using measured values of mutual impedance 
Q(r) in Equation 4.27. Provided that the in-phase component of the signal is considered, 
Q(r) reduces to a mutual resistance.
The experimental methods for obtaining practical values of Q(r), which have been 
considered, are generally based on a four-probe technique.
M ethod  o f  A nalysis
The approach is somewhat novel as it is based on taking measurements which yield
results directly applicable to Equation 4.27 and 4.28. Only a potential difference can
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be measured so two sets of probe pairs must be used. This also allows for a practical 
current path. To keep the effective isolation between the current probes, the distance 
between the probe pairs, Rp, must satisfy
Rp >  rp (4.40)
This is achieved as shown in Figure 4.20. In the diagram
V  = (V3(l) -  Vs(2)) -  (T4(l) -  V4(2)) (4.41)
where Vn(m ) is a potential on probe n due to current in probe m
However V ^l) >  ^3(2) and V4(2) >  F4(l), hence




2l'3(1) = — 2xct(0) Jo Jo(-Xr^ X)dX (4‘43)
g w = 4^ ( o )  r M x r ) K x ) d x  ( 4 - 4 4 )
Hence
roo
k( A) = 47t<t(0)A J  Jo(\r)Q(r)rdr (4.45)
To determine an analytical function for k(A), the experimental data, Q(r), must be
approximated by an analytical function. In addition, this approximation must be of
a form that allows Equation 4.45 to be evaluated. By using least square error curve 
fitting, the expression
Qe(r) = arbecr2 (4.46)
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Figure 4.21: Experimental Results of Mutual Resistance with Frequency
gives a good approximation for Q(r).  The experimental results for Q(r) are shown in 
Figure 4.21, with a frequency variation, measured on site. The values of the constants 
to give a minimum error are shown in Table 4.3
ar6+1ecr2dr
It can be shown that [173]
roo
k(A) = 47t<t(0) / Jo(Xr)i 
where \F \(x ; y \ z)  is the degenerate hypergeometric function.
(4.47)
Table 4.3: Coefficients of Analytical Mutual Resistance Function
Frequency (kHz) a b c
0.0 100 -0.753 0.006
0.1 95 -0.769 0.005
1.0 97 -0.755 0.002
4.0 126 -0.639 -0.003
7.0 160 -0.538 -0.005
10.0 185 -0.478 -0.005
Alternatively
47rcr(0)ar /  \ 2  \
= — (_ e)v  - -  -u w  (4-48)
where MPtq(z ) is Whittaker’s Function.
Using suitable (relatively large) values of A in Equation 4.47 and evaluating the coef­
ficients of Equation 4.33, the expression for ground conductivity as a function of depth 
is evaluated, by application of Equation 4.39. The function, with depth and frequency 
variation, is illustrated in Figure 4.22, together with the two layer model obtained in 
previous work. The agreement between methods at extreme points is good.
The agreement between the two layer model and the continuous model provides confi­
dence in the results obtained. These results may now be used to obtain inter-rail and 
inter-track admittances, as described in Chapter 5.
4 .2 .7  E ffec tiv e  P e r m it t iv ity  o f  th e  G round
A number of experimental techniques have been considered to directly determine the 
permittivity of the ground in the vicinity of track-bed. However, it was found that,
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in the frequency range required for this study, the impedance (or admittance) that 
could be measured to provide a value of permittivity is dominated by the real, or 
resistive, part. It has been reported [174] that direct measurements of capacitance, for 
a known geometry, have been made at much higher frequencies (i.e. > 1 GHz) together 
with in situ measurements at similar frequencies. However, even at these frequencies, 
the variation of permittivity with depth is not determined. At these frequencies, it 
is possible to measure the effect of e.m. wave penetration, rather than provide direct 
excitation.
Under comparable circumstances, Mayhan and Bailey [141] have carried out an indi­
rect experimental evaluation of an effective permittivity. Their experimental data are 
intended for the implementation of loop detectors for automobile transportation and 
therefore apply to road surfaces. They adopt a simple analytical model to explain the 
experimental results and hence deduce a permittivity which is constant over the whole 
ground substructure. Although this cannot represent the true variation of permittivity 
through the ground, because the main determinator of permittivity is moisture content, 
it does provide a value of permittivity which returns the correct value of susceptance 
between two conductors lying on the surface of the earth. This is the case since the 
conductors themselves have been used as the measurement probes.
In order to improve upon the method used by Mayhan and Bailey, it was decided to 
numerically model the susceptance between the running rails of a track and track bed 
structure. This model provides a solution that is a closer approximation to the practical 
structure. The dimensions of the track and bed are given in Appendix G. The numer­
ical method chosen is a two-dimensional F.E.M. technique. Although F.E.M. is often 
presented as an electromagnetic analysis method, it is equally suited to electrostatic 
modelling. The general electromagnetic theory of F.E.M. is outlined in Appendix E,
together with the electrostatic duality required to model electrostatic fields with the 
packages used.
In addition to this modelling method, the susceptance between the (open circuit) run­
ning rails of rail-track has been measured. By comparing the measured results with 
those computed from the F.E.M. analysis, it is possible to arrive at a value of effec­
tive permittivity. However, unlike the conductivity evaluation, it has not proved to be 
possible to provide an independent method of evaluation.
Mayhan and Bailey evaluate effective permittivity at a higher range of frequencies than 
are required for this study. It is worth noting that the values of effective permittivity 
obtained here compare favourable with the higher frequency values in that the two sets 
of data form one smooth curve. These results are illustrated in Figure 4.23. A typical 
F.E.M. model is shown in Figure 4.24, although the values of susceptance are fully 
reported in Chapter 5. It can be seen that the F.E.M. technique makes efficient use of 
any model symmetry.
4 .2 .8  D iscu ss io n  on  Soil M a ter ia l P r o p e r tie s
The method developed to evaluate the ground conductivity is based on geological explo­
ration techniques and may be applied to any site. The new implementation allows the 
technique to be applied to give a continuous model of conductivity with depth of soil 
instead of the standard one, two or, in exceptional cases, three layers of conductivity at 
discrete layers of soil. In addition, a frequency variation of the continuous model has 
been developed. This interpretation of the results is a new development which gives a
function of conductivity with signal frequency as well as depth below the track. This 
3This requires repeated iterations of the numerical modelling procedure to arrive at a coincident 
result.
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Figure 4.22: Soil Conductivity Model
function is readily applicable to numerical modelling and is used in later chapters as 
F.E.M . data. It was hoped to develop the technique further to obtain permittivity. 
However, since the ground conductance dominated all direct ground material measure­
ments, this proved not to be the case, and an effective permittivity value had to be 
deduced from rail track experimental results. By comparing experimental and F.E.M. 
results for inter-rail capacitance, it was possible to determine a function of permittivity 
with frequency although the value was constant with depth. The results of this effective 
perm ittivity are consistent with previously published work although the latter was car­
ried out at higher frequencies than are considered here, so the comparison was actually 
made by interpolation. However, the effective permittivity function reported here, at 
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Figure 4.23: Effective Permittivity with Frequency Variation
Figure 4.24: Finite Element Model of Track Running Rails
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C hapter 5
D eterm ination  of Phase Im pedance  
M atrix E lem ents of third rail Track
The impedance matrix elements introduced in Section 3.2.1 may be determined by ex­
perimental methods. These experimental methods provide information, in the form 
of measured impedances, which are then processed to provide the matrix element 
impedances. The values obtained by measurement are then compared with approximate 
analytical methods and numerical models. The tests, results and processed information 
are fully described in this chapter. The dimensions of the third rail Track is given in 
Appendix G.
The analytical and numerical techniques utilise the rail material data, i.e. conductivity 
and permeability. These values have been measured experimentally, modelled and the 
properties are fully described in Chapter 4. The results for impedance matrix elements 
are given in in-phase and quadrature component form.
A number of experimental methods are required to fully determine the components of 
the elements of the matrix. It is necessary to determine both internal and external 
self impedance of the rail, as defined in Chapter 3, using different techniques. This is 
because the material properties of the rail dominate the value of internal impedance 
while the external impedance depends on the track-bed structure. It should be noted 
that the rail shape influences both internal and external impedance.
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5.1 Internal Im pedance
A previously reported experimental technique (Holmstrom [55]), provided a method 
for measuring the difference in impedance between a length of rail and a conductor of 
standard geometry. This technique has been developed and extended to provide a com­
prehensive experimental method for the determination of absolute internal impedance 
for a length of rail. Further, a more comprehensive frequency and current range has been 
examined than had previously been reported. Alternative experimental techniques [175] 
[176] have attempted to use a bifilar winding method. However the results obtained, 
using these alternative methods, have not been confirmed by accurate analytical or mod­
elling methods. It will be seen that the results obtained using the new approach and 
reported here compare favourably with both analytical approximations and numerical 
models.
The two major modes of excitation of a rail as a conductor are
• Incremental a.c. excitation. This is the case of a small signal a.c. excitation, 
superimposed on a large d.c. traction current. Typically, such a case is to be 
found in a metro system.
• Large signal excitation. This is the case of a large a.c. signal, typical of traction 
current. Main-line traction return circuits may be represented in this way.
A third case of a small a.c. signal superimposed on a large a.c. signal traction current 
has not been considered explicitly. This is because the results from the two cases above 
can be extrapolated to include this situation, provided that measurement and analysis 




Figure 5.1: Experimental Apparatus and Circuit for Internal Impedance Measurement
5.1.1 M easu rem en t of Rail In te rn a l Im pedance
The measurement of rail internal impedance has been made by conducting tests on an 
isolated length of rail. The apparatus and test circuit are illustrated in Figure 5.1. The 
same circuit is used for measurement with both incremental a.c. excitation and large 
signal excitation. In the former case, the a.c. signal is relatively small (~  5A  compared 
to a d.c. traction currents) and in the latter case, the d.c. signal is zero.
Initially, a reference conductor is placed in the test circuit. The reference conductor is a 
hollow copper conductor1 having an identical shape to the rail under investigation. This 
copper rail has negligible internal impedance, especially at relatively high frequencies. 
By energising the circuit at the highest frequency of interest, not only does the copper 
rail have negligible internal impedance but all loop reactances are relatively large. The 
circuit is then adjusted (by varying distance “d”, shown in Figure 5.1) such that the 
measurement has zero phase shift. This implies that the overall measurement circuit 
inductance is negligible. This is achieved because the two large measurement circuit 
loops have equal and opposite flux linkage. The in-phase quantity measured is the a.c.
JThis has been termed the copper rail  for brevity
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resistance of the copper rail over the measurement distance of lm.
The copper rail is then replaced by the length of rail under investigation. The measure­
ment is repeated, with the circuit geometry left unchanged. The impedance measured 
is that due to the flux (and current) within the rail. The in-phase component of this 
impedance is the a.c. resistance of the rail between the measurement points. The 
quadrature component is the absolute internal impedance of the rail. All measure­
ments have been processed using an on-line F.F.T. (Fast Fourier Transform) analyzer 
to provide good noise immunity and accurate phase and frequency evaluation.
R esu lts o f  Rail Internal Im pedance M easurem ents
Figures 5.2 to 5.5 show results of the incremental a.c. excitation tests with the impedance 
expressed as in-phase and quadrature components. Small signal a.c. internal impedance 
is illustrated with variation in frequency and d.c. offset current. It can be seen in Fig­
ures 5.4 and 5.5 that variation in inductance and resistance with d.c. offset is small 
for the range of measured results2. This implies that the variation due to permeability 
and the effect of hysteresis, for this measurement range, is less significant than that for 
frequency.
Figures 5.6 to 5.9 illustrate the results of the large signal a.c. excitation tests. Figure 5.6 
and 5.7 show inductance and resistance variations with frequency for an excitation of 
5 A. For this constant current, the inductance decreases and the resistance increases 
with frequency, as is to be expected, due to skin effect. In Figures 5.8 and 5.9 both 
inductance and resistance continually increase with increases in current magnitude, for a 
signal frequency of 50 Hz. This indicates that complete saturation has not been reached
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Figure 5.6: Rail Large Signal Internal Inductance with Variation in Frequency
in the measurement range. The tests for the large signal excitation case illustrate that 
variation with frequency is more significant than permeability, even though they appear 
with the same weighting in the skin depth equation, Equation 4.9.
5.1.2 T h eo re tica l and N um erical M odels of R ail In te rn a l Im p ed an ce  
An A pproxim ate Theoretical Model
It is possible to develop an analytical expression that will provide an approximate value 
for the internal impedance of a conductor, if a simple cross-sectional geometry is as-
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Figure 5.7: Rail Large Signal Internal Resistance with Variation in Frequency
sumed. It is shown in Appendix B that, for a conductor of circular cross-section, the 
internal impedance is given by
z circ == r circ "F j ^ d r c
— a d rc  7o B {Glcirca ra d )  ^  ^
2 7TGTa£f0r - f l B ( ^ c t r c ® r a d )
where
<*2ctVc =  ju c r i i*
arad is the conductor radius
InB is the modified bessel function of the nth order 
Idrc is the internal inductance of the circular conductor 
/z* is the complex permeability as described in Chapter 4. 
a is the conductivity of the conductor material
It has been shown in Chapter 4 that it is relatively straightforward to obtain a value 
for the conductivity of a material. The other variables, i.e. radius and permeability, 
require further consideration.
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Figure 5.8: Rail Large Signal Internal Inductance with Variation in D.C. 
Influence of Shape on Analytical Solution of Rail In ternal Im pedance
An equivalent radius, aeg, must be determined such that the analytical solution is closely 
associated with the actual rail under consideration. It is assumed that at most frequen­
cies in this study, the skin-effect is dominant, i.e. ( aeq >  S ) and the current is crowded 
near the outer surface of the cross-section of the conductor.
• For resistance, assuming the above condition is justified, then the circumference 
of the cross-section of the circular conductor is equated to the perimeter of the 
rail cross-section, i.e.
rail perimeter = 2ttaeq (5.2)
This was evaluated for 56.4 kg/m flat-bottom rail and found to be 0.1m. At very 
low frequencies, which are below the measurement range of this study and where 
Qeq <  then the cross-section of the rail and circular conductor can be equated, 
th a t is
rail section area = 7T a2eq (5.3)
For 56.4 kg/m flat-bottom  rail this was found to be 0.05 m.
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Figure 5.9: Rail Large Signal Internal Resistance with Variation in D.C.
• For inductance, it is known [177] that the G.M.D. (geometric mean distance)3, of 
a conductor with an irregular shaped cross-section, from itself, interpreted as a 
circular conductor, is required so that the internal inductance may be evaluated. 
The method of evaluating the G.M.D. depends on whether the skin effect domi­
nates, as described above. The general technique is described in Appendix C. For 
56.4 kg/m  Flat-Bottom  Rail the GMD is 0.11m.
Perm eability  Evaluation for the Analytical Model
Section 4.1.2 describes a number of methods for evaluating real and complex perme­
ability using several criteria for variable magnetic field strength. Methods 1 to 3 use 
relatively direct techniques that are most suitable for use in Equation 5.1. This is 
the evaluation of large signal internal impedance, making allowance for the effects of 
hysteresis. The evaluation is based on the peak-to-peak limits of the magnetic field 
strength . The values are shown in Figures 5.10 and 5.11 together with the measured 
results. It can be seen that each method might be used to provide agreement with 
certain parts of the of the measured curve but none of these methods model the whole
3Although this is strictly correct, some authors have termed this a geometric mean radius (G.M.R.).
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Figure 5.10: Simple Permeability Models and Measured Results for Inductance
. . - ex p e r im e n t  (at 50 Hz)
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Figure 5.11: Simple Permeability Models and Measured Results for Resistance
measurement range. However, Method 5 of Section 4.1.2 describes a more complicated 
m ethod of evaluating permeability. It has been termed effective permeability, /xe//> and 
is illustrated in Figures 5.6 to 5.9. As can be seen from these graphs, this modelling 
m ethod agrees more closely with the experimental results, for the large signal excitation 
cases.
For the incremental a.c. impedance cases of Figures 5.2 to 5.5, Equation 5.1 is also a 
valid approximation. The most suitable technique for evaluating permeability is that 
of Method 4 of Section 4.1.2. It should be noted that the influence of hysteresis on the 
value of incremental impedance is thought to be negligible compared to the resistive
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losses. The analytical solutions are also given in Figures 5.2 to 5.5 for comparison with 
experimental results.
A  Fin ite E lem ent M odel
Although the analytical model provides a closed form expression to approximate the 
internal impedance of the rail, it cannot accurately model the non-linear material be­
haviour variation through the material cross-section. It is expected that localised sat­
uration, at sharp corners of the rail cross-section, occur when large signal excitation 
is used. That is, the complex geometry of the rail cross-section may have effects not 
modelled by the circular conductor analysis4.
Hence a F.E.M. model has been used to obtain further confirmation that the experi­
mental results are an accurate evaluation of the practical situation for the large signal 
case. This allows both shape and non-linear material behaviour to be included. The 
technique uses the minimisation of a magnetic vector potential functional which is as­
sociated with the energy of the system. A detailed description of the method is given 
in Appendix F. Since one dimension of the problem (along the rail length) has neg­
ligible variation in vector potential, it is possible to use a reduced formulation. This 
permits analysis in two dimensions only, reducing computational effort. The symmetry 
of the cross-section, in the vertical axis, is also used so that only half the rail section 
is modelled. This further reduces the problem size. Figure 5.12 illustrates the form of 
the model, with the problem area divide up into finite elements. It should be noted 
that smaller elements are used in regions of rapidly changing potential, to provide an
accurate solution, especially where saturation and skin effects occur. Once a solution
4This is not of concern when incremental a.c. excitation is used, since the d.c. signal dominates the 
B-H characteristic
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Figure 5.12: Finite Element Model For Internal Impedance Evaluation
inductance of the rail, per unit length (of the third dimension), is obtained from
where
lint is the total rail current
H  is the magnetic field strength
dB  is the elemental flux density
A f e m  is the cross-sectional area of the rail
over the rail cross-section.
The a.c. resistance per unit length in the third dimension is given by
to  the vector potential distribution has been achieved, the evaluation of the internal
E
Afem
i n t - F E M (5.4)
E  '
ArEU ^
*>AfemT i n t - F E M (5.5)
where
J s is the elemental current density
OFEM is the conductivity of the rail material
A limited set of results for this modelling technique is given in Table E2 of Appendix
E. It can be seen that the method gives good agreement with the measured values, 
confirming the experimental technique and results.
5 .1 .3  D iscu ss io n  on R a il In tern a l Im p ed a n ce
The description of the phase impedance matrix elements clearly shows that the self 
impedance of the rails, that is the za (diagonal) element, is made up of two compo­
nents. One is due to the internal conductor magnetic field and conductivity and has 
been termed the internal impedance of the rail. The other is due to the geometric rela­
tionship of the rail to an ideal earth plane and is termed the external self-impedance. 
The off diagonal terms Z{j represent the mutual impedances between any two (i and j) 
conductors. This is dependent on the relative geometry of the two rails.
The internal self-impedance has been evaluated in detail since this was expected to 
show major nonlinear behaviour, due to material permeability and signal frequency 
effects. The evaluation has taken the form of experimental and theoretical calculations 
with some sample points being modelled by F.E.M. The limited F.E.M. evaluations 
have been used to confirm both the experimental results and the theoretical model. 
The F.E.M. modelling of nonlinear current-carrying ferromagnetic conductors requires 
a full-transient analysis to be performed for each case to be studied. This is expensive 
in computational effort and so only a limited number of studies have been carried out.
Figures 5.2 to 5.9 illustrate the results obtained. Two main cases have been examined:-
• Small signal a.c. excitation superimposed on a large d.c. signal, i.e. incremental
a.c. impedance.
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• Large signal a.c. excitation.
Incremental a.c. impedance has been evaluated over a suitable range of frequencies and 
d.c. currents. The a.c. current was set at 5 A, to represent a typical signalling current. 
Some typical results for variation in inductance and resistance with frequency are shown 
in Figures 5.2 and 5.3. Variations with d.c. current, for given frequencies are shown in 
Figures 5.4 and 5.5. The graphs illustrate the variation of impedance due to changes 
in permeability and frequency.
Theoretically, the incremental permeability will be (almost) constant, for a given d.c. 
current and so the characteristics are dominated by the frequency effects. This is clearly 
shown in Figures 5.4 and 5.5. This implies that the effects due to hysteresis and perme­
ability are small, especially at low frequency. At higher frequencies, Figure 5.3 indicates 
that the experimental resistance values diverge from the theoretical case, indicating 
where hysteretic influences cannot be neglected. The main influences on the experimen­
tal results which have not been included in the theoretical model are:-
• Second order changes in incremental permeability with frequency
• Localised effects in rail shape i.e. narrowing of cross-section.
• Hysteresis losses at high frequencies
• Loop widening
• Experimental tolerance
Large signal a.c. impedance results are illustrated in Figures 5.2 to 5.9. Generally 
agreement is good. The experimental variations of internal resistance compared to the 
theoretical values, at high frequencies, may be explained by:-
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The variation in agreement between the model and the experimental values of inductance 
are small and may be explained by:-
• Rail shape
• Experimental tolerance
For completeness, the simple models of permeability have been illustrated in Figures 5.10 
and 5.11; these show comparison at different excitation values. These can be summarised 
as
• Normal permeability (method 1) provides the correct shape of curve but the mag­
nitude is generally too large in terms of inductance. This is because the gradient 
of the B-H curve provided by this model gives a permeability value which is large 
compared to the practical value. For resistance, agreement only occurs at small 
values of current where the initial permeability agrees with the practical value.
• Permeability from the fundamental flux density (method 2) gives better agreement 
at higher current levels for inductance but only provides limited agreement for 
resistance at low excitation levels. This is due to the magnitude of permeability 
being in error at lower current levels compared with the practical value. The phase 
of the model appears to give good agreement.
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• Permeability from the B-H loop area (method 3) has similar agreement to method 
2 but tends to vary as the area of the practical B-H loop varies non-linearly.
5.2 E xternal Self and M utual Im pedance
If the assumption that the series impedance of the track is much less than the parallel 
impedance, i.e. the admittance of the track, that is
zij-l ^  ~ I (5*6)y tjA
then circuit impedance measurements, rather than transmission line tests, may be used 
to determine the impedance matrix elements.
There are two main considerations when experiments are to be devised to measure the 
external self and mutual impedances.
• The remote earth plane (or terminal) is inaccessible which means that absolute 
voltage measurements cannot be made.
• Differential measurements between track ends cannot be made, since additional 
(measuring equipment) loop inductances would be created.
This implies that only certain combinations of inductance matrix elements can be ex­
perimentally obtained. However by use of well established analytical methods, together 
with numerical techniques, the individual matrix elements can be determined.
5 .2 .1  M ea su r e m e n t o f  Track Im p ed a n ce
One of the experimental configurations used to determine the external impedances of a 
36 m length of track is shown in Figure 5.13. The particular configuration has the power
107
Rail 1 (Power Rail)
Rail 2
Rail 3
Figure 5.13: Experimental Configuration for the Triple Short Circuit Test
rail outside the running rails and in close proximity to one of them. The test procedure 
has been termed the triple short-circuit test. Since the track is long compared to the 
inter-rail distance, end effects have been assumed to be negligible. In this arrangement, 
the two running rails and the traction supply (third rail) are incorporated into one 
experiment. For Figure 5.13 the loop equations are given by
Va (*11 -  Zl2) (Z12 ~ 222) (*13 -  223)





since rails 2 and 3 are connected in parallel. The subscript notation follows that defined 
in Chapter 3, with the power rail identified by 1, the running rail nearest the power rail 
is identified by 2, leaving the second running rail to be identified by 3. By cycling round 
ail three combinations of parallel rail pairs, two further equation sets can be derived.
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These are
Vb (*12 -  *13) (z22 ~  223) (*23 ~  *33)
0 (211 ~ 213) (z12 — Z23) (*13 “  *33)
Vc (*13 -  212) (*23 “  222) (233 -  *23)









This provides three independent equations with six impedances to be found. The com­
binations of impedance differences of Equations 5.7 to 5.9 in practice cannot be sep­
arated. To evaluate these results, the self-impedance of each rail is determined by 
F.E.M. techniques and this is described below. This permits the evaluation of the mu­
tual impedances which form the elements of the impedance matrix. These are given in 
Figures 5.14 and 5.15s as the in-phase and quadrature components.
5 .2 .2  A n a ly tic a l A p p ro x im a tio n  for E x tern a l Im p e d a n c e
Carson [92] and Pollaczek [93] have independently derived solutions which predict the 
electromagnetic field distribution around conductors above a conducting ground plane 
with earth return. The resulting equations form the basis for many studies into the 
characteristics of ground return conductors. There has been much interest in these 
solutions with many applications of the equations demonstrated in the modelling of 
overhead electric power line behaviour.
5A1so illustrated are analytical and numerical model results, discussed below, for comparison.
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S elf Im pedance
Carson’s formulae are not of a closed form, as several parts have to be evaluated as
series. However these have been extended and modified in later developments [131] to
give the impedance of a ground return conductor as
Z e x t—s e l f  —  J U 2tt
a




cre is the conductivity of the earth
fj,e is the permeability of the earth
/z0 is the permeability of free space
A is the variable of integration
ht is the height of the conductor above the earth
arad is the radius of the conductor
Equation 5.10 gives a complex impedance where the real part represents additional 
power loss due to the earth plane and the imaginary part represents the stored energy
in the magnetic field of the air and ground. The assumption that the earth has a
uniform conductivity is somewhat dubious and further studies [135] [178] have developed 
modified equations for horizontally stratified earth.
A better approximation has been found to give more realistic results and the applicable 
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subscripts 1,2,3 refer to air, upper ground layer and lower ground layer respectively. 
dx is the depth of the ground layer interface.
These equations have been used to approximate the self impedance of each of the three 
rails in an electrified third rail system. These are illustrated in Figures 5.16 and 5.176.
M utual Im pedance
In a similar manner to the external self impedance, the impedance between two (geo­
metrically) parallel conductors above a ground plane can be developed from the Carson 
Equations. The corresponding equations to those for self impedance case, summarised 
by Bickford et al. [136], are
-  — ^  ^ m ) 2 ^  ^ r a i l  , J  (Z  1 o \
2”  - 2* ' n V(fct - M 2 +  J ”  ( }
where
j  _  rOO M2C0s(X(draii)e~x(hk+h<n))
®  \ + y /  A 2 - | - j u ; / x e <Te
hk, hm are heights of the two conductors above the earth plane 
dran is the horizontal separation between rails
These equations have been evaluated for the three rail system under study and results 
are given in Figures 5.14 and 5.15.
6F.E.M. results, for the same cases, are given for comparison purposes.
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Figure 5.14: Mutual Resistance Matrix Element of Three Rail Track
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Figure 5.15: Mutual Reactance Matrix Element of Three Rail Track 
5.2.3 N um erica l M odels for E x terna l Im pedance
As explained in Section 5.2.1, it is necessary to determine the external self impedance of 
a rail with earth return by numerical or analytical methods. The technique chosen here 
is F.E.M . since it allows complex shapes and non-linear effects to be included. This is 
of m ajor importance since the proximity of the ground means that the shape of the rail 
will be significant in determining the local field profile. This is because the size of some 
features of the rail are of the same order as the distance between rail and ground. The 
general method of electromagnetic analysis used by F.E.M. is given in Appendix E.
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Figure 5.16: In-Phase Component of Self Impedance for a Three Rail System 
Self Im pedance
An element mesh around a single rail model, as used in a F.E.M . model, is shown in 
Figure 5.18. This illustrates the necessary size of the mesh used for a two dimensional 
study. The method is inherently more accurate in obtaining integrals of the field quan­
tities than predicting individual field values [179]. This implies th a t the integrals used 
to determine the energy of the problem space provide realistic solutions, even when the 
field values at particular points contain significant errors. This is particularly useful 
at high frequencies where the field gradients in conductive and magnetic materials be­
come large. It has been found to be unnecessary to modify the elemental mesh over the 
frequency range of this study.
The results for the self impedance of the running rails and power rail of a three rail 
electrified system are given in Figures 5.16 and 5.17. They are given as in-phase and 
quadrature components. Good agreement is achieved for the quadrature or reactive 
part but this is not the case for the in-phase (power dissipation) case. It is thought 
that the analytical model, for the in-phase case, does not provide realistic results. This 
is due to the model of the ground conductivity profile that had to  be incorporated in
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Figure 5.17: Quadrature Component of Self Impedance for a  Three Rail System
the analytical equations. In particular, the adoption of a realistic multi-layer ground 
conductivity profile for F.E.M. allows the calculation of actual field distributions rather 
than the average value in the analytical model. The analytical expression is based on 
a two layer earth model and is not able to allow for the complex shapes of rail, sleeper 
etc. It produces an impedance that is insensitive to changes in soil conductivity.
M utual Im pedance
In a similar manner to the self impedance, the numerical modelling of mutual impedance 
has been carried out by F.E.M.. Figures 5.19 and 5.20 illustrate magnetic vector poten­
tial contours of the solutions obtained. The results are given in Figures 5.14 and 5.15. 
Again the quadrature components, i.e. the reactive parts, provide good agreement with 
both experimental results and theory. However, as for the self impedance, the resistive 
components do not agree well with the analytical results. It should be noted that the
F.E.M . and experimental results for the resistive case are in good agreement. This con­
firms that the real part of the analytical expressions does not provide accurate data for 
a rail track system. In particular, the predicted value of mutual resistance is invariant 
with changes of soil conductivity. This is surprising from a physical understanding of
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the modelled system since the mutual resistance is a measure of ground eddy current 
losses which should depend on conductivity. In circuit calculations this effect cancels 
with the self resistance of the conductors and this discrepancy is then not significant.
5 .2 .4  D isc u ss io n  on  E x tern a l S e lf  and M u tu a l Im p e d a n c e
The impedances due to flux external to the conductors have been evaluated for the three 
rail configuration. Three distinct methods have been used:
1. Experimental measurement of the impedance differences of Equations 5.7 to 5.9. 
These impedance differences cannot be separated experimentally and so the tech­
nique must be used in conjunction with the second method.
2. Numerical evaluation of the self and mutual impedances using F.E.M. This method 
allows a single conductor to be connected to the earth return by a zero impedance 
bond. This is not possible in practice but the hypothetical situation allows return 
current to flow, giving a circuit impedance per unit length calculation. This 
permits evaluation of the individual impedance elements.
3. Analytical approximation based on well established techniques used in power sys­
tem analysis and summarised previously.
The results of these different approaches are given in Figures 5.14 to 5.17 in terms of 
resistance and reactance values. Comparison between the results allow a number of 
observations to be made.
• Figure 5.14 compares values of mutual resistance. It can be seen that good agree­
ment is found between the experimental and F.E.M. evaluations. This is not the
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case with the theoretical approximation which consistently underestimates the 
resistive value of the mutual impedance.
• Figure 5.15 compares values of mutual reactance. Generally good agreement is 
found between all three methods. The differences may be attributed to experi­
mental tolerances.
• Figure 5.16 compares values of self resistance determined by the analytical ap­
proximation and F.E.M.. As for Figure 5.14, the analytical result consistently 
shows a lower value than for the F.E.M.. The trends in both sets of results are 
similar.
• Figure 5.17 compares values of self reactance determined by the analytical ap­
proximation and F.E.M.. Good agreement is obtained over the whole frequency 
range considered.
Overall, the three methods give good agreement with the exception of the analytical 
approximation for resistance, which under estimates the value of resistance. Therefore 
the real part of the analytical approximation is unsuitable for rail track parameter 
evaluation. The reason is due to the treatment of the ground conductivity. Adopting a 
uniform value for conductivity is sufficient for lines suspended far above the earth, such 
as power lines, since it is possible to calculate an average field energy distribution near to 
actual conditions. When conductors are brought close to the earth surface, such as rails, 
the exact field distribution near the surface becomes important in determining energy 
distribution. The variation in conductivity with depth must be taken into account in 
calculating this field distribution because the field changes very close to the rail-ground 
surface. Example illustrations of the F.E.M. models and solutions have also been given 
and indicate the geometric complexity that can be incorporated in a numerical solution.
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Figure 5.18: F.E.M. Model of Single Rail
Figure 5.19: The F.E.M. model of Mutual Impedance Between Rails 1 and 2 with 3
The results presented here rely on the principle that the impedance between the rails is 
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Figure 5.20: The F.E.M. model of Mutual Impedance Between Rails 2 and 3
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C hapter 6
D eterm ination  o f Phase A dm ittance  
M atrix E lem ents for Third R ail Track
A direct method of determining the elements of the Admittance Matrix introduced in 
Section 3.2.1 is to perform experimental measurements on the system under study. The 
various tests used are fully described in this chapter, together with the results obtained. 
The methods used to process these results, to evaluate the matrix elements and the 
element values themselves are also provided.
To confirm that the experimental measurements obtained describe the practical system, 
modelling techniques have also been used. The methods for, and the results from, the 
evaluation of electrical properties of the track-bed that influence inter-rail admittance 
have been described in the previous chapter. The dimensions of the track and bed 
are given in Appendix G. These properties are used to calculate the elements of the 
admittance matrix. The calculations are based on numerical models and this allows 
separation of the in-phase and quadrature components of admittance, provided that 
displacement currents are insignificant.
6.1 A dm ittance by Experim ent
It is not possible to separate conductance and susceptance quantities in practical tests 
as is the case with the modelling methods. Hence it is necessary to measure complex
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quantities. In other transmission line systems such as power networks and telecommu­
nications lines, it is possible to make the assumption that the conductance is negligible 
compared to the susceptance, at the frequencies of interest that is
G > B  (6.1)
However, since the running rails are not normally insulated from the track-bed, this is 
not true for rail track. For this reason, it is not possible to use standard transmission 
line experimental techniques and analysis. This causes difficulties when in situ testing 
is to be carried out, as the earth-return paths have significant effects on both the in- 
phase and quadrature components of admittance. It is also necessary to perform the 
tests over a wide range of frequencies, suitable for both traction power transmission and 
train signalling transmission. For a two rail system (i.e. running rails only) what will 
be referred to as the discontinuous rail test is used to determine inter-rail admittance. 
When a third rail is introduced into the system, typical of an electrified power-rail fed 
system, an additional type of test is required, this being referred to as inter-rail ad­
mittance test. The results from these two different tests provide a complete set of data 
for admittance between rails of a three rail system. Inherent in this experimental tech­
nique is the assumption that the series impedance is small compared to the impedance 
between the rails. This assumption appears valid when the material properties of the 
rails and track bed are compared and when the measurement length is short.
6 .1 .1  D isc o n tin u o u s  R a il T est
The running rail self and mutual admittances, Y{e and Ymiy, as defined in Chapter 3, 
have been evaluated for an isolated two (running) rail track. The frequencies cover the 




Figure 6.1: Discontinuous Rail Test Practical Circuit
a break is made at the centre of one of the running rail lengths, as shown in Figure 6 .11. 
The rail pair is then excited at one end, with a known load admittance, F/, connected 
across the other end. For ease of measurement and to provide good resolution, the load 
admittance must be of comparable value to the total inter-rail admittance for the line 
length used. The source voltage, source current and load current are then measured. 
The equivalent circuit of Figure 6.2 provides a set of loop equations which, together 
with current continuity, yields
V .
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From the symmetry of the track, it may be assumed that p2e = Y^e. Equation 6.2 
may be solved to give F̂ e = F3e, Fm23, / i ,  I2 and J3. Since the track length is large 
compared to the inter-rail distance, end effects are assumed to be negligible. Also, on
1 R a i l / c o n d u c t o r  1 i s  r e s e r v e d  f o r  t h e  p o w e r  r a i l .
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Figure 6.2: Discontinuous Rail Test Equivalent Circuit
the test track used the track bed had been newly laid which implies impurities are at 
a minimum. On working track, it would be expected that conductance values may be 
higher, due to increased impurities in the ballast.
The results for l 2e(= ^3e) with variation in frequency are shown in Figures 6.3 and 6.4. 
From Figure 6.2 it can also be seen that the effective inter-rail admittance is given by
Y ' l i  = ^ f  + Y m23 (6.3)
The effective admittance results are also shown in Figures 6.3 and 6.4. It is possible to 
measure the inter-rail admittance (i.e. the effective admittance) directly. This has been 
termed Ymeas and these results are also shown in the figures, for comparison purposes.
It can be seen that the values are expressed in terms of in-phase (conductive) com­
ponents and quadrature (susceptive) components. These experimental results are now 
used to evaluate the admittance matrix elements for a two rail system. As shown in
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Figure 6.3: Variation of Running Rail Conductance with Frequency
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Figure 6.4: Variation of Running Rail Susceptance with Frequency
Chapter 3, using Equations 3.26 and 3.27 such that
> »  = >32 =  - r ra23




a 2 x 2 admittance matrix is formed. These results are shown in Figure 6.5 and 6.6.
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6 .1 .2  In te r -r a il A d m itta n c e  T est
In this experim ent, the adm ittance for three circuit configurations of the three rail 
system  are m easured. The three configurations are illustrated in Figure 6.7
The configuration shown in Figure 6.7a indicates the arrangem ent for the  m easurem ent 
of the  adm ittance, Y meas:A between the power rail and the far running rail. It can be 
shown th a t this adm ittance can be expressed as
where
Y  -  Y*Yml3 . YleYv
I z  -  Yx+Yml3 T  Yle+Yy
Y  — YmY2a
I x  ~  Ym+Y2e
Y  — Y2e2_
J y ~  Ym+2Y2e
Ymeas:A — Y m 12  +  v  * * (6.7)
Yz t  Yx
In a  similar m anner, the adm ittance measured between the power rail and the near 
running rail, as illustrated in Figure 6.7b, is given by
Y m ea,,B  =  Y m I3 +  ( 6 .8 )
a i * x
where Y  — Ymi2Yf _i_ YieYy 
Yml2+Yx +  Yle+Yy
The final configuration provides a m easurement of adm ittance between the power rail 
and the  running rails in parallel, as illustrated in Figure 6.7c. It is given by
Ymeas-.C =  Y m  1 3  +  Y m 1 2  +  v  v  (6.9)
£Ye + h e
Equations 6.7, 6 . 8  and 6.9 form a set of simultaneous equations which have been solved
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Figure 6.5: Conductance Elements of a Two Rail System
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F r e q u e n c y  (kHz)
Figure 6.6: Susceptance Elements of a Two Rail System
numerically, for Y\e Ym 1 2  and Ym 1 3  using a standard iterative Levenberg-Marquardt 
method [180].
The lower frequency measurement limit is approximately 400 Hz since the measured 
conductances associated with the power rail are negligible2 over the whole frequency 
range and the small capacitance values provide only a small susceptance at low frequen­
cies. Since the results are totally reactive, they are shown in Figure 6 .8 , expressed as 
capacitance. Again using Equations 3.26 and 3.27 the adm ittance m atrix elements for 
the three rail system can be expressed as
2This is to be expected as the rail is mounted on insulators.
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Y12 =  - Y m 12
y 13 = - y mi3




These results are shown as in-phase and quadrature components with variation in fre­
quency in Figures 6.9 and 6.10.
6.2 N um erical M odelling o f A dm ittance
A numerical model is chosen to determine the conductance and susceptance components 
of the elements of the admittance matrix because the cross-section of the track and 
track bed is not composed of regular geometric shapes. The general principle used in 
F.E.M. analysis is outlined in Appendix E. As can been seen from this, the method is 
normally applied to electromagnetic problems, as is the case in Chapter 6 . However, 
using the duals shown in Appendix E, it is possible to model rail-to-earth conductance 
and susceptance gie and 6,e, together with rail-to-rail conductance and susceptance, 
d m i j  a n d  b m i j .
Examples of the four models used are given in Figures 6.11 to 6.14. The contours of rel­
evant equipotentials superimposed on the model outlines are illustrated. The frequency 
effects are included by varying the material properties as described in Chapter 4. Also 
care has been taken to ensure that the far field boundaries do not influence the solution. 
This has been achieved by modifying the boundaries and confirming that the solution 




















(a) Power Rail and Far Rail Admittance Measurement 















(b) Power Rail and Near Rail Admittance Measurement 














(c) Power Rail and Shorted Running Rails Admittance Measurement
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Figure 6.8: Experimental Capacitances of Power Rail Track Configuration
6
Vo
S 0.01 «-> o 3 TJc
o  0.001
0.1 1.0 10.0 100.0
F r e q u e n c y  (kHz)











F r e q u e n c y  (kHz)














'  ' > » j  i t t ' ' ' '
’ 3.0'
EIEM=UNE SYMM=XY 50LN=AT FREQk=30.0 FIEL.MAGN 
Sleady Stale ac Solution Mesh 5092 Elements [ 8 Regions
70 9 0 
[METR]
VF/PE2D 8
Figure 6.11: F.E.M. Solution of Rail-to-Ground Conductance Model
In the case of conductivity modelling, the appropriate conductivity profile, for given 
frequency, is chosen from those developed in Chapter 4. It is then discretised for use 
in the numerical model. The sleeper conductivity has been evaluated in earlier reports 
[181] as has the ballast conductivity [139]. In the air region the conductivity <7 = 0 
implies that the electromagnetic dual will have infinite permeability so /i -+ oo. To 
account for this, the elements of the air are removed from the model.
For electrostatic modelling, for a good conductor is £ = 0, the electromagnetic dual will 
have fi —► oo. Again the elements of the conductors are removed in the models.
By determining the total dissipated or stored energy in the problem space, it is possible 
to evaluate the conductance and capacitance for each case considered with the exception 
of Cie. This value cannot be obtained because the constant permeability model used 
implies tha t the stored energy is dependent on the distance between the single rail 
and boundary. Using Table E l in Appendix E, the computed dissipated and stored 
energies of the regions of interest, together with specified potential differences, are used 
to obtain values of admittance for comparison with the experimental results described 
above. Again, these are evaluated in component form but may be combined to give 
Yte and Yej f .  Comparison between the experimental and model results are shown in
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Figures 6.3, 6.4, 6.8 and 6.5. The modelled results are also processed to yield admittance 
matrix elements and these are shown in Figures 6.9 and 6.10.
6.3 D iscussion on Phase A dm ittance M atrix E lem ents
By making the assumption that the series impedance is much less than the inter-rail 
impedance i.e.
Z i j l  < —  (6.13)
where 1 is the measurement length
then it is possible to separate the experimental methods used to determine the phase 
admittance and impedance elements. Accepting that the admittance and impedance 
measurements may be decoupled, then circuit analysis can be used to interpret the 
experimental results.
The frequency response of the phase admittances for the two rail system, i.e. the 
running rail pair, are based on both measurements and modelling. These are shown in 
Figures 6.3 and 6.4. It can be seen that the model results show close agreement with the 
experimental results. From the running rail track conductance results, in Figure 6.3, 
it is clear that the gef /  values from modelled data and experimental measurements are 
in agreement with one another and with the experimental value of gmeas• In a similar 
manner, the modelled and experimental values of g2e also give close agreement. The 
same is true for the experimental results for the b ej j  and b meas  susceptances illustrated 
in Figure 6.4. This confirms that the circuit elements of j/t-e and ymij (which make 
up 2/e//) give a, good model of the physical system as measured directly by ymeas (see 
Equation 6.3).
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The resultant phase conductance matrix elements, given in Figure 6.5, have been evalu­
ated from the experimental results and F.E.M. models. Again, excellent agreement has 
been achieved, confirming that the modelling procedure closely describes the practical 
system. Since it has not been possible to evaluate the permittivity of the track bed, a 
similar comparison is not available for the susceptances.
In determining the phase admittance elements of the third rail of the three rail system, it 
was found that the conductance between this rail and the running rails is negligible. This 
is to be expected since it is mounted on insulators. This implies, in phase admittance 
terms that
Vmlj ~  j B m l j  
Vie = j B u  (6.15)
9ml j  =  9le = 0 (6.16)
where j=2,3
Using the three configurations shown in Figure 6.7 and the phase admittances previously 
determined, it has been possible to deduce the phase capacitance values as illustrated 
in Figure 6.8. It is of interest that Cm 12 = Cm 13 even though the geometric relationship 
between the power rail and each of the running rails is different. This is explained by 
the dominating influence of the track bed, acting as a conductor. Each of the running 
rails are conductively coupled to the track bed so that the capacitance between power 
rail and either running rail is equivalent to the power rail to track bed capacitance. This
may be seen directly from the F.E.M. results illustrated in Figures 6.12 and 6.14.
Using the running rail phase admittance results, it is possible to determine the third 
rail phase admittance elements. These are shown in Figures 6.9 and 6.10 in both con-
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Figure 6.12: F.E.M. Solution of Rail-to-Ground Capacitance Model
ductance and susceptance component form. Although the numerical (or modelled) 
quantities are purely susceptive, when these values are combined into the phase matrix 
element form, using the Equations 6.7 to 6.12, the matrix elements contain conductive 
components. This is due to the non-physical nature of the matrix elements.
Example solutions of F.E.M. results are given in Figures 6.11 to 6.14. As has been noted 
earlier, these give excellent agreement with measured results. This close agreement is 
to be expected when the material properties have been well defined. This shows that 
the F.E.M. analysis is extremely dependent on material properties and characteristics 
but yields good results for well defined problems.
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Figure 6.13: F.E.M. Solution of Rail-to-Rail Conductance Model
Figure 6.14: F.E.M. Solution of Power Rail-to-Running Rails Capacitance Model
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C hapter 7
C om posite M easurem ent o f Track 
Param eters
The experimental methods described in Chapters 5 and 6 rely on the assumption that 
Z i j l  y. .]• Although this would appear to be a reasonable physical assumption, an 
alternative method of admittance and impedance matrix element evaluation, which 
does not rely on the above assumption, has been examined. The method is described 
in this Chapter and the results presented.
The technique determines all the track parameters in a single set of tests. However, 
additional specific circuit elements and extreme measurement accuracy are required. 
These limitations have meant that the investigation has been restricted to a single 
power frequency. This requires only one suitably rated and stable supply to be available 
together with one set of external components. Also, the accuracy of the measuring 
equipment can be selected for the single frequency of concern. However these restrictions 
do not prevent the method from being fully exploited.
The method considers two rails at a time. The matrix elements relating to the two 
parallel running rails have been evaluated. This allows the symmetry of the geometry 
to be exploited in the expressions used.
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va(0) -  Va' = Vb(0) -  v b'
Figure 7.1: Rail-Pair Excitation Test Circuit
7.1 M atrix E lem ents from R ail-P air E xcitation
It is possible determine the matrix elements by considering two Rails A and B which 
are excited with voltages Va(x) and Vb(x) and are carrying different currents Ia(x) and 
Ib(x ) as shown in Figure 7.1. The two lines are loaded with equal impedances ZLi but 
the source impedances are different i.e. Za and Z\>. The voltage source, Es and load 
impedances ZLi are both connected to a remote earth with impedance Ze -
If the lines axe homogeneous, the solution of Equation 3.7 is expressed in terms of 
exponential functions and is given by
Va(x) Faa P^
1





c\>'e~lbX + db eybX
where Fij, aa', bj[c\j and db are constants determined by the terminating conditions
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The matrix [F] is evaluated using Equations 3.7 and 7.1 since
Fia Fab p t
o O
1
A n  A 12 Faa Fab
Fba Fbb 0 lb 2 A 21 A 22 Fba Fbb
(7.2)
If the propagation constants are now examined, for a two rail system, it is possible to 
relate the modes of propagation to circuit configurations [167] [89]. These are
• Common mode propagation where the rails are connected in parallel with an earth 
return. Associated with this mode is a propagation constant, 7comm.
• Differential mode propagation where the rails are connected as a go-and-return 
path (above a ground plane). This also has a propagation constant, 7<*,//, associ­
ated with it.
Using the association




then in the differential mode case, from Equation 3.8 with the elements of the current 
matrix being related as I a = -/&, it follows that
Da a = Ff,0 (7.5)
In a similar manner, the common mode case gives
Fab =  -Fbb (7.6)





aa'e ~ ^x +  ba'elaX 





a e - 7 a *  +  & e7 a X
ce~^bX + de 1̂
(7.8)
where a, 6, c and d are constants dependent on the terminating conditions
Similarly, the line currents are
- - - - 1 -
I a { x ) Zaa Zab
dVn
dx
h ( x ) Zba Zbb
-----------11
(7.9)
Assuming the lines are symmetric, zaa = zm and z^a = zaf> then
I a { x ) - 1  1 a e - w 1 - 1 ce  7fcX
=  kx +  &2




- 1  1 d e lbX
(7.10)
where kn is a constant dependent on track geometry
On substituting the differential of Equation 7.8 into Equation 7.9 the current vector 
becomes
(7.11)
- - - - 1 • -
Ia(x) Zaa Zab —ae 1aX + belaX + c e - 7 6 x  _  dfn bx
= l a l b
Ib(x) Zba Zbb -ae~^aX + belaX —ae~'1bX +  de^bX






—ae 7aX -f belaX
ce- 76* _  d^ibx
If the rows of Equation 7.12 are added, this gives
L J
1 ^ a a  Zab l a l b —ae iaX + be^aX
det[Z]
-o-Cl0-o1 l a l b ce 1aX — de*aX
(7.12)











By adding and subtracting Equations 7.14 and 7.15 the values of the impedance elements 
are obtained as
1 ^  (7.16)%aa — 2 
1
Zab -  2
l a  lb
k\ k2
7a  _  76 
L&1 &2.I
(7.17)
Similarly, using Equations 3.8, 7.16 and 7.17, together with the ideas of common and 
differential mode excitation, the admittance matrix elements are determined by
(^aa Zabjla 4" (^aa 4" Zab)̂ (b̂
Vaa — det[Z] (7.18)
and
Vab —
(■^oa Zab^la? ( ^ a a  4" Zab)lb  
det[Z\
(7.19)
7.2 A pplication o f Term inating C onditions
The constants a, 6, c and d are found in terms of &i,&2>7a>76 and Ze by using the 
receiving end impedances. The voltages at the receiving end are given by
Va(l)
. m  .
{Zu  4- Ze) Ze 




Alternatively the line voltages and currents at x = I may be determined in terms of
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fci>fc2?7a>7b>a >&5c> and d. Also, at the sending end with x  =  0, Equation 7.10 becomes
1 4 0 ) - 1  1 a 1 - 1 c




- 1  1 b - 1  1 d
(7.21)
This result, combined with Equation 7.10, with x = /, Equation 7.8 and 7.20 are solved 
to give values of a, 6, c and d as functions of Z n , Ze, ki, &2, 7a7&5 -̂ <*(0) an(  ̂ -ffc(O)* These 
are given by
/a(0) +  / 6(0) [ l - k 1(ZLi + 2Ze)]a = —
2ki [1 — ki(ZLi + 2Ze)\ + [1 + ki(Zi,i + 2Ze)]e 2̂
(7.22)
6 = / o(0) + / 6(0)
[1 + k\ (Zl{ + 2Ze)]
2A;i [1 + k\{ZLi -f 2Ze)\ + [1 — ki(Zi,i + 2 Ze)]e27a* (7.23)
c = /«(0) -  J6(0) (1 ~ ^Lt'^2)
[(1 -  ZLik2) + (1 + ZLik2)\e 21*>1
(7.24)
d = ~ I a ( 0 )  ~  h ( 0 ) [1 4- Z u k 2]
2k2 [(1 + ZLik2) + (1 -  ZLik2)\e2̂
(7.25)
However the absolute values of VI(0) and V2(0) cannot be measured, since the true earth 
plane is subterranean, as depicted in Figure 7.1. To overcome this problem, the sending 
end conditions are used to obtain an expression so that the earth impedance, Ze, can 
be evaluated (or eliminated). The test only permits the voltages V j  and Vb referenced 
to the source voltage, and currents Ia(0) and Ib(0) to be measured. As there are five 
unknown impedances (zaa,zabiyaa,yab and Ze) at least five independent equations must 
be available. Hence, three different load impedances are used to make three independent 
sets of measurements (providing six equations and some redundancy).
Assuming the lines are equally loaded with impedance Zl{ ( i = 1 to 3 ), the sending
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end voltages are related to the measured line voltages and currents by
vai'(0) = v„i(0 ) + Ze
1 1 /« ( 0)
Vw'(0) Vw(0) 1 1 /w(0)
The solution technique is given in Appendix D. In brief, the method finds analytical 
expressions for the measured line voltages in terms of the basic unknowns Ze,k 1,^ 2, 7a 
and 7& using the constants a, 6, c and d from Equations 7.22 to 7.23. The track matrix 
elements are then found from Equations 7.16 to 7.19.
7.3 E xperim ental Considerations and R esu lts
The source voltage, series sending end impedances and load impedances are chosen 
such that the relative magnitudes of those impedances provide large enough signals for 
accurate measurement. Practical restrictions which must be considered include
• The relationship between the series impedance and shunt admittance of the rail 
and track bed structure i.e. zseries <C — -— •series ^  yghunt
• The earth impedance cannot be reduced below a certain value because of the 
contact resistance and finite ground conductivity.
In the test circuit, this causes most of the series voltage drop to occur across the earth 
impedances, rather than to appear as a line potential difference, which is required 
to facilitate measurement. The line excitation is chosen to produce a high potential 
difference between the two rails, creating an appreciable shunt current flow through the 
track bed. Also high currents are required through the rails to create a longitudinal 
potential difference which is large enough to be measured. These conditions are most 
closely satisfied by choosing the series sending end impedances so that the test circuit is
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Figure 7.2: Phasor Relationship for the Test Circuit (Not to Scale)
in series resonance. Also, the source and load impedances are comparable in magnitude 
to the line impedances. Figure 7.2 shows the phasor relationship of the test circuit 
signals.
I vAMeasurements have been made on a 36 m isolated track length, with 56.4 kg/m F lat- CA'^
/
bottom Rail layed on concrete sleepers, at a frequency of 50 Hz. The source voltages, I I
currents, load impedances, sending end voltages and sending end currents are given in
Table 7.1. The results for the primary constants of line self and mutual impedances and 
admittances, together with the ground impedance, are given in Table 7.2. The results 
for the secondary constants of characteristic impedance and propagation constants are 
given in Table 7.3.
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Table 7.1: Experimental Parameters of Test Circuit
Parameter
Test Number 1 2 3
Source Voltage E S(V ) 243.9 + jO 243.5 + jO 240.9 + jO
Rail Voltage Vai\ V ) 243.4 - j 8.5 243.0 - j8.5 241.3 - j6.7
Rail Voltage Vbi'(V) 242.7 - j8.5 241.5 - j8.4 239.2 - j6.7
Source Current I si(A) 3.84 - j0.317 3.83 - j0.32 3.80 - j0.27
Rail a Current Jat(0)(A) 2.01 - j0.16 2.23 - j0.17 2.54 - jO.15
Rail b Current 7b,(0)(A) 1.83 - j0.16 1.60 - jO.15 1.26 - jl.34
Load Impedance Zi,i(Q) 0.099 + jO 0.198 +  jO 0.298 + jO
Sending End Series Impedance Za{£l) 
Sending End Series Impedance Zb(Ct)
0.12 - j4.21 
0.27 +  j4.65
Table 7.2: Primary Constant Results
Parameter Value
Self Impedance zaa(mQ,/m) 
Mutual Impedance zab(Q/m) 
Self Admittance yaa(^S/m) 
Mutual Admittance yab(fJ-Sfm) 
Ground Impedance Ze(£l)
0.55 +  j0.49 
0.51 +  j0.31 
0.38 + j0.93 
0.048 +  j 0.061 
63.0 +  j3.7
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Table 7.3: Secondary Constant Results
Parameter Propagation Constant 







2.34 + j2.98 
3.77 + jl.25 
1.57 + J2.22
/  33.91 - j8.96 J 
\ ^ e 4 - H P t f 3
26.38 - j6.11













0.55 + j0.49 
0.53 -I- j0.51
0.05 + j0.39
0.51 + j0.31 
0.50 + j0.29 
0.48 + j0.30 
0.05 + j0.35
0.38 +  j 0.93 
0.37 + j0.90
0.048 + j0.061 
0.51 +  j0.063
7.4 D iscussion on C om posite M easurem ents o f Track Pa­
ram eters
The results at 50 Hz are consistent with impedance and admittance values at that 
frequency found by other techniques and reported in Chapters 5 and 6 . The exception 
is shown to be the theoretical expressions, as noted earlier. Table 7.4 gives a detailed 
comparison.
The technique described in this chapter was developed to provide an independent 
method of obtaining track impedance and admittance values to support the models
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described in Chapters 5 and 6 . The transmission line expression is exploited and by ap­
plying various termination configurations, it has been possible to obtain the impedance 
and admittance matrix elements for the two (running) rail system. However, the method 
inherently relies on comparing the series impedances and shunt impedances; these values 
are orders of magnitudes different and the resulting equations are ill-conditioned. Also, 
signals used in the test have to be large enough for measurements to be made, especially 
in the case of series rail potential differences, which tend to be small. Generally these 
restrictions cause experimental errors to be relatively large and sensitive to the values 
of external circuit components. Hence only a limited set of results have been presented 
in Chapter 7. However they do confirm the results reported in Chapters 5 and 6.
It should be noted that some practical difficulties apply when using the method de­
scribed in this chapter:-
• Since successive approximation is used to solve the equations, an approximate 
value of Ze is needed initially so that the algorithm has a starting point. This 
implies the solution may not be unique.
• The experimental method requires a large power supply at 50Hz e.g. 3 kW so 
that signals may be measured above noise.
• Frequency dependency is also difficult since high power sources will be required.
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C hapter 8 
D eterm ination  of M odal M atrix  
E lem ents o f Third Rail System  and  
A pplication  to Sim ulation
As introduced earlier, one of the major subsystems necessary to simulate signal and 
power propagation along an electrified railway, is the rail track and track bed structure. 
As explained in Chapter 3, the approach chosen for the simulation of this subsystem, is 
that of modal transmission line theory, with the implementation achieved using digital 
computer algorithms.
To achieve this, admittance and impedance matrix elements have been determined using 
the methods described in Chapters 5, 6 and 7. The results, for a particular configura­
tion, have also been presented, together with verification by analytical and numerical 
techniques. In this chapter, using the methods outlined in Chapter 3, these matri­
ces are transformed such that the modal propagation constant matrix is determined. 
This matrix represents the (mathematical) decoupled modes of the transmission line. 
Hence the matrix is diagonal. The matrix provides information from which the modal 
impedance and admittance matrices, together with the modal characteristic impedance 
matrix, may be formed. These matrices are useful as they indicate the behaviour of the 
individual modes. The modal matrices are processed further to provide data for the 
simulation program. It should be noted that the values of the elements of the matrices 
are frequency and current magnitude dependent. The simulation data are then applied
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to a number of example studies. This illustrates the applicability of the data and the 
simulation method chosen to the practical situation.
8.1 D evelopm ent o f M odal M atrices
The technique used is outlined in Chapter 3. From Equation 3.7 and 3.8, the A matrix 
is determined from the phase matrices evaluated in Chapters 5 and 6, i.e.
[A] = [Y][Z] (8.1)
The eigenvalues are determined using Equation 3.20. Equations 3.11, 8.1 and 3.18 show 
that the eigenvalues At- are the square of the modal propagation constants, that is
7 i = ±\/A ~i (8.2)
For the configuration analysed in Chapters 5 and 6 (the two and three rail systems) the 
results of modal propagation constants, with variation in frequency, are illustrated in 
Figures 8.1 and 8.2. It can be seen that the two rail common mode propagation constant 
approaches mode 1 of the three rail system. The propagation constants of modes 2 and 
3 of the three rail system are equally reduced from the differential mode of the two rail 
system.
The eigenvectors corresponding to the eigenvalues are determined from Equation 3.21 
and Appendix H. These form the columns of the T matrix of Chapter 3.
This then allows the modal admittance and impedance matrices to be evaluated, using 
Equations 3.13 and 3.14. These are illustrated in Figures 8.3 to 8 .6. From Equa­
tions 3.22, it is possible to develop a modal characteristic impedance, as explained in 
Section 3.2. These have been evaluated from the modal values shown in Figures 8.1 to 
8.6 and the results are given in Figures 8.7 and 8.8 .
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Figure 8.1: Variation in Modal Attenuation Constants with Frequency
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Figure 8.2: Variation in Modal Phase Constants with Frequency
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Figure 8.3: Variation in Modal Admittance Magnitude with Frequency
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Figure 8.4: Variation in Modal Admittance Phase with Frequency
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Figure 8.5: Variation in Modal Impedance Magnitude with Frequency
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Figure 8.7: Variation in Magnitude of Modal Characteristic Impedance with Frequency
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Figure 8.9: Modal Travel Time -  Phase variation with Frequency for Three Rail System
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8.2 D eterm ination  o f Sim ulation D ata
As has been explained in Chapter 3, the digital computer implementation of the modal 
analysis for general transmission lines is carried out in the time domain. It operates on 
a travel time r ,  as defined by Equation 3.37. This is evaluated from the information 
in the preceeding section and the results are shown, with variation in frequency, for 
each mode of the three rail systems, over a selected frequency range in Figure 8.9. A 
tabulated format of all the information required to simulate a transmission line is given 
in Appendix F, together with an example set of data.
The relationship between transmission line length, travel time and simulation (calcu­
lation) time-step length has been carefully chosen. The calculation time-step length 
must be selected small enough to ensure reasonable accuracy of results1. The size of this 
time-step dictates the upper and lower limits of the transmission line length sections. 
The minimum length of a transmission line section must result in a travel time greater 
than 1 calculation time-step. The maximum length of a transmission line is constrained 
to have a travel time less than 200 calculation time-step lengths2.
8.3 D iscussion on M odal M atrix E lem ents and Param e­
ters
In this chapter, the modal matrix elements and modal parameters have been evaluated 
for the two and three rail systems described earlier. These data are obtained from the
1 Although a small simulation time-step is desirable, computation errors due to rounding errors and
stability can be encountered. Additionally small time-step lengths lead to excessive computational time.
2 Although the latter may be increased by recompiling the program, a substantial increase in computer
memory is then required with the associated additional computational time requirements.
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processing of the phase quantities, evaluated in Chapters 5 and 6. Equation 8.1 and
8.2 briefly summarise the relationship between phase admittance and impedance matrix 
elements and the modal propagation constant.
The propagation constants for the two and three rail systems are shown in Figures 8.1 
and 8.2. It can be seen that the change in modal attenuation constant of the two 
rail system when a third rail is added does not affect the ground modes greatly. The 
metallic modes are more significantly affected. This indicates that there is a significant 
correspondence between the phase (physical system) quantities and the metallic modal 
quantities. This and the physical significance of a two conductor system is discussed 
briefly in the EMTDC manual [167]. The common mode attenuation constant of the 
two rail system is closely associated with that of mode 1 of the three rail system. 
The attenuation constant of the differential mode of the two rail system appears to be 
subdivided between the attenuation constants of modes 2 and 3 of the three rail system. 
The modal phase constants confirm this relationship but also show that the propagation 
constant of the differential mode of the two rail system is closely associated with the 
attenuation constants of modes 2 and 3 of the three rail system.
The eigenvectors of the system have been determined from these propagation constants 
(the square of which is the eigenvalues of the system). By using these in Equations 3.13 
and 3.14, the modal admittance and impedance matrix elements have been determined. 
These results, shown in Figures 8.3 to 8.6 , confirm the trends found in the propagation 
results, that is
• The common mode of the two rail system is associated with mode 1 of the three 
rail system.
• The differential mode of the two rail system is associated with modes 2 and 3 of
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the three rail system.
• The variations between the associated modes is due to the addition of the third 
rail.
These observations are further emphasised by the modal characteristic impedance results 
given in Figures 8.7 and 8.8. Also the travel times for the three rail system have been 
evaluated and are shown in Figure 8.9. This together with the modal resistance and 
characteristic impedance show that the ground or zero sequence mode is mode 1 of the 
three rail system and hence the common mode of the two rail system3.
8.4 Exam ple A pplications of Sim ulation M ethod
8 .4 .1  T rack C ircu it S im u la tio n
The circuit details of a Westinghouse FS 2500 AF track circuit, having a carrier fre­
quency of 4080 Hz, have been supplied by the manufacturers4. This allows a number 
of simulations to be performed to model the operation of the circuit with the measured 
track data shown earlier. These data refer to the two (running) rail system. The track 
circuit not only detects the presence of trains but can be used to provide information 
relating to a broken raifi condition. To separate adjacent track circuits, a tuned area is 
fitted at either end of the circuit [182].
The overall model is illustrated in Figure 8.10, showing how the presence of a train axle
3The ground or zero sequence mode is identified by having higher modal resistance, characteristic
impedance and travel time.
4 Where exact details have not been supplied, tests have been carried out on track circuit equipment
supplied by Westinghouse.
5A break in the rail is detected when the signal is removed from the track circuit receiver.
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can be simulated, as well as the occurrence of a broken rail. The ends of the rail section 
are terminated with the characteristic impedance, implying that the total length of the 
track is very large compared to the track-circuit length. The total track circuit length 
was set at 400 m with 7 m tuned areas.
The output condition of the track circuit is the receiver signal, determined by the voltage 
at the receiver terminals. Depending on the transmitted signal (i.e. the input), the 
receiver terminal voltage magnitude ( the output) indicates the track circuit condition. 
Hence the simulation results, for train axle detection with variation in axle position, 
are given as a ratio of transmitted voltage magnitude to received voltage magnitude, as 
shown in Figures 8.11 and 8.12.
The function of the track circuit is dependent on the tuned area operation. Hence a 
more detailed study of the tuned area has been carried out. Again, the ratio of received 
voltage to transmitted voltage, with axle position, has been simulated. The results are 
given in Figure 8.13
? ?
8 .4 .2  S im u la tio n  o f  E lec tr ified  T h ree  R ail Track
Although it is possible to simulate a d.c. power rail fed electrified traction track with 
complete track circuit signalling, only a subset of the system has been selected so that 
the features of the simulation are clear. The simplified system was chosen to test the 
modal method rather than provide a full simulation of a realistic case. In this study 
the power circuit has been simulated since examples of a signalling circuit have been 
examined earlier. This allows the salient features of coupling between rails of the track 
due to the power supply and traction drive signals to be examined. These signals include 
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Figure 8.11: Results from Simulated Track Circuit Operation for Train Detection 
drive circuits.
The track da ta  have been taken from that evaluated for the three rail configuration, 
described earlier. The geometric arrangement is one in which the power rail lies outside 
the two running rails (but in close proximity to one). A track length of 24 km has been 
simulated, although by terminating in the characteristic impedance, the track appears 
to be infinitely long.
Two simulation studies have been carried out, in order that the influence of coupling 
between tracks can be examined. To achieve this, substation ripple has been examined
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separately from chopper circuit noise. The substation-to-train distance is 4 km and the 
circuit response has been examined at a number of points along the track. The overall 
simulation arrangement is shown in Figure 8.14.
S u bstation  R ipple Harm onics
The substation model is of an uncontrolled 12-pulse, balanced rectifier with a nominal 
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Further simulation data, adopted from earlier reported work [155], are
Train Converter Power 240 W
Train Axle Shunt Impedance 0.2 Q,
Impedance Bond 1.0 mil, 3.18 //H
Substation Impedance 0.2 Q
The simulation results are given in Figure 8.15. The Thevenin equivalent circuit voltage 
and Norton equivalent circuit current are given at 1, 2 and 3 km from the substation, 
for rectifier ripple frequencies of 600, 1200, 1800 and 2400 Hz.
C hopper Traction H arm onics
The circuit modelled had the same characteristics and values as for the substation 
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Figure 8.13: Results from Simulated Track Circuit Tuned Area
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Figure 8.14: The Simulation Model for Third Rail Fed Electrified Track
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are assumed to have a resistive path through the substation [184]. The chopper is a 280 
Hz single-phase converter with average train power of 240 kW and is supplied through 




The harmonic components of the chopper, prior to filtering, have been modelled by a 
current source which can be represented by the Fourier series
1 = 1pk
2 oo 1
1 + ^ 2 ^ T sin{nut)n= 1
(8.4)
giving a worst case condition of a square current waveform.
Again the Thevenin and Norton equivalent voltages and currents are given in Figure 8.16 
for 1, 2 and 3 km from the substation, at frequencies of 280, 560, 840 and 1020 Hz.
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8.5 D iscussion on Exam ple A pplications
The example applications are intended to illustrate how the modal parameters derived 
in this thesis may be used in simulation studies. Two examples are given, a practical 
example of a.f. track circuit operation and a hypothetical example of the propagation 
of harmonic interference along a coupled line. The latter is based on signalling circuit 
operation and harmonic analysis of traction circuits.
Signal Circuit Sim ulation
The signalling circuits were modelled using the data derived earlier and additional cir­
cuit information supplied by Westinghouse Brakes and Signal Limited. The circuit 
simulations have examined the performance of the Westinghouse FS 2500 AF track cir­
cuit. The main functions of this system are train detection and broken rail detection, 
although a capability exists to provide track-train data transmission.
The results obtained from the simulation are in agreement with the practical track 
circuit operation, given that the track bed measurements have been performed on a 
“new” track structure. The effect of this is that the inter-rail impedance is high and 
the train detection characteristics, given in Figure 8.11, has been found to be excellent. 
For a more practical track bed, the performance may well be degraded.
Similar observations may be made for broken rail detection. The characteristics are 
shown in Figure 8.12. Again a near ideal performance has been found, over the whole 
length of the track circuit. In a similar way to the train detection results, if the con­
ductance of the track bed became higher, this characteristic may well be degraded.
A further area of importance, in track circuit design, is in the region of track circuit 
boundaries (known as the tuned areas). This section of the circuit has been modelled
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in more detail and the characteristics have been determined. The simulation is depen­
dent on accurate circuit data. In this case the additional track side circuit elements are 
particularly significant. As much of this information has been supplied by the manufac­
turers, the simulation results are dependent on the accuracy of this information. The 
results shown in Figure 8.13, for the track circuit tuned area indicate system operation 
is as described in the manufacturers specifications.
Traction C ircuit Harmonics
As has been introduced in the early chapters of this thesis, the influence of traction 
circuit harmonics on signalling systems is of much concern in electrified rail systems. 
To illustrate how the simulator may be applied to such studies, a simulation involving 
substation and traction drive harmonics has been carried out. The aim of the study 
has been to examine the effect of typical harmonics on inter-rail voltages and currents. 
The results, shown in Figures 8.15 and 8.16, indicate a significant frequency dependency 
which is not simply explained by standardjyw^ujt^analysis. It is a result of the frequency 
response of the track seen through the models implemented by modal techniques. The 
results may be further developed in practical cases to predict the effect of harmonics 
on track circuit receivers. They have been expressed in terms of Thevenin and Norton 
Equivalent sources as a standard representation.
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Figure 8.15: Equivalent Circuit Thevenin Voltages and Norton Currents for the Sub­
station Ripple Simulation
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Sim ulation D ata  for a C atenary System
In Chapters 3 to 8, it has bpea shown that it is possible to apply transmission line modal 
analysis to an electrified, three rail system. The earlier chapters describe approximate 
theoretical and accurate numerical analyses that have been used to determine the electri­
cal characteristics of the track. These methods have been confirmed by measurements. 
Chapters 3 and 8 also describe the technique used to apply these electrical characteristics 
in modal analysis for circuit simulation.
In this chapter, the numerical methods developed earlier are applied to an alternative 
electrified track configuration. The characteristics of a catenary fed electrified track 
have been determined and these values have been applied to the modal transmission 
line analysis. The dimensions of this configuration are given in Appendix G. This 
analysis is used to examine the system performance, contrast the results to the third 
rail case and compare the F.E.M. phase impedances and admittances to those published 
elsewhere [185] [189].
9.1 Track Phase Characteristics
The model described here is intended to represent the track in the vicinity of a train 
where return current flows along the rails and ground rather than through a return 
conductor. Thus it models both D.C. catenary directly and A.C. simple feeding (without 
booster or autotransformers which modify the current path). Even so, some notable
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differences exist between the third rail and catenary system models. In the catenary feed, 
two conductors supply current in parallel. The contact wire is suspended vertically below 
the actual catenary wire. The three rail feed system has only one conductor (the third 
rail) supplying the power current. In addition, the contact wire is not ferromagnetic.
Since the published measurements [185] have only included a single value of ground 
conductivity, with depth and frequency, this simple approach has been adopted here. 
The effect of this is considered at the end of the chapter, although it is of interest that 
this is closer to the analytical model assumptions, considered earlier.
The phase impedance matrix element values are illustrated in Figures 9.1 and 9.2, for 
two values of conductivity, 0.0033 S/m and 0.077 S/m, which were chosen to correspond 
to actual low and high [185] measured values. The elements for both impedance and 
admittance matrices have been evaluated, using the Finite Element Technique. The 
definition for these matrix elements, and the matrices themselves, have been described 
in Chapter 3.
The impedance results are expressed in terms of magnitude and phase. Conductor 1 
refers to the catenary and 2,3 refer to the running rails. The self impedance values of 
z\\ and Z22 = 233 are similar since the return path in each case is through the earth. 
The earth has a significant influence on the values za, in terms of both resistance and 
reactance and the values of ground conductivity thus have a predictable if moderate ef­
fect on the impedance matrix element values, i.e. the impedance increases with decrease 
in conductivity.
The phase admittance matrix element values are also illustrated in Figures 9.3 and 9.4 in 
the same form as the impedance values. It can be seen that an increase in conductivity 
causes an increase in admittance, as is to be expected. Since the catenary is insulated
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Figure 9.1: Catenary Phase Impedance M atrix Elements (<7gnd =  0.0769235/m)
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Figure 9.2: Catenary Phase Impedance Matrix Elements (<Jgnd =  0.003335/m)
from ground, the admittance matrix element values yu  and y \2  are reactive in nature. 
In contrast, the element values associated with the running rails are dominated by the 
conductive component. It should be noted that the catenary capacitance and inductance 
are constant with frequency and in agreement with other published results [185] [189].
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Figure 9.3: Catenary Phase Admittance Matrix Elements (agn(i = 0.076923S /m )
9.2 M odal C haracteristics
It has been described, in Chapter 3, that the modal propagation constants may be 
determined from the phase matrix elements. These constants have been evaluated from 
the phase values shown in Figures 9.1 to 9.4. The results are illustrated in Figures 9.5 
and 9.6 in terms of attenuation and phase constant (i.e. real and imaginary parts), for 
the two values of ground conductivity.
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Figure 9.4: Catenary Phase Admittance Matrix Elements ((Tgnd — 0.003335/m)
As with the three rail system, it can be seen that two of the modal propagation constants 
are close together, with the third significantly lower in value. Although direct physical 
significance cannot easily be associated with the modes, the symmetry of the system, 
together with some similar features, cause the analysis to produce similar results. The 
influence of the ground conductivity is only of minor significance here.
The modal impedance and admittance matrix elements have also been evaluated and 
are illustrated in Figure 9.7 to 9.10 in magnitude and phase form.
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Figure 9.5: Catenary Modal Propagation Constant (agnd =  0.0769235/m)
Mode 2 is often termed the “ground” or “common” mode. This is significant when 
ground currents flow and is identified by the larger characteristic impedance. The other 
two modes are termed metallic modes and are significant when circuit currents are 
present. The significance of the variation in ground conductivity is only small.
9.3 T h e Influence o f the Ground C on d u ctiv ity  M odel
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been evaluated as a continuous function with depth and frequency. In the case described 
in this chapter, since it was intended to compare the measurements with published work, 
so the ground conductivity was assumed uniform and constant. The agreement between 
these numerical analyses and the published measured results for catenary inductance 
and capacitance was good. Good agreement was also found between these methods and 
the approximate analytical techniques based on Carson’s equations [92] as implemented 
by Bickford et al. [136] described earlier. This was to be expected since the analytical 
methods also assume constant ground conductivity with frequency (but may include a 
two layer model as in the approach by Bickford et al.). This is in contrast to the ground 
conductivity model which varies with depth and frequency (i.e. the three rail system 
model). In this case the approximate analytical method did not give good agreement 
for the real part of the impedance matrix elements, although values from numerical 
methods and measurements did agree.
The influence of the insulated catenary can be seen in the modal admittance matrix 
element values, since one mode is purely reactive in nature (as has been found for the 
phase matrix elements).
The modal characteristic impedances are also illustrated in Figures 9.11 and 9.12.
9.4 D iscussion on M odelling of Catenary System s
To illustrate that the techniques used to determine the electrical characteristics of the 
three rail system are applicable to any rail track configuration, a catenary electrified rail 
track has also been examined. The fundamental measurement data had been published 
elsewhere [185] for the Skawina-Chabowka Railway line in Poland. These were used to 
provide dimensional information and ground conductivity data for modelling of the track
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Figure 9.6: Catenary Modal Propagation Constant (<7gnd = 0.003335/m)
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Figure 9.7: Catenary Modal Impedance Matrix Elements (agnd =  0.07692357m)
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Figure 9.10: Catenary Modal Admittance Matrix Elements (<Jgnd = 0.003335/m)
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system, allowing the track characteristics to be evaluated and certain results compared 
with published measurements.
The phase characteristics have been determined for two values of (constant) ground 
conductivity. These values represent the maximum and minimum values found on the 
Skawina-Chabowka Railway line. Hence upper and lower bounds have been established 
for the track characteristics. The results of the numerical modelling have been presented 
in Figures 9.1 to 9.4. They are in the form of magnitude and phase since some of the 
catenary to rail admittances are reactive only. This representation clearly indicates this 
feature. The catenary capacitance is approximately 11 nF/km  and the catenary-to-rails 
inductance is approximately 1.4 mH/km which are in agreement with the published work 
[189],
As is to be expected, the results show similar features to the three rail system in that 
the impedance magnitudes are comparable. The rail-to-rail admittances are also very 
similar to the three rail case. Differences in these results for the two track configurations 
(i.e. three rail and catenary systems) is accounted for by the method of modelling the 
ground conductivity and the values of ground conductivity used. In the catenary case, 
the model for ground conductivity is uniform (following the published data) and the 
values are taken for the Skawina-Chabowka Railway.
A major deviation between the two systems occurs with the power feed conductor. The 
power rail has approximately comparable characteristics to the two running rails, as 
described earlier. In this chapter, for the catenary system it has been shown that the 
admittance is not only smaller than for the rails but is almost completely reactive in 
nature. As stated above, this is in full agreement with the characteristics of the practical 
circuit.
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The modal data for the catenary system have also been evaluated and are given in 
Figures 9.5 to 9.12. It can be seen that the differences in the phase data cause marked 
changes in the modal information. The variations in range of the individual propagation 
constants (Figure 9.5 to 9.6) is smaller when compared with the three rail system and 
the separation between mode 1 and modes 2 and 3 is larger. This feature is not clearly 
seen in the modal impedance matrix element values but is a dominant feature of the 
modal admittance matrix elements. This is carried over to the characteristic impedance 




m o d e  1 --------
m o d e  2 -------















0.01 0.1 1 10 100 
Frequency (kHz)
b) Impedance Phase
9.11: Catenary Characteristic Impedance M atrix Elements
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Figure 9.12: Catenary Characteristic Impedance Matrix Elements (crgnd = 0.003335/m)
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C h ap ter  10
D iscu ss io n s , C on clu sion s a n d  F u rth er  
W ork
10.1 Sum m ary and Scope of T hesis
This thesis has outlined the need for numerical simulation of electrified rail track. A 
review of the basic operation of traction power feed systems and drives, together with 
signalling and control techniques commonly used has been provided. An im portant 
application of the work is the problem of E.M.I. between track signalling, power supply 
and traction systems.
A brief comparison between circuit representation methods for the rail track was made 
and a multimode transmission line analysis was chosen as a suitable approach. A de­
tailed examination of the necessary simulation technique and selection of a suitable 
solution method has been given. The main benefits of the modal approach are
• For systems with parallel electric tracks, simulation with coupled transmission 
lines is advantageous. The use of modal analysis allows each transmission line to 
be decoupled from the others. This implies less computational effort is necessary to 
calculate system performance than for a fully coupled circuit in the time domain, 
especially when considering mutual impedance and adm ittance coupling between 
all rails of all tracks.
• The use of modal analysis involves the simulation package constructing equivalent
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single phase lines and assigning to each a specific travel time delay. A conventional 
lumped representation would require many transmission line ’T ’ and ’P I’ sections 
to suitably represent long multiconductor lines. This would involve the setting 
up of very large conductance matrices with significant penalties in computational 
effort required for inversion and storage.
• An extra overhead when using the m ulti-mode method is the 
tween phase and modal quantities. However, this is achieved by a once-only 
domain transform ation which requires limited computational effort. Appendix H 
illustrates the code used to produce all the required output for the simulation 
using the Mathematica mathematical analysis package [192].
?
For an accurate track simulation, precise evaluation of the electrical track parameters  - _ |
is essential. The starting point is the track phase impedances and admittances; consid­
erable effort was expended in deriving these values. A significant part of this thesis has 
been the identification of suitable methods for the evaluation of track electrical param ­
eters, so a review of measurement methods, together with the numerical and analytical 
techniques required to implement and extend them, was made. A full understanding 
of physical processes determining both the phase and modal values has been obtained. 
Their expression as m atrix elements is convenient since transform ation between phase 
and modal domains is then straightforward.
Several complementary techniques have been used to determine these phase quantities. 
As part of a practical approach to the param eter identification, a series of experimental 
methods have been developed. In summary these are:-
• Discontinuous rail measurements to directly determine the phase adm ittance ma­
trix  elements for a two (running) rail system.
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• In ter-rail admittance measurements (for a three rail configuration), the results of 
which yield the phase admittance of the power conductor (after some processing).
• Isolated rail measurements, developed so th a t internal impedance of traction rail 
can be determined directly. This has included a.c. signals and small signals 
superimposed on d.c.
• The use of triple short-circuit rail measurements to provide phase impedance 
m atrix element values (after some processing).
One of the main complications of the determination of the phase m atrix elements is 
that the true system earth plane is remote and so not available for inclusion in the test 
procedure. The techniques shown above have been developed such that the elements 
can be determined without connection to this earth  plane.
To ensure th a t the experimental results provide accurate data, the results have been 
compared with analytical and numerical methods. These methods rely on accurate 
m aterial properties and these have been determined for both conductors and track bed. 
Hence further experimental techniques have been used to identify these m aterial data. 
In sum m ary:-
• Measurement of rail magnetic material to obtain values of permeability as a func­
tion of current and frequency.
• Measurement of rail conductivity
• Development of test procedures and subsequent da ta  analysis methods to deter­
mine the conductivity of the track bed as a function of frequency and depth.
These m aterial da ta  have then allowed analytical and numerical methods to be used for 
validation of the experimental results.
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The analytical approach, based on the Carson-Pollaczek equations, provide reasonable 
agreement for many cases of series impedance m atrix elements. However it has been 
shown th a t in certain circumstances agreement is not good. This is due to a number
of reasons. Since the conductor shape is not accounted for, the series resistance tends ^
r 'ff'V
to be inaccurate at high frequencies. Also the equations have been developed for power *  
system analysis and do not cope with conductors having leakage to ground. Hence in t i &  
some cases the analytical methods show divergence from experimental results. As this 
did not occur with the numerical methods, the analytical techniques are considered to 
be unreliable for certain conditions. o t
/
As a third approach to  param eter evaluation, the F.E.M . analysis of the rail track sys­
tem, in two dimensions, has been fully analysed. It has been shown that this numerical 
method provides a consistent accurate technique for track electrical param eter calcula­
tion. This offers a very cost effective means of providing phase m atrix data  compared / ^ /  V 
with extensive experimental testing. These data are then processed into modal m atrix 
information for simulation studies.
Since the processing of phase data  to modal information has been shown to be achiev­
able at m oderate com putational cost, the modal transmission line analysis provides an 
efficient method of m ulti-track simulation. The computational cost diminishes, as the 
number of tracks (or rails) increases when compared to traditional “P I” or “T ” circuit 
analysis methods.
The application of the F.E.M . technique for phase analysis combined with the modal 
transmission line simulation offers signalling and traction engineers a powerful set of 
computational tools for system design. This is especially the case when the simulator 




10.2 M ain A ch ievem en ts
The novel aspects reported in the thesis are concerned with the evaluation of rail track 
impedance and admittance together with the use of the data  within circuit simulation. 
The main areas of novelty have been (or are in the process of being) published1 and 
are:-
e Development of a practical model to account for hysteresis in rail steel using a 
complex permeability approach, including a supporting measurement technique. 
The model has been successfully applied to internal rail impedance which is non­
linear with frequency and current. Papers 2,3,4,7 and 9 in Appendix I have been 
published on this topic.
• A method to measure soil conductivity as a function of depth and frequency 
has been developed, together with a method to obtain track self and mutual 
conductance from the results. Paper 15 has been accepted for publication on the 
topic and the results of the method have been used in papers 1, 5, 6, 10, 13 and 
14 in Appendix I.
• F.E.M. modelling of rail track admittance and impedance, using software packages 
with confirmation of the results experimentally and /or from analytical theory. 
F.E.M. is the subject of papers 6, 10, 11, 13 and 14 in Appendix I.
• A contribution to the development of an in situ measurement technique for track 
impedance and admittance using a transmission line approach. Paper 12 in Ap­
pendix I has been published on this topic.
1 Papers 1 to 12 in Appendix I have been published and papers 13 to 16 have been accepted for 
publication.
• Use of the impedance and admittance values in a modal transform ation to derive 
modal data. Included here is a demonstration of how the modal results can be 
used in a circuit simulation package to model track circuit operation and further 
applications in modelling E.M.I. propagation between signalling, power supply 
and traction systems has been given. Paper 8 in Appendix I has been published 
on this topic.
10.3 Further W ork
Although the project described in this thesis has successfully dem onstrated methods of
obtaining accurate modal data  from electrified rail track simulation, several avenues of
1
further work have been identified.
• An independent method of evaluating ground perm ittivity would further confirm 
that the F.E.M. models provide accurate data for the reactive part of the ad­
m ittance m atrix elements. Although some time and effort has been expended in 
attem pting this, the conductivity of the ground has always dominated the mea­
surements in the frequency range of interest.
• Examination of m ulti-track simulation would be of further interest as a develop­
ment (rather than a research topic). Comparison with practical data , i.e. experi­
mental results or system performance criteria, would give further confirmation of 
the accuracy of track data  and simulation method.
• A full study of the flat bottom  rail (as a conductor) has been given in this thesis. 
However many more recent rapid transit systems use novel and varied rails, track 




basis of a further study to examine the influence of such modifications on system 
performance.
• A large variety of traction drives and control circuits should be examined to gain a \ ~ 
wider appreciation of their influences in the problem of EMI into signalling circuits, j • > ^ 
This should be coupled with the simulation of active power supply systems to allow ! 
regenerative breaking schemes to be simulated.
• Following the experiences of using power system software for electrical track sim­
ulation, it is felt that more efficient algorithms could be developed. This implies 
tha t there is a requirement for writing original software, dedicated to rail-track 
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A ppendix  A
M odal A nalysis o f a M ulti—wire System
For a two wire system with remote (or common) ground, where each wire (i) has a self 
impedance per unit length of Za and a mutual impedance per unit length between wires 
of as shown in Figure A .l, it is usual to express the voltage relationship in terms 
of the distributed components as
SVi = -(Z a liS x  + ZijljSx) (A .l)
where
Ii and I j  are the currents in wires i and j .
In the limit, as 6x —► 0




where, for a two wire system 
Z u  Z21
[Z] =
[V] =











y 12 y 22
Yie = Yn + y,-2
Ym = - Y 12
Yie is the admittance per unit length to ground of conductor i. 
Ym is the mutual admittance between conductors.
(A.4)
The quantities in these equations relate directly to the physical system and are called 
the phase values. Similarly the expressions are termed the phase equations.
Substituting Equation A.4 into A.3 gives
d2 Vi Z n  Z21 M Vi
dx2
V2 Zi2 Z22 Y12 y 22 V2
Substituting Equation A.3 into A.4 gives
d2 h Yu  Y21 Z\\ Z2\ II
dx2
h y 12 y22 Z \2 z 22 h
(A.5)
(A.6)
If [A] = [Y].[Z] then, in matrix form
^ [ V ]  = [A ]r[V ] (A.7)
2
Ii (a: +  &r)
h  + Sx)
V2 (x + Sx)
gnd
h  (*). ..f o
Figure A.l: Distributed Circuit Representation of a Two Wire Line
and
£ [ X ]  =  [A]-[I] (A.8)
Since [A] =  [Y][Z], it is unlikely to be a diagonal matrix. Hence the currents and 
voltages in any conductor are dependent on the currents and voltages in any other 
conductor. For efficient computation, it is beneficial to decouple the equations. Using
the theorem of Similar Transforms, it is possible to develop a diagonal matrix A such
that





A is a diagonal matrix of eigenvalues or modes i.e.
0
An = 7n2, the propagation constant of node n.
T  is an eigen or modal transformation matrix given by T  = [T1T 2 .. .T n .. .T m] 
Tn 1


















£ \ r ]  = [Ym][Z’n][Im] = [A][Im] (A.14)
This shows that
[Ym][Zm] = [A] = [T]~1[A][T]r ‘ = [T]r [Y][Z][T] (A.15)
4
To decouple the phase matrices, it can be seen that
[Ym][Zm] = [T]t [Y][T][T]"1[Z][T]t "1 (A .16)
giving
[ Y  m] =  [T ]t [Y ][T] (A.17)
[Zm] = [T ]-1[Z][T]t_1 (A .18)
[Im] =  [T]T[I] (A.19)
[Vm] =  [T]—1 [V] (A.20)
From the definition of the eigenvalue equation
([Y][Z] -  7,2[U]) T, =  0 (A.21)
The non-trivial solution of this exists only if
l[Y][Z] — Aj[U]| = 0 (A.22)
or
I [A] -  A<[U]| =  0 (A.23)
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A ppendix B
T heoretical C alculation O f Internal 
Im pedance
The theoretical approach to the calculation of internal impedance is based on the as­
sumption that the conductor is circular. It is then possible to develop an expression 
for impedance per unit length of an isolated conductor. This is termed the internal 
impedance. The analysis also assumes that no saturation occurs.
Figure B.l shows an isolated conductor, of circular cross-section, in which the current 
flows in the z direction, along the axis of symmetry of the conductor. Hence the magnetic 
field strength is in the <j> direction.
At radius r
2 'KrH(f>=  f  2irrJz (B .l)
Jo
Differentiating with respect to r gives
Differentiating again
dH H  T
T -  + — = Jz (B.2)
d r  T
dH2 1 dH d j z
dr* + r ’ dr ~ dr  ̂ ^
The e.m.f. induced at r by flux inside conductor is given by the difference between the 
resistance drops at r and a.
= [ f H t d r  (B.4)
Figure B.l: Current and Magnetic Field of Isolated Conductor 
where Jzo is the current density at the surface.
<BS>
Assuming sinusoidal signals
~~T~ = J ^ v ^ H  (B.6)<7 ar
From Equation 4.3
d2H  1 dH 2 n /-n *,\
~dr2~ + 7~dr ~ ^acirc +  r  ̂ =   ̂ ^
where a 2irc =
Hence
H = A I1B{ Q-circT) + B K 1B(a circr) (B-8)
At r = 0, H  must be finite, thus B  = 0
7
At r = a. H0 = -J— thus A = A—j—A  7’  ° 2ira 2ira IiB^circ^)
where I  is the total current in the conductor.
Hence
H  =  I I i b ( < w )  (B 9)
2'Ka I\B \^drCa)
and from Equation (4.2) 
J z =  1
2'K a  f l B ( O c i r c ® )
dllB^^drc^  . 1 r /  \H IlBy&drcT)dr r
— Ot-dr
dr d(acircr)
[!i b ( &drc  t* )] +  I o b ( & d r c AOLrirrT
Thus
and with Jz = a E , we have
(B.10)
dI\B{p^drcA dliB^^drc^  /-rj 1 1 \
= Otdrc— T,--------T- (B . l l )
(B.12)
y Q -d rcI l o  B iS ^ d r c f}  - 0 >.
— —n t 7 T ^U.loJ2ira I\B{oLdrcr)
R  + j X =  =  acirc IoB(a« " al (B.14)
I  2Kaa I\B{otcirca)
Since oĉ irc oc fi* and //* is a function of H  then a ctrc = / ( / ) .  To evaluate //* and hence
otdrc, the values obtained from the material tests are used. The conductivity values
obtained in Section 3.1 are also used here.
Hence
Zdrc  = / ( ^ ,  <?, /**, a) (B.15)
and
M* = f ( B ) =  f ( I )  (B.16)
The particular value of permeability varies through the material (with magnetic field 
strength) and a mean value is chosen as described in Section 4.2. For any particular
8
rail, a suitable equivalent radius aeq must be obtained, in order to evaluate z circ. At 
very low frequencies, the cross-sectional area of the rail can be used, th a t is
rail cross section = iraeq2 (B.17)
However, for the majority of cases (see Section 6) where the frequency is above approx­
imately 20 Hz, the skin effect due to the eddy currents limits the main current path  to
the perimeter of the rail cross-section. Hence the perimeter may be used to evaluate
an equivalent radius by
rail perim eter  =  2iraeq (B.18)
For any particular rail
Zdrc = /(<*>,/) (B.19)
Both u  and I  may vary due to signal modulation and E.M.I. Thus the impedance varies 






G eom etric M ean D istances and  
Inductance
As described by Grover [177], when calculating the mutual inductance of two parallel 
conductors with large separation distance compared to their cross-section dimensions, 
it is possible to replace the actual conductors with filaments for calculation purposes. 
The computed result will have small errors. These are associated with the relative sizes 
of separation and cross-section dimensions. The distance between filaments for this 
calculation is the Geometric Mean Distance of all points in the cross-section of one of 
the conductors to those points in the other conductor.
Grover also discusses the same principle applied to self inductance of a long straight 
conductor. It is equal to the sum of the mutual inductances of all pairs of filaments 
making up the cross-section. From this argument, it can be seen that the self inductance 
of a rail is equivalent to the mutual inductance of two straight filaments, spaced at the 
geometric mean distance of all the cross-section points from each other. The cross- 
section must be interpreted from the actual section taking part in conduction. Allowance 
must be made for skin effect.
Evaluation has been carried out using computer methods as the algorithm inherently 
requires repeated calculations of separate points. Grover states that the mutual induc­
tance of two filaments is given by:-
10
M  =  0.002// , 2// R g m d  1 R g m d 2 .
log' R ^ - 1 + — — 4 if
where
is the filament length 




T he Solution of the C om posite  
M easurem ent Technique in Term s of  
M easured Line V oltages and Currents
The solution referred to in Chapter 7 is developed by combining Equation 7.8 and 7.21 
to give
a e ~ '1aX + 6e7aX
ce-7bX deYbX




1 1 /w (o )
(D .l)
Using Equations 7.22 to 7.25 and rearranging,
527oL _  [1 + ki(ZLi + 2Ze)](l — 2kiZABi) 
[1 — k\(ZLi + 2Ze)](l +  2ki Za b O
(D.2)
and
, 2lb L _  ( 1  +  Z L i k 2) ( l  -  2 k 2 Z c D i )  
(1 -  ZLik \ ){ l  +  2k2ZcDi)
(D.3)
where
-  2[/a(0)+/6(0)J “
' 7 - . r i . -  Vai'{0)-Vbi'{0)
Equation D.3 may be solved for k2 by equating the value of e27fcL for two values of load 
(i  = 1,2). The result is
  {Z l 2 ~  Z l i ) +  2 ( Z c d \ ~  Z c d t )k2 = ±
2[Zl 1ZL2( Z c d i  ~  Zc d 2) +  2Z c d \ Z c d 2{Zl 2 ~  Z l i )] 
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(D.4)
Substituting k2 into Equation D.3 then gives 7 By similar substitution of i = l , j  into 
Equation D.2, the value of ki becomes
k  _  , _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ ( z L j  ~  Z l i )  +  2(ZABi -  Z A B j ) _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  , D  ̂
1  2 [ ( Z l i  + 2 Z e) ( Z L j  + 2Z€){Zab\ -  % A B j )  +  % Z A B i Z A B j { Z L j  -  Zli)]
By setting j  = 2,3, the resulting solutions for k\ may be equated, yielding
z - - c ± ^ ; - < r a ) (D.6)
where
F = 2{2Zp28Zz — 2ZpZ8Z2 + Zp28Zlz ~ Zpz8Zl2)
G = 2[Zp2(ZL3+ZLl)8Z3- Z p28ZL3(Zqi + Zq3) - Z p3(ZL2 + ZLl)8Z2 + Zp36ZL2(Zql + Zq2)] 
H  = Z li{Z p2Zl3^ Zs — Zp̂ Zl2^Z2) + 2Zq\(yZq^Zp28ZL3 — Zq2Zp̂ S ZL2)
Zpj = 8ZLj + 28Zj (j  = 2,3)
8Zlj = Zlj -  Zli (j  = 2,3)
8Zj =  Za b i  -  ZABj U = 2,3)
7  ■ — ( j  — 1 9 ^~ 2[h(p)+h(o){ y% ~ 1’z >6)
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A ppendix  E
The U se o f F .E .M . in R ail Track 
E lectrom agnetic A nalysis
The application of an F.E.M. package to the analysis of the electromagnetic properties 
of a system is well-known and well documented. Only example references are cited here 
[186], [179], [187], [188]. Hence only a summary of the processes involved are given here, 
with specific reference to rail-track where applicable.
T he Equations to  be Solved
The field equations to be solved may be summarised as
V.D = p (E .l)
V.B = 0 (E.2)
V X E = - 2 S  (E.3)
V x H = J  (E.4)
where J  is made up of source currents (J s) and eddy currents (crE)
with the material properties being defined as
D = eE (E.5)
B = /iH (E.6)
In the electrostatics case, it is less complicated to solve for a scalar potential V  rather
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than a vector potential E. From
E = - V V  (E.7)
then it follows that the equation to be solved is
-  V .c W  = p (E.8)
Although the magnetostatics case can be developed in the same way, in order that 
dynamic solutions can be obtained, i.e. including eddy currents, a continuous vector
potential is required. The magnetostatic solution is then simply a special case of the
electromagnetic problem.
In the electromagnetic case the vector potential is defined as
V x A = B (E.9)
since
V x H = J s + <rE (E.10)
d A
dt=  Js -  (E .ll)
then the equation to solve is
1 d A
V x - ( V  x A) = J s -  a —  (E.12)
Fortunately, in two dimensions, only the z-component of A is required, as the other 
two components are assumed to be constant in the model space. This simplifies the 
implementation procedure.
Building th e M odels
The process of modelling a physical system using the Finite Element Method, may be 
considered as series of conceptual modelling steps
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1. Determination of the physical model requires the relevant features of the physical 
system to be identified. These would include the geometry, material properties and 
excitation of the actual system. Dimensions, permeabilities, permittivities, con­
ductivities, conductor (source) current densities and driving voltage magnitudes 
and waveforms must be known.
2. This information, contained in the physical model, is refined to what is often 
termed the geometric model. This is a simplification process where only the 
features, relevant to the particular analysis, are included. For example, in an 
inductance calculation, permittivity is not required (or it is assumed to be unity). 
Alternatively, to determine the capacitance between two rails, the permeability is 
of no interest.
Other considerations include boundary conditions. The boundaries must be cho­
sen to provide a suitable shape, function condition and distance so that a meaning­
ful and accurate solution is obtained. To ensure that the far field boundaries are 
a sufficient distance away from the rail track, two different boundary conditions 
have been used, know as the Neumann and Dirichlet conditions. The former, also 
known as the natural F.E.M. condition, sets the normal derivative of the potential 
to zero; the later sets the potential to zero. If the solutions from the two condi­
tions provide results which agree with each other, to within an acceptable error, 
the boundary is deemed to be an acceptable distance from the track1.
3. The geometric model may still contain redundant information, especially in the 
case of the problem symmetry. Hence a mathematical model is constructed which 
may not obviously relate to the physical system. Here, use is made of symmetry 
in the system geometry. For example, when analysing a single rail, only half
1The true solution lies somewhere between these two extreme solutions
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the cross-section needs to be modelled i.e. the geometry has a vertical line of 
symmetry.
Other examples of redundant information include conductors, in electrostatic anal­
ysis. Since permittivity, e —► oo in conductors, they are omitted from the mathe­
matical model (although their outline is required).
Other mathematical considerations are also included here. Since the potential is 
related to the field by:-
B = V x A (E.13)
the potential does not have an inherently unique value. Hence the potential must 
be set at a minimum of one point one point in the model, e.g. on a boundary.
4. Once the mathematical model is formed, it is discretised into a numerical model. 
The number of elements which can be used is limited by a practical limitation 
in computational effort. Hence more sophisticated models may be used when 
computer power is increased. To obtain a suitably accurate result, more elements 
are required in regions of rapidly changing fields. The error of the solution is
proportional to h2 where h is the largest dimension of the element. In addition,
the elemental interpolation method may be improved by changing from linear to 
quadratic, although the computational effort will increase.
To illustrate this in a simple form, consider the process for a one dimensional case. 
A function $ , shown in Figure E .l, is to be approximated by a polynomial.
Let the polynomial be first order i.e.
$  = a + bs (E.14)
where a, b are coefficients; higher order polynomials can be used. In local coordi-
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global coo rd ina tes  (a) si a2
local coo rd ina tes  -1  *1
nates









Between $1 and $2 the function is approximated by
which can be rewritten as




where N{ are the shape functions
TVi =  a  +  /3s (E.23)
N2 = 7 +  A s  (E.24)
At a discretised point (node i),
Ni = 1 (E.25)
N j  = 0 (E.26)
j  /  i (E.27)
So the finite element method is a linear (or higher order) approximation of $  as it
varies with s. To maintain good accuracy, in regions of rapidly changing fields, dis­
cretisation should be greater (see Figure E.2-a) and quadratic approximation may 
be used (see Figure E.2-b). Both techniques will require additional computational 
effort.
In the 2-D case, the same principles are used as for the 1-D case. Global and 
local coordinates are set up. This is illustrated in Figure E.3, for element number 
6 .
The function is now approximated by a linear interpolation in two dimensions
$  = a +  bx + cy (E.28)
In local coordinate notation, it can be seen that the function at each vertex is
vp1 = a + bxi + cyi (E.29)
$2 = a + bx2 + cy2 (E.30)
$3 = a + 6x3 + cy3 (E.31)
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(a) Selective Increase Discretisation
Quadratic in te rp o la t io n
Linear in te rpo la t ion
(b) Quadratic Interpolation 
Figure E.2: Consideration of Rapidly Changing Fields
Figure E.3: Discretisation of 2-D Problem Space
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which may be solved to give
a = / i ( * i , $ 2 , $ 3 )  (E.32)
b = / 2(*  i , « 2, « 3) (E.33)
C = / 3( * i , * 2, * 3) (E.34)
As with the 1 -  D case, shape functions may be used
3
® = JV!$! +  JV2$ 2 +  N3V3 =  ^2  (E'35)
1
where generally
Ni = Vi +  rjix +  CiV (E.36)
Again, at node 1, N\ = 1 with N 2 = Ns = 0
5. Finally the functions approximating each discretised element of the model are 
brought together and a series of matrix equations are formed. The structure of 
these matrices is such that elements sharing vertices are related. The solution of 
the problem is now reduced to the solution of these large sparse matrices. The 
exact method chosen to solve these equations differs from package to package. 
However, the methods are well known and well documented in standard mathe­
matical texts on the subject. Typical references are given here [190], [191]
It is usual to use the F.E.M. packages commercially available to model the electromag­
netic (including magnetostatic) and electrostatic cases. However, the physical process of 
conduction is mathematically similar to these. This has allowed the F.E.M. software to 
be used to not only determine the series rail impedance and inter-rail capacitance but 
also the inter-rail conductance. The basic duals of the equations are given in Table E .l.
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Table E.l: Finite Element Duality Equations in Two Dimensions
Electromagnetic Conductivity Electrostatic Comment
V I I  =  0 <1 II o V D  = 0 Divergence Constraint
H  =  f i B
cqbII** D  — z E Material Properties Relationship
B  =  V  x  A E = - V V E = - V V Potential Relationship
i a £ Material Properties
f H B d s f E J d s f E D d s Energy/Power Integral
= \ L P =  G V 2 =  1 c v *
V (JV A ) = 0 —V a V V  = 0 - V e V V  = 0 Static Governing Equations
V (JV A ) = J z - a ^ —V a V V  =  - p B f c Dynamic Governing Equations
Table E.2: Sample Results for Internal Rail Impedance at 50 Hz
Excitation F.E.M. Analytical Experimental
Current (A) L (/xH/m) R (mfi/m) L (/xH/m) R (mil /m ) L (/xH/m) R (mfi/m)
800 0.672 0.231 0.670 0.220 0.635 0.252
900 0.647 0.233 0.705 0.228 0.641 0.259
1000 0.615 0.235 0.719 0.233 0.644 0.263
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A ppendix  F
E .M .T .D .C . Transm ission Line D ata
The data format for the transmission line model used in E.M.T.D.C, starts with a line:-
Np N1 SSN RSN f p  f s  L
and n lines in the following format (where n is the number of phases)
N tx  N rx  t c  Zmo Rp R s [T im ] [Tvm ]
where
Np is the number of phases 
N1 is the transmission line label
SSN is the Sending end subsystem number 
RSN is the receiving end subsystem number 
fp is the power frequency 
fs is the signaling frequency 
L is the transmission line length 
Ntx is the sending end node number 
Nrx is the receiving end node number
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tc = r  is the travel time (ms)
Zmo is the modal characteristic impedance 
Rp power resistance 
Rs signalling resistance
[Tim] Row of current modal transformation matrix 
[Tvm] Row of voltage modal transformation matrix
As an example consider a third rail electrified line for a frequency of 1800 Hz 
3 0 1 2 50 1800 20 /
1 1 0.8618 60.0 0.9938 25.0 0.001 -0.510 -0.085 /
2 2 0.2055 36.0 0.0494 -0 .5  0.707 0.815 -0.660 /
3 3 0.3492 17.0 0.0273 2 .3  0.710 -0.240 0.740 /
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A ppendix G
T he D im ensions of the Third R ail and  
C atenary System s used in A nalysis









D i m e n s i o n s  in  m m






D im ension*  in  m m
Figure G.2: Catenary System Dimensions
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A p pen d ix  H
M e th o d s  o f  P h a se  P a r a m ete r  A n a ly s is
There are a number of approaches to performing the analysis on the phase m atrix 
elements to determine the modal quantities for simulation studies. The main task is to 
calculate the eigenvalues and vectors of the phase matrices from which the modal data 
is obtained. In this study two standard numerical algorithms have been used. The NAG 
library of m athematical subroutines had been used initially. However a more modern 
software package -  “MATHEMATICA” -  was adopted later.
Sample results from each were compared as a validation of accuracy between the two 
sets of software. There was found to be negligible difference in the results. However, the 
use of MATHEMATICA has been found to be far less time consuming, and has been 
used for most of the analysis required.
A sample algorithm is given below and it can be seen tha t the code is easily extendable 
to a larger number of conductors (rails, catenary etc.). In addition, the computational 
effort required is also negligible compared to simulation time.
<<A lgebra/R eIm .m  
z d a ta = O p e n R e a d [" z v a ls .h i" ]  
zn ro w s= R e a d [z d a ta , lum ber] 
z n c o ls = R e a d [z d a ta , lum ber] 
z im a x = (z n c o ls -1 ) /2  
D o [ z f r e q [ j]= R e a d [z d a ta ,  lu m b e r] ;  
z z = T a b le [ z [ i ]= R e a d [z d a ta , lum ber] +
R e a d [z d a ta , lum ber] I ,  { i ,  z im a x } ] ;
z p [ j ] = { { z [ l ] ,  z [2 ]  , z [ 2 ] } ,  {z [2 ] , z [3] , z [ 4 ]> ,  { z [ 2 ] ,  z [ 4 ] ,  z [ 3 ] » ,  
{ j , z n r o H S > ]
C lo s e [z d a ta ]
y d a ta = O p e n R e a d ["y v a ls .h i" ]  
yn ro w s= R ead [y d a ta , lum ber] 
y n c o ls = R e a d [y d a ta , lum ber] 
y im a x = (y n c o ls - l ) /2  
D o [y fre q [ j]= R e a d [y d a ta , lu m b e r]; 
y y = T a b le [y [ i]= R e a d [y d a ta , lu m b er] +
R e a d [y d a ta , Number] I ,  { i ,  y im a x } ] ;
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y p [ j ] = { { y [ l ]  , y [4 ]  , y [4 ]> ,  { y [ 4 ] ,  y [2] , y [3 ]> ,  { y [4 ]  , y [ 3 ] ,  y [ 2 ] » ,
{ j,y n ro w s} ]
C lo s e [y d a ta ]
D o [ a [ i ] = y p [ i]  . z p [ i ] ;
{ ▼ a ls [ i ] ,v e c s } = E ig e n s y s te m [a [ i ] ] ;
T l = v e c s [ [ l ] ] ;
T 2 * v e c s [ [ 2 ] ] ;
T 3 = v e c s [ [3 ] ] ;
I f [ A b s [ T l [ [ l ] ] ]  > A b s [ T l [ [ 2 ] ] ] ,  Tlm az = T l [ [ l ] ] ,  Tlmax = T l [ [ 2 ] ] ] ;
If[A b s[T lm a x ] > A b s [T l[ [ 3 ] ] ] ,  dummy = T lm ax, Tlmax = T l [ [ 3 ] ] ] ;
I f [ A b s [ T 2 [ [ l ] ] ]  > A b s [T 2 [ [ 2 ] ] ] , T2max = T 2 [ [ l ] ] ,  T2max = T 2 [ [ 2 ] ] ] ;
I f [A b s  [T2max] > A b s [T 2 [ [ 3 ] ] ] , dummy = T2max, T2max = T 2 [ [ 3 ] ] ] ;
I f [ A b s [ T 3 [ [ l ] ] ]  > A b s [T 3 [ [ 2 ] ] ] , T3max = T 3 [ [ l ] ] ,  T3max = T 3 [ [ 2 ] ] ]  ;
If[A bs[T 3m ax] > A b s [T 3 [ [ 3 ] ] ] , dummy = T3max, T3max = T 3 [ [ 3 ] ] ] ;
Tlmod = C o n ju g a te [T lm ax ] T 1 ;
T2mod = C onjugate[T 2m ax] T2;
T3mod = C onjugate[T 3m ax] T3;
Tim = T ranspose[T lm od] . C o n ju g a te [T lm o d ];
T2m = T ranspose[T 2m od] . C on ju g a te [T 2 m o d ];
T3m = Transpose[T 3m od] . C on ju g a te [T 3 m o d ];
T lm at = ( 1 /S q r t [ T im ] ) Tlmod;
T2mat = (1 /S q r t[T 2 m ]) T2mod;
T3mat = (1 /S q r t[T 3 m ]) T3mod;
T T [i]  = { T lm a t, T 2m at, T3mat};
T [ i ]  = T ra n s p o s e [T T [ i] ] ;
ym [i] = I n v e r s e [ T [ i ] ]  . y p [ i ]  • I n v e r s e [ T r a n s p o s e [ T [ i ] ] ] ;
zm [i]  = T ra n s p o s e [ T [ i ] ]  . z p [ i ]  . T [ i ] ;
z o l  = S q r t [ z m [ i ] [ [ l , l ] ] / ( y m [ i ] [ [ 1 ,1 ] ]  10“ - 3 ) ] ;
zo2 = S q r t [ z m [ i ] [ [ 2 ,2 ] ] / ( y m [ i ] [ [ 2 ,2 ] ]  10“ - 3 ) ] ;
zo3 = S q r t [ z m [ i ] [ [ 3 , 3 ] ] / ( y m [ i ] [ [ 3 ,3 ] ]  10“ - 3 ) ]  ;
z o [ i ]  = { { z o l} ,  { zo 2 } , {zo3}};
z o a l t [ i ]  = { { A b s [z o l] ,  (A rg [z o l]  I [ 1 8 0 / P i ] ) > ,
{A bs[zo2] , (A rg [zo 2 ] I [ 1 8 0 / P i ] ) > ,  {A bs[zo3] , (A rg [zo 3 ] l [ 1 8 0 / P i ] ) »
, { i ,  z n ro s s } ]
r e s u l t s  = O p e n W rite [ " m o d a l .h i .re s " ,  Form atType -> OutputForm ]
W r i t e S t r i n g [ r e s u l t s , " E ig e n v a lu e s /v e c to r s  o f  C a te n a ry  (C o n d u c tiv ity  = 0 .0 7 6 9 2 3  S/m) \n " ]  
W r i t e S t r i n g [ r e s u l t s ,  " \n " ]
D o [ V r i t e S t r i n g [ r e s u l t s , " f r e q  (Hz) = " ] ;
W r i t e [ r e s u l t s ,  z f r e q [ i ] ] ;
W r i t e S t r i n g [ r e s u l t s ,  " \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , " \ n " ] ;
W r i t e S t r i n g [ r e s u l t s ,  " \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , "E ig e n v a lu e s  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , " \ n " ] ;
W r i te [ r e s u l t s ,S e tA c c u r a c y [ M a t r ix F o r m [ v a l s [ i ] ] , 5 ] ] ;
W r i t e S t r i n g [ r e s u l t s , " \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , " \ n " ] ;
W r i t e S t r i n g [ r e s u l t s ,  " \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , " E i g e n v e c t o r s \ n " ] ;
W r i t e S t r i n g [ r e s u l t s ,"  \ n " ] ;
W r i te [ r e s u l t s ,S e tA c c u r a c y [ M a tr ix F o rm [ T [ i ] ] , 5 ] ] ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i te S tr in g [ r e s u l t s ," M o d a l  A d m ittan ce  M a t r ix \n " ] ;
W rit e S t r i n g [ r e s u l t s ,"  \ n " ] ;
W r i te [ r e s u lt s ,S e tA c c u r a c y [ H a tr ix F o r m [y m [ i ] ] , 5 ] ] ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i te S tr in g [ r e s u l t s ," M o d a l  Im pedance M a t r ix \n " ] ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i te [ r e s u lts ,S e tA c c u ra c y [M a tr ix F o rm [z m [ i] ] , 5 ] ]  ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s ,"  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s ,"  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i te S tr in g [ r e s u l t s ," M o d a l  C h a r a c t e r i s t i c  Im pedance M a trix  (C o n d u c t iv i ty  = 0 .0 7 6 9 2 3  S/m) \ n " ] ; 
W r i t e S t r i n g [ r e s u l t s , "  \ n " ] ;
W r i te [ r e s u l t s ,S e tA c c u r a c y [ M a tr ix F o rm [ z o [ i ] ] , 5 ] ]  ;
W r i t e S t r i n g [ r e s u l t s ,"  \ n " ] ;
W r i t e S t r i n g [ r e s u l t s ,"  \ n " ] ;
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W r i t e S t r i n g [ r e s u l t s , "  \n " ]  ;
W r i t e S t r i n g [ r e s u l t s , "  \n " ]  ;
W r i te [ r e s u l t s ,S e tA c c u r a c y [ M a t r ix F o r m [ z o a l t [ i ] ] , 5 ] ]  ;
W r i t e S t r i n g [ r e s u l t s , " \ n " ] ;
W r i t e S t r i n g [ r e s u l t s , " \n " ]  ;
W r i t e S t r i n g [ r e s u l t s ,  " \ n " ] ;
W r i t e S t r i n g [ r e s u l t s ,  " \n " ]  ;
W r i t e S t r i n g [ r e s u l t s , " \n " ]  ;
, { i ,  znrow s}]
C l o s e [ r e s u l t s ]
D o [ v a l s [ i ]  = v a l s  [ i ] *10;
gammaA[i] = { { z f r e q [ i ] , A b s [ S q r t [ v a l s [ i ] [ [ 1 ] ] ] ] ,
A r g [ S q r t [ v a l s [ i ] [ [ 1 ] ] ] ] / 1 [ D e g r e e ]  ,
A b s [ S q r t [ v a l s [ i ] [ [ 2 ] ] ] ] ,  A r g [ S q r t [ v a l s [ i ] [ [ 2 ] ] ] ] / ■ [D e g re e ] ,
A b s [ S q r t [ v a l s [ i ] [ [ 3 ] ] ] ] ,
A r g [ S q r t [ v a l s [ i ] [ [ 3 ] ] ] ] / ■ [D eg re e ]>>; 
gammaB[i] = { { S q r t [ v a l s [ i ] [ [ 1 ] ] ] ,
S q r t [ v a l s [ i ] [ [ 2 ] ] ] , S q r t [ v a l s [ i ]  [ [ 3 ] ] ] } } ,
{ i ,  znrow s}]
p ro p co n *  O p e n W r ite [ " p ro p c o n .h i .r e s " ,  Form atType ->  O utputForm ]
W rite [p ro p c o n ," P ro p a g a t io n  C o n s ta n ts  (C o n d u c tiv ity  = 0 .0 7 6 9 2 3  S /m )\n " ]  
W r i te S tr in g [ p ro p c o n ,"  \n " ]
W r i te S tr in g [ p ro p c o n ," f r e q  (Hz) gamma (p e r  m 10“ - 5 ) \ n " ]
W r i te S tr in g [ p ro p c o n ,"  \n " ]
D o [W rite [p ro p c o n , H a trix F o rm [g am m aA [i]]] , { i ,  znrow s}]
W r i te S tr in g [ p ro p c o n ,"  \n " ]
D o [W rite [p ro p c o n , H a trix F o rm [g am m aB [i]]] , { i ,  zn row s}]
C lo se [p ro p c o n ]
Do [
zmoutA [ i ]  = { { z f r e q [ i ] , A b s [z m [ i] [ [ 1 , 1 ] ] ] ,
A rg [z m [ i] [ [ 1 , l ] ] ] / I [ D e g r e e ] ,
A b s [z m [ i] [ [ 2 , 2 ] ] ] ,  A rg [z m [ i] [ [ 2 , 2 ] ] ] / I [ D e g r e e ] ,
A b s [z m [ i] [ [ 3 , 3 ] ] ] ,
A rg [z m [ i] [ [ 3 , 3 ] ] ] /* [D e g re e ]} } ,
{ i ,  znrow s}]
zm odal*  O p e n W rite [" z m o d a l.h i. r e s " , Form atType ->  O utputForm ]
W rite [z m o d a l," H o d a l Im pedance M a tr ix  E lem en ts  (C o n d u c t iv i ty  = 0 .0 7 6 9 2 3  S /m )\n " ]  
W r i te S tr in g [z m o d a l ,"  \n " ]
W r i te S tr in g [z m o d a l , " f r e q  (Hz) Im pedance (o h m s/m )\n "]
W r i te S tr in g [z m o d a l ,"  \n " ]
D o [W rite [zm o d a l, S e tA c c u ra c y [H a tr ix F o rm [z m o u tA [i]] , 3 ] ] ,  { i ,  znrow s}]
C lo se [zm o d a l]
Do[
ym outA [i] = { { z f r e q [ i ] , A b s [y m [i] [ [ 1 , 1 ] ] ] ,
A rg [y m [ i] [ [ 1 , 1 ] ] ] /* [ D e g re e ] ,
A b s [y m [i] [ [ 2 , 2 ] ] ] ,  A rg [y m [ i] [ [ 2 , 2 ] ] ] / ■ [D e g re e ] ,
A b s [y m [i] [ [ 3 , 3 ] ] ] ,
A r g [ y m [ i ] [ [ 3 ,3 ] ] ] / I [ D e g r e e ] } } ,
{ i ,  znrow s}]
ym odal= O p e n W rite [ " y m o d a l.h i .re s " , Form atType ->  O utputForm ]
W rite [y m o d a l,"M o d a l A dm ittan ce  M a tr ix  E lem en ts (C o n d u c t iv i ty  = 0 .0 7 6 9 2 3  S /m )\n " ]  
W r ite S tr in g [y m o d a l ,"  \n " ]
W r i te S tr in g [ y m o d a l ," f r e q  (Hz) A dm ittan ce  (m ic ro -s ie m e n s /m )\n " ]
W r ite S tr in g [y m o d a l ,"  \n " ]
D o [W rite [y m o d al, S e tA c c u ra c y [M a trix F o rm [y m o u tA [i]] , 3 ] ] ,  { i ,  znrow s}]
C lo se [y m o d a l]
Do [
z o a l tA [ i ]  = { { z f r e q [ i ] , z o a l t [ i ]  [ [ 1 , 1 ] ] ,
z o a l t  [ i ]  [ [ 1 , 2 ] ] ,
z o a l t [ i ] [ [ 2 , 1 ] ] ,
z o a l t [ i ] [ [ 2 , 2 ] ] ,
z o a l t [ i ] [ [ 3 , 1 ] ] ,
z o a l t [ i ] [ [ 3 ,2 ] ] } } ,  { i ,  znrow s}]
zmo = O penW rite["zm o . h i . r e s " , Form atType ->  O utputForm ]
W rite [zm o ,"M o d al C h a r a c t e r i s t i c  Im pedances (C o n d u c t iv i ty  = 0 .0 7 6 9 2 3  S /m )\n " ]  
W r i te S tr in g [z m o ,"  \n " ]
W r i te S tr in g [z m o , " f r e q  (Hz) Im pedance (oh m s/m )\n "]
W r i te S tr in g [z m o ,"  \n " ]
D o[W rite[zm o, S e tA c c u ra c y [M a tr ix F o rm [z o a ltA [ i] ] , 4 ] ] ,  { i ,  zn row s}]
C lose[zm o]
Do [
zp o A [i]  = { { z f r e q [ i ] ,  A b s [ S q r t [ z p [ i ] [ [ 1 , l ] ] / ( y p [ i ] [ [ 1 ,1 ] ]  1 0 * - 3 ) ] ] ,
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A r g [ z p [ i ] [ [ 1 , 1 ] ] / ( 2  y p [ i ] [ [ 1 , 1 ] ] ) ] /I [D e g re e ] ,
A b s [ S q r t [ z p [ i ] [ [ 2 , 2 ] ] / ( y p [ i ] [ [ 2 ,2 ] ]  1 0 * - 3 ) ] ] ,
A r g [ z p [ i ] [ [ 2 , 2 ] ] / ( 2  y p [ i ] [ [ 2 , 2 ] ] ) ] / ■ [D e g re e ] ,
A b s [ S q r t [ z p [ i ] [ [ 3 , 3 ] ] / ( y p [ i ] [ [ 3 ,3 ] ]  10“ - 3 ) ] ] ,
A r g [ z p [ i ] [ [ 3 , 3 ] ] / ( 2  y p [ i ]  [ [ 3 , 3 ] ] ) ] / I [ D e g r e e ] } } , { i ,  znrow s}] 
zpo= O p e n W r i te [ " z p o .h i .r e s " ,  Form atType ->  O utputForm ]
W rite [z p o ." P h a s e  C h a r a c t e r i s t i c  Im pedances (C o n d u c tiv ity  = 0 .0 7 6 9 2 3  S /m )\n " ]  
W r i te S tr in g [ z p o ,"  \n " ]
W r i t e S t r in g [ z p o ," f r e q  (Hz) Im pedance (ohm s/m )\n"]
W r i te S t r in g [ z p o ,"  \n " ]
D o [W rite [z p o , S e tA c c u ra c y [M a tr ix F o rm [z p o A [i]] , 4 ] ] ,  { i ,  znrow s}]
C lo se [z p o ]
Do[
p p o A [i]  = { { z f r e q [ i ] ,  R e [ S q r t [ z p [ i ] [ [ 1 ,1 ] ]  ( y p [ i ] [ [ 1 ,1 ] ]  1 0 * - 3 ) ] ] ,
I m [ S q r t [ z p [ i ] [ [ 1 ,1 ] ]  ( y p [ i ] [ [ 1 ,1 ] ]  1 0 * -3 ) ] ]  ,
R e [ S q r t [ z p [ i ] [ [ 2 ,2 ] ]  ( y p [ i ] [ [ 2 ,2 ] ]  1 0 * -3 ) ] ]  ,
I m [ S q r t [ z p [ i ] [ [ 2 ,2 ] ]  ( y p [ i ] [ [ 2 ,2 ] ]  10“ - 3 ) ] ] ,
R e [ S q r t [ z p [ i ] [ [ 3 ,3 ] ]  ( y p [ i ] [ [ 3 ,3 ] ]  10“ - 3 ) ] ]  ,
I m [ S q r t [ z p [ i ] [ [ 3 ,3 ] ]  ( y p [ i ] [ [ 3 ,3 ] ]  10“ - 3 ) ] ]
} } , { i ,  zn row s}]
ppo= O p e n W r ite [ " p p o .h i .r e s " ,  Form atType ->  OutputForm ]
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RAILWAY TRACK ADMITTANCE. EARTH-LEAKAGE EFFECTS AND 
TRACK CIRCUIT OPERATION
R. J. Hill, D. C. C arpenter and T. Tasar
School o f E lectrical Engineering, U n iversity  of Bath, 
C laverton Down, Bath BA2 7AY, UK
A b s t r a c t  -  Railway track  a cts  as a pair of leaky ground- 
retu rn  condu ctors for propulsion current in the im m ediate  
v ic in ity  o f trains, and as an im p erfectly  Insulated conductor  
pair fo r  d ou b le-ra il track c ir cu its . This paper co n sid ers  
the e f f e c t  o f ground adm ittance and leakage conditions from  
both th e  traction  and signalling v iew poin ts. Problem s 
concern ing  rail v o lta g e  sa fe ty  le v e l, earth leakage cu rren ts  
and rail current d istr ibu tion  are considered . C apacitive  
com pensation  is eva lu a ted  as a m eans of im proving the 
shunting s e n s it iv ity  o f track c ircu its  w ith high ballast 
co n d u ctiv ity .
INTRODUCTION
E lec tr ic  ra ilw ay propu lsion  retu rn  current flow s along the  
running r a ils  in the im m ediate v ic in ity  of trains. The ra ils  
act a s  leaky ground cond u ctors in returning the current to  
the su b sta tion . If the running ra ils  a lso  carry  track  
sign a llin g  current, the in te r -r a il e le c tr ica l adm ittance  
c a u se s  shunting of p art o f the track circu it current. The 
con n ection  o f s tr u c tu r e s  to  the ra ils , for sa fe ty  or o th er  
r e a so n s , m od ifies th is  grounding im pedance and can cause  
s a fe ty  p rob lem s when r a ils  are used for the return of 
propu lsion  current. It can also  in ter fere  with the co rrec t  
op era tio n  o f  track c ir cu its .
D eterm ining the flow  o f  propulsion and signalling currents, 
and the a sso c ia te d  p o te n tia ls , through the ground in an 
e le c tr if ie d  ra ilw ay  is  im portant for a number o f reason s. 
E xcitation  o f nearby ea rth  retu rn  circu its can resu lt in 
in te r fe re n c e , corro sio n  prob lem s and danger to  personnel. 
The ca lcu la tion  of cu rren ts  and p oten tia ls in nearbv  
underground condu ctors such as cab les and p ip es req u ires  
knowledge o f  the e le c tr ic a l p ro p erties  o f  the earth, in 
particu lar th e  r e s is t iv i ty  o f the local soil.
The tra ctio n  eng in eer  is  in te re ste d  in current propagation  
to d eterm in e  the netw ork im pedances and track-ground  
v o lta g es . The ground return  current problem  can be  
analysed  by co n sid er in g  the d istribution  o f track v o lta g es  
and cu rren ts. This problem  was apparent in early  e le c tr ic  
ra ilw a y s . For exam ple, Riordan [I] considered  current 
propagation  along rail tracks and their  asso c ia ted  
co n d u cto rs, and Sunde [2] d erived  general formulae for  
c u r re n ts  and v o lta g es  along stra ight, uniform w ires laid on 
the su r fa c e  of the earth , making various assum ptions about 
earth in g  and excita tion  conditions.
C urrents and potentia ls in teK.communications cab les due to  
harm onic com ponents o f  traction  current are a major 
problem , and Rosen's [3] ea r ly  analytic m ethods have been  
the subject o f recen t com puter m odelling by Mellitt et al 14].
For DC-fed ra ilroads and rail tra n sit sy s tem s , e le c tr o ly t ic  
corro sio n  m ay occur if su bstantia l current e sca p es  to 
ground from  track com ponents and m ateria ls . This 
co rrosion  can be a particu lar problem  for nearby m etal gas 
and w ater p ip es, and ca b les . Corrosion problem s have been  
con sid ered  by se v e r a l authors. Takihara [5], for exam ple, 
evalu ated  r a il- to -e a r th  v o lta g e  and rail current and gave  
e s t im a te s  of rail leakage r e s is ta n c e . Kneschke 16) and 
Shaffer [7] prop ose  design  so lu tion s for particular  
problem s arising from  s tr a y  curren t e ffe c ts .
S a fe ty  is  a lso  a problem , sin ce  hazardous s te p  and touch 
v o lta g e s  m ay be p resen t on the ra ils . Jacim ovic 18] has 
eva lu ated  sa fe ty  v o lta g e  le v e ls  and related  the r esu lts  to  
p ractica l s itu ation s.
TRACK ELECTRICAL CIRCUIT AND 
TRANSMISSION LINE MODELLING
Transm ission lin e equ ation  o f  propagation
Currents and v o lta g e s  along the balanced conductor pair 
r ep re se n te d  by the running r a ils  and shown in Figure I are  
d eterm ined  by standard tra n sm iss io n  line analysis in term s  
o f exponentia l, tr ig o n o m etr ic  or  hyperbolic functions, in 
exponentia l form , the line v o lta g e  and current are*.
V (x) = _V l_ [eYX+ u e " Yx] ( i )
1 + U
and l(x )  -  IL [e*^ -  u  e ”YX]. (2 )
R1/2 L l/2
A A f—rfW'—l- 
Rl/2 Ll/2
Figure !: Roii track balanced transmission hne model
The distance x along the line is measured from the load L 
and y and pi are  the propagation constant and reflection
fac tor defined by
Y = V(Rj + j(0Lj)(Gj2 + jwCi2) (3)
and u =  (ZL -  Z0 ,)/(ZL + Z0 I ), (4)
with line ch a rac te r is t ic  Impedance 
Zqi = v"(R| + jO)L])/(G|2 +
This form of analysis is useful for considering track circuit 
operation. The e a r th  admittance appears in the propagation 
constant as leakage conductance Gj2 and capacitance C]2 .
Symm etr ic  conditions apply where the ear th  admittance of 
each line is the same. In cases where asym m etric  earthing 
conditions occur, the line is no longer balanced and there 
can be severa l  signal propagation modes.
The Heaviside condition for d is tort ionless transmission of 
signals along the line and minimum attenuation re la tes  the 
line constants according to
R 1 c 12 * L 1 g I2»
so in this case the propagation constant becomes
Y = -/(R] Gj2) + j <*JL, ^ ( 6 i2 /R i)• (7)
Leaky ground-retum  conductor theory
The basic e lec tric  railway catenary circuit with rail/earth  
re tu rn  exhibits rail curren ts  and voltages to earth 
determ ined  from the distributed nature of the circuit. 
Normally, both rails are  used for current re tu rn  and the 
tw o-rail  sys tem  may be considered as an equivalent single 
rail with ea r th  leakage admittance. The equivalent circuit, 
as shown in Figure 2, dem onstra tes  the presence of both 
inductive and conductive coupling between catenary and 
rail. The solution for rail current I, earth  current I and 
r a i l - to - e a r th  voltage V may be obtained by superimposing 
these two components -  the conductive part injected into 
the track at train and substation terminals, with exponential 
propagation with distance, and the inductive part due to 
ca ten a ry -ra i l  mutual coupling.
_ Catenary
J r a i n
Roils
L _
Figure <?•' Rad track as leaky ground-return conductor
For the single-rail feeding sys tem  of Figure 2, the currents  
flow beyond the ends of the energized section, and track 
cu rren ts  and voltages may be derived using the differential 
equations of propagation. Riordan [1] gives the solution as:
x < 0 l(x) = 0 . 5 ( 1 - n ) ( l - e ~ r s )e-rlxlJ  (8)
i(x) = -  l(x) (9)
V(x) = 0.5 Z02 ( l - t l ) ( l - e " r s )e~r H j  (10)
s > X > 0  I(x) * TjJ + 0 . 5 ( 1 - 1 1 ) ( e ~ r x  + e” r (s~x))J (H )
i(x) = J -  |(x) (12)
V(x) = 0.5 Z02 (l-Tl)(e"r x -  e " r ( s " x ))J ( 1 3 )
x > s l(x) = - 0 . 5  (1 - n ) ( l - e " r s ) e - r ( x " s)J (14)
l(x) = -  l(x) (15)
V(x) ■ -  0.5 Z0 2  ( 1 -T |) (1 -  e “ r s )e_r(x_s)J ( 1 6 )
In these equations, J  is the catenary current, r| is the ratio
of ca tenary-track  mutual impedance with ea r th  return , to
the track ea r th - re tu rn  se r ies  impedance
*1 = 2c t / z t« (17)
T is the propagation constant,
T = V(zt g) = ^((Rs + JMLS)G1E], (18)
Zq2  Is the characteristic  Impedance
Z02 = ^ ( z t7^) = ^ t(R s + jojLs )/G,E] (19)
and s Is the line length.
Ground admittance modelling
The practical application of the above equations depends on 
realistic  modelling, verified by measurement of the ground 
admittance. The difficulty in modelling ground admittance 
(conductance and susceptance) is that it is cri tically 
dependent upon local topsoll, subs tra ta  and environmental 
conditions. Therefore the track admittance is dependent on 
these factors as well as the physical position of the ra.is 
re lative to the ground.
In the li terature ,  studies of ground electrical p roper tie s  
have been repor ted  for applications ranging from p o w e r  
frequency transmission line grounding to microwave 
frequency radio propagation. The re su l ts  Indicate that the 
ground conductivity and perm it t iv ity  scalar functions are 
jenerally both anisotropic and inhomogeneous. Except :r. 
ferrous regions, the ground re la tive  permeability may oe 
taken as unity, so the susceptance Is capacitive.
Ground conductance
In low frequency ea r th - re tu rn  circuit studies, suita1 ’e 
assumptions relating to isotropy and homogenity of the 
conductivity function are  generally made, with depth 
dependency determined by approximations of uniform, 
homogeneous horizontal .ayers . Nachczynski (9], fo^ 
example, has calculated the excitation of underground 
conductors assuming a uniform conductivity function witr. 
depth, whereas Wedepohl (10] considers upper and lower 
s t ra ta  for power line studies.
In the electric railway application, in te r-ra il  leakage 
current flows close to the surface, whereas longitudinal 
propulson current may flow at a deeper level. Therefore, a 
single-layer earth  conductance function Is Inappropriate, 
and either a tw o-layer or continuous function conductivity 
model must be considered to give reasonable correlat._n 
with physical conditions.
Resistivity, ra th e r  than electromagnetic, experimental 
techniques are suitable for e lec tric  railway grounding 
studies, since the linear right of way conveniently defines a 
range of suitable e lec trode positions. The basic principle of 
galvanic ground conductivity measurements is well k n o w r  
from geophysical prospecting techniques [11,12]. A current
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is in troduced into the ground through point- or contact 
e le c t ro d es ,  and o ther e lec trodes  sense  potentials in the 
vicinity of the curren t flow. The ratio  of voltage to current 
i8 the apparent res is tance
R = AV. 
I
( 20)
The dimensions of the e lec trode  a rray  -  shape, depth and 
spacing -  then enable calculation of conductivity (or 
re s is t iv i ty )  with depth according to the model adopted.
The theore tica l  problem is to re la te  the apparent resistance 
m easurem ents  (a function of horizontal distance over the 
ground surface),  to the determination of bes t  fit values for 
conductivity as a function of depth. This is done by applying 
Laplace's equation for the potential throughout the medium. 
The sp read  of cu rren t from the e lec trodes  d ictates  the use 
of spherical coordinates so Laplace's equation becomes




( 2 1 )
The solution is dependent upon the configuration of the 
e lec trode  a r r a y  in conjunction with appropriate  boundary 
conditions at regions of different conductivity.
For the four-probe  measurement technique (Figure 3), the 
apparent re s is tan ce  is
AV = [ ( l / r r l / r 2 ) - ( l / r 3- l / r 4 ) ] p a 
I 2 tt
(22 )
where p a is the apparent re s is t iv i ty .  For any medium 
o th e r  than the uniform, homogenous, isotropic case, the 
measured value of p a will vary  with e lec trode  spacing. For
the Wenner a r ray ,  the e lec trodes  a re  equally spaced and 
collnear, I.e.
r ,  = a, i = 1-4, (23)





Figure J : Four-; ~obe measurement o f ground re s is tiv ity
To model the ear ih  as a tw o-layer homogenous, isotropic 
medium, the surface potential difference between the 
sensing e lec tro des  Is measured as a function of current and
e lec trode  spacing. At small elec trode spacings, the 
apparent re s is t iv i ty  is p a - pj, the upper layer res ist iv ity ,
and at large spacings It Is p 2, the lower layer res ist iv ity .
It can be shown [11] that the apparent resist ivity  can be 
theoretically  expressed  in the form
Pa  = 
Pi
00 
+ 2 4 km -  2 4 k'
m=1 V[l+(2mz/a)2 ] m=1 -/[4+(2mz/a)2 ]
(25)
(26)
where k Is a reflection coefficient defined by 
k« p2_pi
P2 + Pi
and z is the depth of the surface layer Pj .
Extraction of bes t  fit pj,  p2 and z values from the 
measurem ents may be carr ied  out by a number of methods, 
the most appropriate  of which depends on the exact s i te  
conditions. The experimental curve will be a smooth 
transition between p |  and p2 and one common interpre tive 
method re l ies  on the comparison of the experimental fi°id 
profiles with s tandard characteristic  curves of Pa /P]
versus a/z  with p2/Pj as param eter .
A more accurate  technique, the Tagg method, uses the 
analytical solution of Equation 25 directly. A set of 
theoretical curves p a /p |  = f(a/z),  with k parameter, is
calculated. Then from the experimental points, pa/p j for 
each value of a is superimposed as horizontal lines. A t  
each curve intersection, values of :  (from a/z) and k are  
ex trac ted .  A fu r ther  graph of k vs z, with parameter a, 
then gives a single intersection, hence determining best fit 
k and z (the layer depth), and thus defining the optimum p ]t
p2 and z combination.
The in terpre ta tion  of the experimental ground conductivity 
resu l ts  depends on obtaining an accurate value of pj from 
the sh or t-d is tance  measurements. The disadvantage of the 
Wenner a r ray  In this respec t Is Its inherent Inaccuracy for 
small probe spacings, because it assumes point sources for 
the e lec trodes .  Baishiki [13] considered this problem, 
producing an a lte rna t ive  formula taking account of the 
cylindrical e lec trode  shape. The apparent upper layer 
re s is t iv i ty  for the Wenner array
Pa =
4na
1 + 2a 2a
V iz2 + 4b2 ) Via2 V )
(27)
of which Equation 23 is  an ap p rox im ation  fo r large  e le c tro o e  
sp ac in g s , is re p la c e d  by a new form ula
2tjL
pa ■ 1 + 2 In 2 + E + 2 F -  E -  a_
1 + F L
where L is the e lec trode  length and
E = V[A ♦ (a/L)2)




The aim of the conductivity modelling process is to est in ic .e  
values of track ( in te r - ra i l )  conductance and rail (singie-
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rail to  earth) conductance for insertion into the propagation 
constant equations 3 and 18. The ballast conductance is that 
between two parallel wires In continuous contac t with the 
earth  (11]
G,2 = n_ (31)
P)
and the maximum rail leakage conductance [2] is
Gj£ = 0.34 to 0.66 . (3 2 )
P2 P2
In te r-ra il capacitance
The measurement of ground susceptance, via the scalar 
pe rm it t iv ity  function, has been successfully carr ied  out at 
radio and microwave frequencies using electromagnetic 
sensing techniques. In general the variation of perm ittivity  
is dependent on frequency as well as environment, soil and 
su b s tra ta  conditions. At low and power frequencies, the 
ground admittance is dominated by the conductive
component, and measurem ents  of capacitance or 
perm it t iv ity ,  e i ther electromagnetlcally  o r  by direct 
sensing, are difficult.
For rail track, it is necessary  to know the in ter-rail
capacitance and an approximate model may be crea ted  by 
considering the track as two parallel cylindrical 
conductors,  of effective d iameter D and separa tion  S, laid 
on the surface of a homogenous, iso trop ic  ground of
re la tive  perm it t iv ity  The in te r-ra il  capacitance is
C12 = 2rr Eq Ej. . (33)





B A L I A S T
100
Electrode s e p o rjtio n  o(m)
Figure -t: Experimental measurements o f apparent 
resistance fo r a, so il; and P, be!las i bed
Measurement of Cj2  as a function of frequency then gives an 
estim ate of Cp(f). The rela tive perm it t iv ity  may be assumed
constant over the region of In terest since the in te r- t rack  
spacing is small. The ballast condition (grade, wetness) is 
the most important factor in the determination of the 
relative perm ittiv ity  and track capacitance.
EXPERIMENTAL DATAa
Practical measurements were made on and near a shor t
length of rail track. This track consisted of 44 kg m ' rail 
laid on wooden s leepers  with good quality limestone ballast 
of depth 30 mm below the s leepers .  The ground beneath the 
track was on a bed of sand over a geotextile  membrane.
Ground conductance
Ground conductivity measurements along the length of a 
te s t  railway track were made using a Wenner a rray .  
Readings of apparent res is tance  for elec trode spacings 
from 0.1 to 10 m were recorded  using a 50V DC source and 
reversing switch (Figure 3). The raw measurements for 
both track ballast and nearby ground are  shown In Figure 
These resu lts  were in te rpre ted  by the Tagg method by 
plotting curves of k as a function of z for each elec trode  
spacing (Figure 5). For g rea te r  accuracy at small probe 
spacings ( less than 0.4 m), the Baishiki correction using 
Equation 26 was made.






S u r f a c e  la y e r  d e p th  Z tcm )
Figure 5: Surface layer depth as a function o f ground 
reflection coefficient fo r re s is tiv ity  measurements
Table 1 shows the final values of p )t P2 and z for ballast anu
soil for wet and dry conditions, together with derived 
values of in ter-ra il  conductance Gj2 and track conductance
G,r. The dominant geological construction in the te s t  a rea
was Jurassic  limestone.
Track e lectrical parameters
The track Impecince and admittance were measured using 
conventional 6hort-c lrcuit and open-circuit transmission 
line te s ts .  The impedance 2 and admittance Y per unit 
length are  derived from the shor t-c ircu i t  impedance 2 iC
and open-circuit impedance Zoc via the charac te r is t ic
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Pi Pz z g 12 g1E
(O m) (fim ) (cm) (S m * 1) (Sm -1 )
Dry soil 56 338 10 0.056 0.00147
Wet soil 20 262 10 0.157 0.0019
Av. soil 40 280 10 0.078 0.00179
Dry ballast 150 260 80 0.021 0.0019
Wet ballast 60 180 80 0.052 0.0028
Av. ballast 110 257 80 0.028 0.00195
Table f :  Experim entally-derived upper and lower 
level conductivities, layer depth and 
track and ra i l- ra i l  conductivities
impedance Z q  and propagation constant y  using the 
equations:
Z0 = / ( Z SCZ0CW ( Z / Y )  (34)
and tanh y] = / ( Z 8C/Z 0C) (35)
with Y = V(ZY). (36)
The experimental re s u l ts  for the te s t  track are shown in 
Figure 6. The conductance measurem ents  rep resen t  good, 
d ry  ballast and a re  much lower than the highest permissible
value specified by railway signal engineers (e.g. 0.5 mS n rf1 
in Britain).
The tntei—rail conductance ag rees  well with values 
calculated from the ground conductivity measurements 
(Table 1), if the upper layer (ballast) conductance is taken 
as data. The value of rail leakage conductance for 
longitudinal propulsion cu rren t leakage studies, however, 
cannot be directly  m easured and must be estim ated  from 
the lower level r e s is t iv i ty  P2 -
The experimentally  derived  values for characteristic  
impedance and the propagation constants a re  given in Table 
Z.
MODELLING AC-SUPPLY PROPULSION 
CURRENT LEAKAGE EFFECTS
R ail-to-earth  voltage and ra i l  current
In high-voltage e lec tr ic  railways, it is important to 
maintain r a i l - t o - e a r th  voltages within specific safety 
limits. In the USA, for example, rail voltages which exceed 
300 V a re  classified as hazardous [8]. Using the data of the 
previous section  and the supply conditions of Figure 2, 
calculations of r a i l - t o - e a r th  voltage nave been made over a 
track length of 12 km, of which the central 3 km represen t 
the train -  feede r  tran sfo rm er  section. In o rder to 
determine the effec t  of variable ground conductivity, only 
conductive rail excita tion  is simulated. Tr.e supply voltage 
Is 25 kv and the traction  load Is nominally 6.25 MW. The 
re su l ts  of Figure 7 a re  with the ground conductance- at the 
previously d e te r r  ined value given in Table 1 (curve A), and 
at a value a fac tcr of 10 smaller (curve B). The la t te r  case 
could occur, for example, in d ry  regions with limestones 
from the precambrian geological age [14]. • Clearly, under
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Figure 6- Experimental measurements o f track impedance 
and admittance



















- 0.732 + 
jO. 136
40 km j
Table 2- Transmission line characteristics fo r 50 Hr pow<.. 
frequency and 2  kHz track signalling frequency
low ground conductivity conditions, the rail voltage can be 
appreciable, so additional rail earthing measures should be 
considered for sa fe ty  assurance.
Figure 8 shows the corresponding rail current distribution. 
Although the section is single-end fed, the rail current 
flows in both directions from the locomotive due to the 
continuous t r a c k -e a r th  impedance. Evidently, the condition 
of low ground conductance encourages uniformity of rail 
curren t over  the section.
In a c a ten a ry -  o r  t ro lley-fed  electrified railway, the m as1 
If made of s tee l ,  a re  normally connected to the nearest 
running rail to  provide a secure earth path for fault
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Figure 7: R ail-to-earth voltage in 25 kV AC ra ilw ay  
fo r  normal and low track conductivity  













Figure d- Rail current in 25 kV AC ra ilw ay  
fo r normal and low track conductivity 
and low mast impedance to ground
cu r ren ts .  Tnis connection has the effect of reducing the 
overall  t rack -earth  conductance, whilst also introducing a 
d if ferentia l voltage between the rails. Curves C in Figures 7 
and 8 snow tne effect of such catenary mast earthing. The 
m as ts  a re  connected at 50 m intervals to one rail and it is 
assumed that their bases a re  also almost p e rfec t ly  ear thed  
via the ir  foundations. With a normal traction  cu rren t  load,
the in te r-ra il  voltage would be almost the same as the ra i l-  
to -ea r th  voltage, perhaps indicating a need for additional 
traction current equalization bonds.
Earth currents
Limitation of earth  cu rren ts  is important for energy 
management and o ther reasons. Figure 9 shows earth  
cu rren t  distribution along the same section of AC railway as 
before, with normal and low ballast conductance and with 
metal catenary mast connection to the neares t  rail. The 
simulation shows that ea r th  c u rren ts  with appreciable 
magnitudes can exis t under low mast earth  impedance 
conditions (curve C).
Low mast impedance 
to ground








Figure P.* Earth current distribution in 25 kV AC ra ilw ay  
fo r normal and low track conductivity 
and low mast impedance to ground
Rail and earth  curren ts  in DC-supplied railways are  usually 
larger than those in AC railways since there  is no mutual 
inductance effect for ing the re tu rn  traction curren t to 
flow In the rails, the ca tenary  current Is higher and the r a ' ! 
Impedance is lower. Moreover, earth  current limitation is 
especially important on DC-fed railways because of the 
c o r ro so n  problem to adjacent s truc tu res ,  cables anc 
pipes. For example, Shaffer [7] quotes a specification for 
the Miami Metro of 1 mA/m s t ray  current. Clearly, with 
high ballast conductance and mast earthing, additional s t ray  
current mitigation bonds may be required for low voltage DC 
rail trans it  systems.
MODELLING AUDIO FREQUENCY 
TRACK CIRCUIT OPERATION
Blockjolntless audio frequency (AF) track circuits  a r e  
a t t rac t iv e  for AC elec trif ied  railways since they may be 
used in conjunction with continuously-welded rail to 
eliminate blockjoint maintenance. On main lines, the need is 
to increase the track circuit length towards the optimum
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signal block length. To Improve the resolution of AF track 
circu its ,  control of the perm it ted  ballast conductance 
varia tion  Is necessary .  Curve A In Figure 10 shows the 
inherent track attenuation as a function of rail—rail 
conductance along a 500 m track section, corresponding to 
the track  circuit model of Figure 1, at a frequency of 2 kHz. 
Rail impedance and capacitance data were taken from 
Figure 6. Curve B shows the case of minimum attenuation, 
according the the Heaviside criterion, achieved by 
connecting variable capac i to rs  across the rails, and curve 
C shows a practical case, with compensation calculated at 
the maximum perm it ted  ballast conductance of 0.5 mS/m. 
Because the line is less  than a quarter  wavelength long (the 
wavelength is 13.4 km for the unbalanced case, and 3.0 km 
for the compensated line), this capacitance need not be 
uniformly d is tr ibu ted . The resu l ts  show how the data 
transm ission  c h a rac te r is t ic s  of rail track may be easily 
varied, although it should be rem embered that connection of 
low Impedances ac ro ss  the rails, such as track signalling 
apparatus,  would i tse lf  modify the track transmission 




C: Compensated at Gi2= 5m S/m
6 • Continuously compensated
Conductance G ^ lm S /m )
Figure 10: Track c ircu it attenuation as a function o f 
ballast conductance, showing effect o f  
capacitive line compensation
Structure bonding e ffects
On overhead c a te n a ry  fed electrified lines, the 
electrification m as ts  may be connected to the rails at 
periodic intervals along the track for safe ty  or other 
reasons. If the m as t foundations have a high Impedance to 
ground, then the track circuit operation will be unaffected, 
but if one or m ere  m as ts  have a low impedance to ground, it 
is possible that the track circuit rece iver,  normally 
energized with no tra in  shunt on the section, will falsely 
energize with the t ra in  shunt in the track circuit. To 
simulate this condition, the mast conductance to earth must 
be combined with the in te r - ra i l  conductance. This is not 
s t ra igh tfo rw ard  because the conductance to earth  from the 
cen te r  of the equivalent in te r - ra i l  admittance is undefined.
Figure 11 shows the r e s u l ts  of a simulation In which masts  
n ea r  the track circuit t ran sm it te r  and receiver are 
assumed to have 1 S ea r th  conductance. The track circuit 
length and frequency a re  as before, the receiver  resistance 
is 1 fl and the tra in  shunt res is tance  is 0.2 fi. The curves 
show the ratio  of the track occupied to unoccupied rece iver  
voltage, for a nominal I V transm itte r  voltage, as the
vehicle moves along the track circuit. Both normal track 
(ballast) conductance (curve  A) and high track conductance 
(curve B) are  considered, together with the situation when 
the ma3ts neares t  the track circuit transm itter  and 
rece iv e r  have a very  low impedance to ground (curve C). 
Although In this case there  Is no danger of the track circuit 
rece iver  becoming de-energized with the tram in the 
section, the rece ive r  voltage does increase, thus lowering 
the margin between the track clear and track occupied 
rece iv e r  threshold.
"a 0 6
Catenary mast earth ing effect° OS
High b a lla s t  
conductance
Normal ba llast 
conductance
500600300
Distance of tram  shunt along track circuiiiml
100 200
Figure 11: Track c ircu it receiver voltage ra tio  as a 
function o f  tram shunt position fo r normal operation, high 
ballast conductivity and low mast ground impedance
DISCUSSION AND CONCLUSIONS
Knowledge of track admittance Is important for both 
longitudinal propulsion cu rren t return and track circuit 
operation studies. The track-grounding model is complex, 
and the short  distance ra i l—to—rail conductance is not 
generally the same as the ground conductance of a sir. 
rail over long dis tances. Representation of the ground with 
a tw o-layer homogenous, isotropic conductivity function 
gives reasonable corre la tion  with experimental 
measurements. The upper layer is associated with in ter-  
rail,  and the lower layer with rai l-ear th  conductance. The 
exact magnitude of the conductivity function depends on 
environment, soil and underlying s t ra ta  type and cannot 
easily be quantified.
At low and audio frequencies ground admittance is 
dominated by its conductance. In long-distance ground- 
re tu rn  conductor s tudies at power frequencies, the 
susceptance may be neglected in the calculation of tne 
propagation constant. For rail-rail  admittance 
calculations, the capacitance should be considered at hignur 
audio frequencies. Here, d irect measurements of 
capacitance can be made to estim ate the ground re la tive  
perm it t iv ity .  The m oisture  content of the ground is its 
la rgest de term inator .
The r a i l - to -e a r th  voltage, rail and earth  current 
simulations for the propulsion current re tu rn  studies 
dem onstra te  the design difficulties that exist in satisfying 
both safe ty  voltage and s t ray  current limits. The 
simulations show only normal (no fault) operating 
conditions. Fault cu rren ts  of several o ruers  of magnitude 
higher than propulsion levels may appear under some 
conditions, thus introducing the possibility of raising 
voltage: above prescribed  safety  limits. There ’S  
unfortunately, a d irec t  trad e -o ff  between the reduction of 
ear th  curren ts  and the maintenance of rail voltages below 
specified safe ty  levels. Indeed, it is often cesirable  to
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co n tro l, rather than elim inate , s tr a y  current le v e ls  for th is ' 
rea so n  [6].
The app lication  o f the H eaviside cr iter io n  to  m aintain track 
c ircu it  shunting s e n s it iv ity  w ith high ballast and str u c tu r e -  
ground conductance is  a p o ss ib le  approach to  optim ization  
o f  data  tra n sm ission  c h a r a c te r is t ic s  o f railw ay track. 
H ow ever choosing the optim um  value o f added capacitance  
is  not stra ig h tfo rw a rd , due to  the va r ia b ility  o f ground 
a dm ittance with so il and environm ental cond itions.
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The Effects o f M agnetic Saturation, H ysteresis and Eddy 
Currents on Rail Track Impedance
D. C. Carpenter and R. J. Hill
U n iv ersity  O f Bath, Bath, BA2 7AY, England
ABSTRACT
K n ow led ge  o f the transfer fu n ction  o f rail track, is 
required  for both e lec tric  ra ilw ay  return current stud ies  
and track, sign a llin g  equipm ent design . The m ost 
sign ifican t com ponent o f the transfer function  is the series 
im p ed an ce, w h ich  is a function  o f  current, frequency and 
rail com p osition . The accurate m od ellin g  o f series 
im pedan ce requires in form ation  about o f how  eddy  
current and h ysteresis losses affect the resistance and 
in tern a l inductance. Once the track transfer function  is 
k n ow n , propagation and m ixing o f  signals along the track 
can be s im u la ted  for track sign a llin g , pow er current and 
elec trom agn etic  interference stu d ies.
Introduction
T he d eve lop m en t o f th yristor-con tro lled  rail traction  
d r iv es  and  the adoption o f com puter-based  train control 
s y s te m s  has resu lted  in m odern, econom ic and safe  
railroad and rail transit sy stem s. In order to  m anufacture  
and operate these sy s tem s w ith  high re lia b ility , sa fe ly  and 
a v a ila b ility  lev e ls , the design process m ust be based on 
d eta iled  research and develop m en t. T he use o f electrical 
circu it s im u la tion  packages in recent years has accelerated  
eq u ipm en t d evelop m en t, w h ils t a lso  em phasizing the need 
for accurate data. The design o f  track signalling  sy stem s  
and the prediction o f their behaviour w ith  electrom agnetic  
in terference requires k now ledge o f  the electrical 
im pedance characteristics o f traction  rails. In th is paper, 
the series im pedance o f  rail track is considered in d etail.
V arious v a lu es  o f  scries rail track im pedance h ave been 
reported in electric  ra ilw ay  return current propagation  
stu d ies . In an early  paper, T rueblood  and W ascheck [ l ]  
in trod u ce the con cepts o f in ternal and external rail 
reactance and eq u iv a len t circular conductors, reporting  
exp erim en ta l m easurem ents, for  rail o f  irregular shape. 
T heir tech n ique w as later refined b y  H olm strom  [2] w ho  
reported  m easurem en ts o f A .C . rail im pedance w ith  a 
su p erim p osed  D.C. current. F urther stu d ies o f rail 
im pedance have been made for  autom atic  train protection  
s a fe ty  assurance [3] and m ine traction  sy s te m s [4 ,5].
T he use o f  running rails for traction current return and 
for  s ign a llin g  current requires accurate kn ow led ge o f  rail 
electr ica l and m agnetic properties over a range o f current 
and freq u en cy . The nonlinear m agnetic properties o f iron 
m ean that ed d y  current (and hence skin e ffect), m agnetic 
sa tu ration  and h ysteresis can all be present under certain  
con d ition s. T he superposition o f  track sign a llin g  currents, 
w ith  m od u la tion  and coding, on ex istin g  traction return  
cu rren ts , con ta in in g  traction m odu lation  harm onics and  
su b sta tion  su p p ly  ripple frequencies, can produce 
in tcrm od u la tion  d istortion . F requencies con sistin g  o f  
prod u cts o f  these harm onics can then cause interference in 
sa fe ty  sign a llin g , broadcasting and te lem etry  c ircu its.
T he approach described in th is paper is to id en tify  and 
m easure the m agnetic properties o f  rail that cause  
additional pow er loss (ed d y  current and h ysteresis) and  
contib ute to rail inductance. E xperim ents are described  
from  w hich rail m agnetic and electrical data can be 
obtained. Som e sim plified  theoretical approaches are 
presented to q u a n tify  the resu lts. F in a lly , som e 
applications arc described w here traction and track circuit 
signals can com bine to  suffer d istortion  and create 
interference.
Rail Track Series Impedance
T he m agnetic and electrical phenom ena that account for  
rail track im pedance are w e ll know n, although  theoretical 
procedures for id en tify in g  the various processes are less  
w e ll established. In electrom agnetic term s, the problem is 
to  specify  the series inductance and resistance o f a pair o f  
parallel ferrous conductors o f irregular shape laid on a 
lo ssy  ground plane in c lose  p rox im ity  to each other. The 
rail m aterial is neither a good conductor, nor a good 
insu lator. Its perm eab ility  and co n d u ctiv ity  are generally  
undefined, since the rail is m anufactured  for its  
m echanical and m eta llurg ica l, rather than electrom agnetic  
properties.
T he approach adopted b y  T rueblood and W ascheck [ l ]  
w as to d ivide the ser ies inductance in to  external and 
internal inductance. T he form er is that due to an 
eq u iva len t circular ra il, w ith  the return c ircu it com pleted  
b y  a second, paralle l, c ircular rail, w h ile  the latter  
depends on the m aterial and geom etry o f  the iron itse lf . It 
fo llo w s  that o n ly  the internal inductance is  dependent on 
m aterial and en v iro m en ia l properties. A m ore com plete  
description  o f the rail inductance w o u ld  d iv id e  the 
external reactance in to  tw o  parts, w ith  one dependent on 
th e  shape of the rail, and the other assum in g circular rails 
as above. Thus
(1)
T he rail resistance as identified by pow er lo sses is due to 
fou r  factors:
•  D.C. resistance lo ss, determ ined  b y  the con d u ctiv ity
( a ) ,  w hich  is a fu n ctio n  o f  tem perature o n ly .
•  A.C. resistance loss, d u e to sk in  effect and m an ifesting  
it se lf  as eddy current pow er loss.
•  H ysteresis lo ss, caused by cy c lic  lo sses  as the m aterial 
orients itse lf  round the B-H loop under A.C. 
conditions.
•  Further m agnetic lo ss m echanism s such as resonance 
and relaxation processes o f non-m acroscop ic origin.
T he presence o f  satu ration  in the iron- m odifies the 
m agnitude o f a ll the A .C . lo ss com ponents, a lthough it 
does not introduce fu r th er  losses as such . It a lso  affects
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the rail internal inductance.
U n fortu n ate ly , it is not possible to represent all the above 
loss m echanism s in a single analytical model. This is 
because o f the irregular rail shape and the nonlinear B-H 
relation sh ip  w hich includes both saturation and 
h ysteresis.
It is possib le to an a ly tica lly  model an equivalent rail of 
circular iro ss-section  under linear B-H conditions, 
accounting for hysteresis loss, using a complex 
p erm eability  function . V alues for A.C. impedance w ill 
then include eddy current loss, hysteresis loss and 
internal inductance.
E xperim ental tests on rail m aterial can generate the 
m aterial B-H loop characteristics, enabling the combined 
effects o f saturation on both the eddy current and 
h ysteresis  losses to be measured. Using Fourier analysis, 
harm onic coefficients o f the magnetic flux density may be 
obtained, w ith  frequency and peak, magnetic field 
in ten sity  as the independent variables.
A n a ly t ic  T h e n ry  fo r  E q u iva len t C irc u la r  R a il
The rail m aterial is assum ed to be both homogeneous and 
isentropic. Consider the circular equivalent rail shown in 
Figure 1. A m pere’s law  gives
/ / *  2nt =  /  =  f j .  2-rrr dr




The E.M.F. induced at radius r by the flux inside the 
conductor, i.e. the eddy current effect, is the difference 
betw een the volt drops at r and a (the surface). Hence
or




Representing the perm eability by m = Mi -  
4L -  jwaifiy -  j f i2)Hdr
By differentiating Equation (3 )  w ith respect to r and 
using Equation (6 ) .
Figure 1. Equivalent Circular Rail Geometry
d }/l + 1 dH 
dr - r dr o'- + —- H = 0 (7 )
w ith
o'- = y'o>C7-(Mi — jft2)
A fter applying boundary conditions, the solution is
H = J I i(a'r ) 2va 1 ,(q a ) (8)
where / , ( x )  is the first order modified Bessel function of 
the first kind [6].
The current density is found by substituting in Equation 
(3 )  as
J =
0,7 / 0 ( a ' r )
2ira S | ( a 'o  ) ( 9)
The internal impedance per unit length o f the conductor is 
then
F. I , «. 
R + j X  = -  - p - (10)2na (T 1 , ( o ‘o )
Equation (1 0 ) gives numerical values o f R and X for 
known geometrical and material properties. It is, how ever, 
instructive to consider certain lim iting value’s  of R and x  .
•  H ig h  F req u en cy  i.e. conductor radius a »  skin depth 5. 
This is the case of a solid cylinder w ith the majority of 
the internal flux ly ing in a thin layer around the 
perimeter of the conductor. The solution is obtained by 
substituting for the skin depth 8 e x p ( ; ' 0 / 2 ) ,  where 0 is 
the hysteresis angle and sim plify ing  [6j so that
Z„, =
(11)
1 1  + •̂ 2 COS 7T _ 0 a 3 8IT Q *{7 4 4 “  2 26 32 a
+ j 25
J _  6 
32 a
In this expression the term corresponds to the
4na *cr
D.C. resistance. For real perm eability (m = m>). there 
are both resistance and reactance impedance 
components. For the case of imaginary perm eability  
(/i = - j n 2), there is no reactance, because the diffusion  
equation docs not hold, there being no eddy currents. 
For complex perm eability . Equation (1 1 )  is accurate 
for the fundam ental component o f hysteresis on ly , i.e. 
linear conditions. The eddy curerent loss and hysteresis 
loss cannot be separated.
•  Low  fr e q u e n c y  i.e. conductor radius a «  skin depth 6. 
The impedance is
= l + a - 
46*
inO +  cos20
4X8*
♦ j ——— cosfl — — sin2045* 4X54
(12)
For real perm eability, there arc again hoih resistance  
and reactance im pedance com ponents, and for 
imaginary perm eability there is again only resistance.
The high frequency resu lts show that the presence of  
hysteresis increase’s the losses by a factor
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w hich is greater than unity. The reactance, how ever, is 
decrcasd by the factor
IT
The im pedance angle reduces w ith  hysteresis. With no 
h v sicres is , it is — .4
The c ilc c t o f this sim plified theory on rail impedance is as 
fo llo w s . In the absence o f saturation, there are no 
harm onics and the rail reactance w ill reduce in the 
presence o f hysteresis. The resistance, how ever w ill 
increase because the hysteresis loss is additional to the 
eddy current loss. H ow ever, the effects are not 
independent, since the hysteresis angle m odifies the eddy  
current loss when hysteresis losses start to become 
im portant.
F i n n v E lem en t S h k le l i in g  < F .E .M J  f o r  I n te r n a l  F a il 
R e a e ia n e e
A tw o-d im en sional axisym m etric static and dynam ic 
eleciom agnctic an a ly s is package w as used to obtain the 
resistance and internal inductance o f both the rail and an 
equ ivalen t cylindrica l rod. The excitation  w as an imposed 
A.C. current characterised by its  am plitude and 
frequency. The package carried out a nonlinear eddy  
current an a lysis. The case o f a current-carrying steel 
conductor (ra il) is unusual in electrom agnetic term s since 
it is a m agnetic conductor w ith  the excitation current in 
the sam e m edium  as the eddy currents it produces.
From [7] it is found  that the inductance per unit length is 
I = yyldc Afis <13)
where I is the total current, 5 is an elem ental area. Â _ is 
the vector potential associated w ith  S , w hile is the 
current d en sity  associated w ith S .
The A.C. resistance per unit length is given by
r . ± Z  ( 1 4 )
The package determ ines a so lu tion  by calculating the 
m inim um  energy state. The function  to be minim ised is 
obtained by considering the H elm holtz equation:
V -.4  +<•r f i e A  =  - m Z  ( 1 5 )
By su b stitu tin g  v= — , th is becomes
VUVd ) + = ~L (16)
From [8], the fu n ction  to be m inim ised is
F  (.4 ) =  y / ( i / ( V d  F - u ' t A 7 -  2J_A ) d S ' ( 1 7 )
Hence Equations ( 1 3 )  and ( 1 4 )  can be evaluated. Typical 
results are given in Table 1.
ni L (alH m "') R (m n m ~ l ) j
| Rail 14.4 0 .75
| Rod 1.46 0 .49
T a b le l . Rail Im pedance Evaluated by F.E.M. at 50 Hz 
and 30  A
The current d istributions for both circular conductor and 












Figure 3. Current Distribution in Rail
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Sample T ype perm eability (H m - ') 
( in itia l)  1 (m axim um )
Flat-Bottom  Rail 
Mild Steel
150 [ 530  
2 2 0  1 1250
Experimentally D erived M aterial Data
h  is reasonable to assum e that the resistiv ity  of iron will 
not vary w ith  frequency or current m agnitude since the 
conduction  process does not alter w ith  either of these 
param eters. H ow ever, tem perature variations do cause 
substantia l changes in resistiv ity . Table 2 illustrates 
values, obtained experim entally , for a number of rail 
typ es fat a tem perature of 298 K). A sam ple of m ild steel 
is a lso included for com parison.
Sam ple Type R esistiv ity  ( f lm ) I
Bull-H ead Rail 
Flat-Bottom  Rail 
M ild Steel
1.05 x 10^> 
1.7 x 10 -6 
9.1 x 10 -7
T ab le2 . Experim ental C onductiv ity  Values
Toroidal sam ples were m anufactured from know n rail 
steel and a control sam ple of m ild steel rod (i.e. of known  
com position). B-H loops were measured by applying low  
frequency signals of know n am plitudes. Figure 4 shows 
the experim ental equipm ent used and Figure 5 show s the 
resu lts for a typical rail sam ple and circular steel 
conductor. From these m easurem ents, values of 
perm eability w ere obtained as defined by Von Hippel [9] 
and these are given in Table 3.
From the m easured B-H loop, using real-tim e fast Fourier 
transform  (F .F .T .) m ethods, harmonics o f B were 
obtained for sinusoidal H excitation. An exam ple of the 
spectra] den sity  and phase relationships, w ith  frequency, 
are given in Figure 6. The results have the form
Table3. Experim ental Perm eability Values
B = £  B„ cos (cj„ y +<!>„) ( 18 )
« = 1
Provided Equation (1 8 )  is evaluated for all values of H 
and of frequency, then for any applied w aveform  of H, 
the resulting B w aveform  can be predicted. Each harmonic 
of H then gives rise to a series o f harmonics of B, as 
described by Equation (1 8 ) .
R a il Im p e d a n c e  M e a su re m e n ts
Rail resistance and change in rail internal inductance were 
measured using the equipm ent devised by Trueblood and 
Wascheck [ l ]  and further developed by Holm strom  [2]. 
The technique, as described by H olm strom . is first to use a 
lest conductor in the form  o f a hollow  high-conducliv ity  
copper tube to obtain a reference setting. Subsequent 
m easurem ents using the control (m ild  steel) rod and 
traction rail placed in the sam e physical location as the 
test sam ple, then produce m easurem ents of absolute  
resistance, and changes in reactance, w ith  excitation  
current and frequency. The changes in reactance are those 
outlined earlier i.e. Z.,„3 and L,„,. The experim ental 
equipm ent is illustrated  in Figure 7.
The results are sum m arised in Figures 8 and 9, w hich  
show R and a L as functions o f large signal A.C. current 
and frequency. Rail currents o f up to 700 A (r .m .s.) at 50 
Hz w ere used. T his corresponds to a power of 17.5 M VA
F FT.
Figure 4. B-H Loop Test Equipment
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for a 25 kV  system . Since both rails are used, in parallel 
as return  conductors, the tests sim ulated conditions in 
excess o f  30  M VA (th is  being a typical substation rating 
for r a ilw a y  system s). The frequency response tests were 
carried ou t to sim ulate main line A.F. track circuit 
freq u en cies i.e. up to 3 kHz.





(a ) Rail Sample




(b ) M ild Steel Sam ple 
Figure 5. Measured B-H Loops
D isc u s s io n  o f  E xp e r im e n ta l a n d  T h eo re tica l R e su lts
The resu lts show  that the rail may be represented by an 
equivalent circular conductor on ly  for far-field effects. At 
high frequencies, the perimeter of the rail correlates w ith  
the circum ference of the circular conductor, due to sm all 













F igure 7. Impedance Measurement Equipment
circular conductor arc equvalent as the skin depth is large. 
Although the A.C. resistance is predictable for linear 
conditions, the presence o f magnetic saturation introduces 
harmonics w hich in turn cause additional losses. These 
additional losses m ay be modelled using a harmonic 
approach but the prelim inary results reported in th is  
paper suggest the additional losses due to saturation (both  
hysteresis and eddy current losses) are 13 dB low er than 
the regular losses. T his applies for both circular conductor 
and rail.
The traction rail inductance (50 Hz) calculated using the 
F.E. model from  stored energy considerations does not 
agree w ith the experim ental m easurem ents. Most o f this 
inductance is due to near held effects (L ,„?). For the 
circular steel conductor, how ever, the agreement is w ithin  
5%, explained by the lim ited  disturbance of the near field
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when the copper conductor is replaced by the steel 
conductor. These resu lts do not include hysteresis loss.
The variation o f both resistance and inductance w ith  
current m agnitude for both sam ples depends upon the 
degree of saturation in the m aterial. This is most noticable 
for the circular steel conductor w hich saturates at H = 
1850 A m_I (F igure 5b), corresponding to the peak in the 
inductance curve at 130 A in Figure 8. The rail, however, 
w as unsaturated. Saturation, from  the B-H w aveform , 
occurs at 2900  A m _l, w hich is equivalent to a current of 
1740 A.Thus the rail inductance curve of Figure 8 retains 
a positive slope for the range of test currents applied.
A p p lica tio n s
Series rail im pedance is a function of both current and 
frequency, because the m agnetic material data indicates 
that perm eability m ay be regarded as com plex and hence 
represented as a function  o f both magnetic field intensity  
and frequency. U nder these conditions, the material 
behaviour is com pletely  specified and the rail internal 
reactance and resistance m ay be determ ined. However, it 
is not norm ally possible to com pletely separate out the 
effects o f saturation, eddy currents and hysteresis due to 
their interdependency.
Once the series track im pedance is know n, it may be 
combined w ith  the track adm ittance to obtain the track 
transfer function (F igure 10). The track impedance , I . is 
a function of both frequency and current, although the 
track adm ittance, )', is generally a function of frequency  
on ly . Knowledge o f the track transfer function w ill 
enable quantification o f the fo llow in g  siluations:-
•  With no propulsion current in the rails but w ith  
audio-frequency A.C. track circuit current, eddy  
currents and h ysteresis w ill affect the phase and 
magnitude of signal transm ission.
•  With A.C. (s in u so id a l) propulsion current of large 
magnitude and audio-freqency track circuit current, 
inierm odulation d istortion  w ill generate interference 
signals consisting o f products o f the pow er frequency  
or traction m odulation  harmonics w ith  the track 
circuit audio-frequency signals.
•  With quasi-square w ave propulsion current, 
corresponding to the practical case of a locom otive  
drawing "blocks* o f current from an A.C. supp ly , 
interm odulation d istortion  again occurs w ith  a w ider 
range of interference frequencies produced.
(b ) Rail Frequency (H z)
Figure 9. Impedance Variation w ith  Frequency
F igure 10. Rail Track Transfer Function R epresentation
46
Conclusions
It is not possible to devise a com plete analytical model for 
series rail track, im pedance because nonlinear saturation  
effects produce harm onics w hich contribute to both the 
internal inductance and the A .C  resistance change. 
Separation of rail inductance into external and internal 
com ponents, w ith  external inductance depending on rail 
shape as w ell as position, is valid on ly  for far-field effects. 
For near-field  effects, such as required for cab signalling  
receiver stud ies, m ore accurate m odelling is required and 
the m ost im portant dcterm inalor o f induced voltage is the 
rail shape.
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RAIL IMPEDANCE MODELLING FOR DC-FED RAILWAY TRACTION SIMULATION
David C. Carpenter and R. John Hill
School of Electrical Engineering, University of Bath 
Claverton Down, Bath BA2 7AY, UK.
A b s t r a c t
A rail im pedance model based on an equivalent circular 
conductor, w ith perm eability  and frequency as variables, g iv es  
good agreem ent with m easurem ents of rail resistance and 
Internal se lf-in d u ctan ce  for sm all-signal AC currents 
superim posed on a large DC current in the rail. The model 
requires ex p erim en ta lly -d er ived  perm eability data. The 
frequency range of valid ity for 54 kg/m flat-bottom  rail is 40 
Hz to 16 kHz.
KEY WORDS- Railway traction, rail impedance, saturation, skin 
e ffec t.
I INTRODUCTION
The running rails in D C -electrified railways carry DC 
propulsion return  current in addition to AC track signalling 
current. The magnitude of the DC current may reach several 
thousand Am ps, while the AC current Is low In magnitude, but 
may have a spectrum  containing u tility  frequency subharmonics 
as well as higher audio frequencies. Higher harmonic 
frequencies from  r e c tif ie r  substations and traction chopper or 
converter  control sy s tem s are also usually present in the DC 
propulsion return current. The running rail impedance is 
dependent on its  current and frequency, and for the accurate 
modelling o f DC traction  sy stem s, its  detailed knowledge is 
required. A pplications of th ese  m odels Include calculation of 
the transfer im pedance betw een track signalling transm itters  
and r ec e iv e rs;  assessm en t of the possib ility  of 
intermodulation d istortion  in coded modulated Information 
transm ission sy stem s; and m easurem ent of energy lo sse s  due 
to eddy cu rrents and h y s ter es is  in the rail a ffec tin g . the 
dynamic operation  of track circu its.
In m odels of railway traction sy stem s, the track Is usually 
rep resented  as a m ulticonductor coupled transm ission line. 
The line v o lta g es  and currents are rela ted  to each other by the 
track Impedance and adm ittance m atrices [1]. The elem ents of 
the impedance m atrix are the line s e lf  and mutual impedances, 
the se lf im pedances being divided into internal and external 
com ponents. The internal impedance includes the resistance  
and the inductance due to flux within the rail iron. Although in 
magnitude It Is usually dominated by the external component, it 
can be im portant, for exam ple, during traction fault conditions 
where large DC currents can satu rate  the iron [1] and where a 
modified current return path can reduce the external 
self-inductance. Complete knowledge of the internal impedance 
variation with both current and frequency is necessary to fully 
sp ecify  the track impedance m atrix.
in m ost of the literature reporting traction simulation 
using m ulticonductor transm ission line theory, the sensitiv ity  
of the analysis to internal impedance is claim ed to be small and 
linear constant Inductance m odels are used [2]. AC rail 
impedance is usually m odelled assuming constant perm eability  
[1, 3, 4]. This, how ever, is an acknowledged approximation and
can be erroneous particularly for DC traction conditions, where  
AC and DC signals are both present, and where the large  
traction currents can satu rate  the rail.
In this paper the rail Internal self-lm pedance Is 
determined by modelling and m easurem ent. The model is based  
on the AC impedance of an equivalent circular conductor, with 
appropriate experim entally-m easured perm eability data. The 
resu lts dem onstrate the dependence of the impedance on the 
rail perm eability, which is a function of surface magnetic field  
or DC current, and on frequency. The rail impedance is also  
m easured experim entally, and theory and experim ent are in 
agreem ent In the frequency range 40 Hz -  16 kHz.
Z MATERIAL DATA
The perm eability of a ferrom agnetic material such as rail 
iron is a function of three vectors: magnetic flux density B, 
magnetic polarization M, and m agnetic field strength  H. The 
magnetic polarization can be ex p ressed  in term s o f the field, 
giving a relationship betw een B and H as
B = p(H, B, w)H (1)
where u is the m aterial perm eability and w the angular 
frequency. When the m aterial carries tim e-varying e lectr ic  
current, the impedance will depend on the perm eability, and to 
obtain the general solution, the com plete B-H relationship needs 
to be known.
Figure 1 shows the form of the sta tic  B-H loop for a 
ferrom agnetic m aterial, together with the relevant 
perm eability definitions. If the m aterial carr ies a net DC 
current, the normal m agnetization curve defines an operating  
point according to the increm ental and normal perm eabilities 
Ujnc and pn . Sm all-am plltude AC signals then follow a 
subsidiary loop with slope given by the delta perm eability  
This perm eability value defines the sm all-signal Impedance 
through the skin e ffe c t. Application of AC fields to the m aterial 
also cause extra  energy lo sse s  in the m aterial due to  
h y steres is . For sm all-signal AC conditions at low frequencies, 
the area of the h y s ter es is  loop is small and the ex tra  lo sse s  
are minimal compared with eddy current and DC conductive  
lo sse s. However at higher frequencies the h y s ter es is  lo sse s  
may become significant, and their magnitude may depend on the 
exact DC operating point on the B-H characteristics.
3  DELTA PERMEABILITY MEASUREMENTS
Samples of 54 kg/m fla t-bottom  (FB) rail Iron w ere te s te d  
in order to evaluate the delta perm eability as a function of 
magnetic field strength. The sam ples, filam ents 1 mm square 
and at least 100 mm long, w ere subjected to an alternating  
magnetic field at 0 .33 Hz in the direction of their longitudinal 
axis. The low excitation  frequency rem oved the possib ility  of
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Differential permeability
igure It Ferromagnetic material hysteresis loop and 
permeability definitions.
ddy current effects, because the skin depth was much greater 
han the filament width.
The material te s ts  were primarily to determine the 
-ge-signal AC hysteresis  loops 15]. From these, the normal 
agnetization curve may be deduced, and hence also the delta 
armeability. The result for FB rail iron is given in Figure 2 as 
function of magnetic field strength. The maximum value of 
lelta permeability corresponds to the 'knee' in the normal 
magnetization curve and hence defines the onset of saturation.
x
0-5
Magnetic field s treng th  (kA/m)
gure 2: Delta permeability as function of magnetic field 
strength for rail steel.
RAIL CONDUCTIVITY
The conductivity of rail iron was also accurately 
easured, using the same samples prepared for the B-H loop 
easurements. The conductivity can be expressed in the
linearized form
o = 02q( ' + aT)-1 ( 2 )
where a is the temperature coefficient of resistivity (3.4xl0- 3 
K"' for FB rail), T Is the temperature In K and 0 2 0  is the 
conductivity at 20 K (4.44 MS/m for FB rail).
5 THEORETICAL MODELLING
The electrical impedance of a rail with time-varying 
current can be expressed as that of an equivalent circular 
magnetic conductor (6] as
R + jX a Ip (a a ) 
2ttteqo Ij(aa)
(3)
where a.2 = juiap, r eq is the rail equivalent radius, In are 
Bessel functions, and u> is the angular frequency. Expressing 
the skin depth as
6 = V(2/wop) (4)
it may be shown [4] that for r eq »  6, a suitable approximation 
for the rail impedance is
R + jX - Rq 1 -/(uO + juj 1 _/p (5)
4 2 - / (n reqo) 4 n req-/(rro) Vf
where Rq = 1/orrreq2 is the DC resistance. From Equation (5), 
it can be seen that the resistance is proportional to V(jjif) and 
the inductance is proportional to V(ji/f).
6 EXPERIMENTAL RESULTS
Measurements of small-signal AC rail internal 
self-impedance at variable frequency with a DC current offset 
were made using the apparatus of Figure 3. The technique, 
fully described in references [5] and (7], Is a null-flux method 
using as a reference conductor a hollow copper shell the same 
shape as the rail. Results for resistance and inductance as 
functions of frequency, with DC current as parameter, and DC 
current, with frequency as parameter, are shown in Figures 4 
and 5. The curves with frequency as the Independent variable 
are plotted against the square root of frequency in the case of 
resistance and against the reciprocal of the square root of 
frequency for Inductance.
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Experimental -  A: 10 kHz, B: I kHz, C: 100 Hz 
Theoretical -  0: 10 kHz, E: I kHz, F: 100 Hz
0 800400
D.C. Current (A)
Figure 4: Experimental and theoretical rail resistance as
function of frequency with DC current as parameter 
and DC current with frequency as parameter.
7 DISCUSSION
The theoretical resistances and Internal self-inductances 
obtained from the model and given in Equation (5) are 
superimposed on the experimental results in Figures 4 and 5. 
In most cases, reasonable agreement is obtained, although 
relatively large experimental e r ro rs  in some measurements 
make detailed comparison difficult.
In the results  with frequency as the independent variable, 
the theoretical curves reflect the different values of 
permeability as determined by the magnitude of the DC offset. 
The delta permeabilities for DC currents of 425A and 820A are 
located either side of the maximum in the curve and are almost 
equal, so the theoretical curves for those currents coincide.
In the results  with DC current as the independent variable, 
the permeability variation is reflected in the gradual peak of 
the theoretical curves. The maximum DC current applied to the 
rail during the experimental impedance measurements was 
sufficient to drive the rail past the maximum delta permeability 
point, but complete rail saturation was not obtained. The 
deviation of the experimental and theoretical resistances at 10 
kHz at lower DC currents Is possibly due to hysteresis.
The model allows normalization of the impedances, and 
Figure 6 shows all the experimental and theoretical curves
1 0
Experimental
A: 25 A, B: 125 A, C: 820 A 
Theoretical






Experimental -  A: 10 kHz, B: 1 kHz, C: 100 Hz 
Theoretical -  0: 10 kHz, E: I kHz, F: 100 Hz
000400
DC. Current (A)
Figure 5: Experimental and theoretical rail internal self- 
inductance as function of frequency with DC 
current as parameter and DC current with 
frequency as parameter.
plotted together. These results  demonstrate the range of 
validity of the theory, and the effect of the various assumptions 
made.
The approximation of the rail shape being represented as 
circular holds at high frequencies when the skin depth is small. 
For example, for the FB rail tested, r eq = 0.1 m, and the skin 
depth Increases to one tenth of the radius at a frequency of 5 
Hz, assuming a delta permeability value of 0.145 mH/m, 
corresponding to about 600A DC (and 7 Hz at 0.1 mH/m or 400A 
and 800A DC). In this case the equivalent rail radius may be 
found from equating the the rail perimeter to an equivalent 
circular perimeter. Below the critical value of frequency, an 
alternative impedance model is necessary, based on the 
inequality 6 »  r eq. In this case, the equivalent rail radius 
should be calculated from the rail cross section area.
From the results  in Figure 6 the deviation of the 
experimental and theoretical inductance at about
V(u/f )  > 1.5 m (Hs/m)1/2 (6)
gives the lower limit of frequency as a function of permeability. 
For a peak of 0.145 mH/m, this frequency is 65 Hz, and for 
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•igure 6: Rail impedance: resistance as function of V(pf) and 
internal self-inductance as function of -/(u/f).
define the lower limit of model applicability, rather than the 
5k1n depth considerations above.
I
Also In Figure 6 can be seen that at high frequencies, the 
experimental values of resistance exceed the theoretical 
values. This is probably due to extra losses from hysteresis. 
The deviation becomes apparent at a value -/(yf) = 1.3 
(H/m.s)1/z, corresponding to a frequency of 12 kHz at the peak 
Ua * 0.145 mH/m (or 16 kHz at = 0.1 mH/m). This 
phenomenon has also been reported by Holmstrom [4].
B CONCLUSIONS
•  A model for AC small-signal rail impedance in the presence 
of DC current has been proposed. The rail resistance and the
internal self-inductance are analytic functions of the frequency 
and the delta permeability.
•  Rail 6ample measurements of delta permeability as a 
function of magnetic field strength, and electrical conductivity 
as a function of temperature, yield accurate data for the 
theoretical model.
•  Experimental measurements of rail resistance and internal 
self-inductance have been made with variable DC current and 
frequency, and confirm the theoretical model at audio 
frequencies (45 Hz -  16 kHz). Below about 45 Hz the inaccuracy 
shows that the rail shape must be taken into account. Above 
about 16 kHz, hysteresis effects are probably significant.
• The model can be used to calculate the internal impedance 
terms of the diagonal components in the track impedance 
matrix, for use as data in traction network circuit simulation 
studies, and to accurately predict the AC rail impedance for 
track signalling system design.
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MODELLING OF NONLINEAR RAIL IMPEDANCE 
IN AC TRACTION POWER SYSTEMS
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; A b str a c t  -  N on lin earity  in the internal se lf-im p ed a n ce  
o f  ra ilroad  ra il can g iv e  r is e  to  p o w er  frequency harm onics 
in tra ctio n  s y s te m s . L im iting c a se  analytical m odels o f  rail 
im pedance, b a sed  on lin ear co m p lex  perm eab ility  and 
c o m p le te  sa tu ra tio n , a re  com pared  w ith m easu rem en ts for  
c u r re n ts  to  800A  and fr eq u e n c ie s  to  10 kHz. The r e s u lt s  
sh o w  that fo r  a c cu ra te  r ep re se n ta tio n  an e f fe c t iv e  
p e rm ea b ility  o f  the m a ter ia l m ust be defined  by p rior  
m odelling o f  the ed d y  cu rren t flux  d istr ibu tion  within the  
ra il iron. The usual a ssum p tion  o f rail internal 
se lf- im p ed a n c e  invarian ce  w ith  curren t is  shown to  be  
u n rea lis tic .
INTRODUCTION
In A C -e lec tr if ied  r a ilw a y s , e le c tr ic  pow er is  d e liv e r ed  
from  tra n sfo rm er  su b s ta tio n s  v ia  overh ead  ca ten ary  and 
retu rn ed  through the running r a ils  to  e le c tr ica l con nection s  
w ith  retu rn  fe e d e r  c a b le s  o r  au to tra n sfo rm ers . The 
tra ctio n  p ow er tra n sm iss io n  s y s te m  co m p r ises the  
ca ten a ry , auxiliary  fe e d e r , retu rn  conductor and rail track. 
E lectr ica lly , th is  fo r m s a coupled m ulticonductor  
tra n sm iss io n  line, the behav iou r  o f  which is  d escr ib ed  by  a 
m a trix  equation re la tin g  th e  ph ase  v o lta g e s  Vj to  the line  
cu r re n ts  I|, a s fo llow s:
djV j] = IzjjK lil. ( 0
dx
In th is equation, the c o e f f ic ie n ts  o f  the sy s te m  im pedance  
m a trix  are diagonal te r m s  z \\, th e  se lf-im p ed a n ce  o f  each  
conductor I w ith ea rth  retu rn , and off-d iagonal term s zy , 
th e  mutual Im pedance b e tw e en  co n d u ctors I and J w ith ea rth  
retu rn . The se lf- im p ed a n c e  te r m s  a r e  the sum  o f  e x tern a l  
and internal im pedances. The fo rm er  are functions m ainly  
o f  c ircu it g eo m etry , but the la t te r  a re  determ ined  by the  
flux within the rail iron . They depend on the ex c ita tio n  
current and freq u en cy , and a re  so u r c e s  o f non linearity  in 
th e  pow er tra n sm iss io n  path.
The e le m en ts  o f  the track im pedance m atrix  are  
req u ired  as data fo r  s y s te m  sim ulation stu d ies , the  
o b je c tiv e s  o f which a r e  to  m odel e n e r g y  flow , pow er su p p ly /  
signal in ter feren ce  and harm onic e f fe c ts .  Harmonic 
cu rren ts gen erated  by rail n o n lln ea r itie s  can propagate  
back into the pow er s y s t e m  and cou p le  with com m unications  
and track signalling c ir c u its . They can cause pow er supply  
prob lem s such as netw ork  d is to r tio n , line resonance, and
pow er factor  d e ter io ra tio n , and are a lso  im portant for  fault 
condition  and tra n sien t s tu d ie s .
in m o st sim ulation s tu d ie s  rep o rted  in the lite ra tu re ,  
rail internal se lf- im p ed a n ce  is  tr ea te d  a s  an analytic  
function w ith value equal to  th e  Impedance o f an equivalen t  
circu lar conductor. Rail iron  p erm eab ility  is  tr e a te d  a s  a 
con stan t [1 ,2], s o  both  r e s is ta n c e  and inductance a r e  
assum ed constant w ith AC cu rren t. The Internal Inductance  
r ed u ces  and the r e s is ta n c e  r is e s  w ith frequency due to  flux  
reduction  and red istr ib u tio n  w ithin th e  iron from  the skin 
e f fe c t .  In the s te a d y  s ta te ,  th e  ex tern a l se lf-in d u cta n ce  is  
usually  consid ered  to  dom inate th e  internal se lf-in d u cta n ce
[2], the form er being app roxim ated  w ith su ffic ien t accu racy  
using the C arson-Pollaczek equations assum ing th e  earth  to  
have a fin ite , constan t co n d u ctiv ity . Stanek e t  al [3 ], 
h o w ev er, show that for  tr a n sie n t stu d ies , th e  rail internal 
se lf-im p ed a n ce  m ay be sig n ifica n t com pared w ith the  
e x tern a l com ponent, and that th e  nature o f fault tr a n s ie n ts  !
in d ica tes that knowledge o f i t s  im pedance variation  w ith  (
cu rren t and freq uency  is  e s se n t ia l  for  su ccessfu l m odelling  
of traction  fault cu rren ts . S ign ificant Im pedance change  
o ccu rs from  the e f fe c t s  o f sa tu ra tio n  and h y s te r e s is  in the  
rail iron, both phenom ena m odifying rail en erg y  lo s s e s  and 
r e a c t iv e  pow er flow . H olm strom  [4] has s ta te d  that r a il .  ,
h y s te r e s is  may g iv e  r is e  to  interm odulation d isto r tio n  m  |
pow er and audio freq uency  track  signalling s y s te m s .
The problem  o f th e  determ ination o f rail 
se lf-im p ed a n ce  is  con cerned  w ith  the an a lysis o f  pow er  
freq uency  m agnetic s y s te m s . The litera tu re  on th is  su bject  
has con cen tra ted  on m odelling satu ration  and h y s te r e s is  
e f fe c t s  in e le c tr ic a l m achines and tra n sfo rm ers by  
a ccu rate  fie ld  com putational tech n iques. T hese app lications  
do not in general deal w ith  m agnetic  condu ctors but th e  
analytic  m ethods can s t i l l  be u sed  w ith advantage. Burais
[5], for  exam ple, d e m o n stra te s  a technique to  sep a ra te  
h y s te r e s is  from  eddy cu rren t lo s s e s  for a n o n -o rien ted  
m ateria l s te e l  p la te  taking Into account satu ration . The 
m ethod com bines the fin ite  e lem en t technique for  sp ace , and 
fin ite  d ifferen ce  for  tim e d isc r e tiza tio n . A sim ilar  problem  
is  approached in a d ifferen t way by Labridls [6] who 
a ssu m es an equ iva len t f ic t it io u s  m aterial w ith r e la t iv e  
perm eab ility  constant in tim e but variab le in sp a ce , and 
r e la te d  to  the satu ration  B-H cu rv e  by a s to r e d  m agnetic  
c o -e n e r g y  d en sity . The e f fe c t  o f harmonic f lu x es has a lso  
been eva lu ated  num erically  for  tran sform er c o r e s , and Hsu
[7] sh ow s that iron lo ss  can be reduced for sa tu ra ted  
conditions w here h y s te r e s is  lo s s  is large.
The m odelling o f internal im pedance in an irr eg u la r-  
shaped ferrom agn etic  condu ctor such as railroad  rail 
su ffe r s  practical d iff icu ltie s  due to  Its shape and variab le  
m ateria l perm eab ility . In th is paper, the o b je c tiv e s  o f the  
m odelling of rail internal im pedance are to  d eterm in e  the  
r e g im e s  w here h y s te r e s is  and saturation  e f f ec t s  are  
sign ificant. Linear analytic  m od els with actual m ateria l 
data based  on m ea su rem en ts o f  rail m aterial p erm ea b ility  
and r e s is t iv i ty  are p r e se n te d . The rail internal 
se lf-im p ed a n ce  term  in the track im pedance m atrix  is  
eva lu ated  as a function o f both  frequency and AC current.
The resu lt can then be u sed  to  g iv e  a qu antita tive  
a sse ssm e n t o f the e x te n t  o f pow er frequency harm onic  
propagation in the pow er d e liv e r y  p r o c ess .
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I
RAIL MATERIAL DATA 
he Ferromagnetic B ~ H  L o o p
The perm eability  ( j i )  of ferromagnetic material is a 
unction of the field v e c to r s  B (magnetic induction), M 
magnetic polarization), and H (magnetic field), according to
B -  m o (H + M) -  nH (2)
:o r  iso tropic  and homogenous materials , the permeability is 
hvariant with direction and position. For ferromagnetic 
nater ia ls ,  the magnetization p rocess  is time-dependent and 
I 1s a nonlinear, multivalued function of H as well as a 
unction of frequency, with
B « y  (H, B, w) H (3)
o determine the flux d is tr ibution within these  materials, 
md hence e lec trical impedance, the complete B~H 
elationship needs to be specified. Figure 1 shows a typical 
e rrom agnetlc  materia l s t a t i c  B-H character is t ic  together 
/1th the associated perm eab il i ty  definitions. Of principal 
n te re s t  for large-signal AC conditions a re  the initial, 




Slope -  Mmax
Slope -  at B 
Normal permeability
Slope -  jj,
Initial permeability
Slope -  jiA at A
AB
AH
Slope * Mdiff at A 
Differential permeability
ig. 1. Ferromagnetic m a te r ia l  B-H loop and permeability 
definitions.
Time dependency in the magnetization process  may be 
ccounted for by Introducing a complex permeability to 
lescribe the phase lag be tw een  the H and B vec to rs .  Thus
B e Jwt = |p*| h = ( p ‘ -  Ju") HeJwt (4)
/h e re  y* is the complex permeability. Physically, the 
ihase angle accounts fo r  energy losses associated with 
nagnetic resonance and re laxation  phenomena arising from 
he reorientation of magnetic moments of microscopic 
irigin (8]. However a s im ilar  represen ta t ion  can also give 
iccurate est im ates  of material behaviour in the 
pacroscoplc region If th e r e  Is no material saturation, so 
hat the vectors  B and H a re  linearly re la ted . The B-H 
iharacteristic  then becom es elliptical. Even for practical 
nater ia ls  with nonlinear permeability, approximating the 
1-H loop by an ellipse allows complex permeability data to
be ex trac ted  by considering the fundamental frequency 
relationship.
Experimental Material Tests
Various material samples were machined from 
ra ilroad rail in o rd e r  to evaluate the actual permeabilit ies 
as  specified in Figure I. The s ta t ic  B-H loop was determined 
using filaments of materia l 2 mm square and with length at 
leas t 100 mm. Each filament was subjected to an alternating 
magnetic field with frequency 0.33 Hz in the direction of its 
longitudinal axis. This low excitation frequency ensured 
that the skin depth was much g re a te r  than the filament width 
(d):
6 = V(2/woy) »  d (5)
Three filaments from orthogonal directions were tes ted  to 
confirm the materia l isotrophy. Graphical resu lts  for low, 
medium and high values of surface field streng th  Hg are  
shown In Figure 2. Table 1 shows the evaluated energy per  
cycle in each of the th ree  hy s te res is  loops. The variations 
of normal and Incremental permeability as a function of 
surface magnetic field strength , ex trac ted  from the 
measured data of Figure 2, a re  reproduced in Figure 3.
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Fig. 2. Measured B-H loops for 54 kg/m flat-bottom rail 
material.
From the B-H loops, complex permeability data has 
been evaluated In two ways:
•  Assuming sinusoidal magnetic field excitation, the B-H 
loop has been analysed by the Fast Fourier Transform 
technique to  obtain the fundamental and harmonic 
magnitudes and phases of the flux density. Only the odd 
harmonics a re  significant, and the resu lts  for the f i rs t  
th ree  are shown in Table 1. In this method, the sum of 
the fundamental and harmonic losses will equal the total 
loss as given by the loop area.
•  For linear modelling It may be more accurate to  equate 
the total loop a rea  with the area  of an equivalent 
fundamental ellipse. Thus all harmonic losses would be 
included within the fundamental. The orientation of the 
ellipse, defined by coercive force and remanent flux 
density, is that defined by the original hysteresis  loop.
Figure 4 shows the resulting complex permeability functions 
derived from each model.
Rail Resistivity
The re s is t iv i ty  of the rail iron is also a fundamental 
materia l p ro p e r ty  and appears as a constant in the skin 
depth function. It can be e xp ressed  in the form

















M a g n e t ic  f ie ld  s t r e n g t h  ( k A /m )
g. 3. Derived normal and incremental permeabilities for 
54 kg/m rail m ateria l.
nere  a  Is the te m p e ra tu re  coefficient of res is t iv ity , 
tear lzed  over  the te m p e ra tu re  range of in teres t ,  T Is the 
im perature  (K), and p^o is the r e s t iv i ty  at 20 K.
The re s is t iv i ty  of the rail samples used in the material 
is ts  was m easured by applying constant cu rren ts  and 
easurlng  voltage o ve r  a suitable tem pera ture  range, 
epical re s u l ts  at 20 K are
a  = 3.4 10~3 K-1 
P20 = 0.225 10-0 0 m
nth conductivity
020 = 4-44 106 s m_1-
ANALYTICAL MODELLING
The objective of analytical modelling is to predict the 
>pendency of rail in ternal self-impedance on AC current 
id frequency. Simple modelling can reveal order of 
agnitude e s t im a tes  for the fundamental and harmonic 
)wer loss for the base  cases  of:
Linear complex perm eabil ity ,  no saturation.
No h y s te res is  loss,  high saturation, 
j r th e r  analysis is necessa ry  to  establish the optimum 
ffective perm eability  to  use in each model, as a function of 
i rface magnetic field H5.
Peak surface  
magnetic field 
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Magnetic field strength (kA/m)
Fig. 4. Complex permeability  with fundamental flux and B-H 
loop area approximations.
Linear Hysteresis Model
The rail is t r e a ted  as a magnetic conductor made from 
homogenous, isotropic materia l with constant permeability 
jj*. Assuming an equivalent circular solid conductor, the 
solution for magnetic field and hence current density within 
the material is found from solving the diffusion equation 19]. 
The conductor impedance is then found as a function of 
conductor radius and skin depth:
R + jX Iq (&a) (7)
2nao I j (aa )
where
a ^  -  jwojj* (8)
is the complex skin depth function, a is the conductor
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adius, o i s  th e  co n d u ctiv ity  and In are n ^  o rd er  m odified  
e s s e l  fu n ctio n s o f  th e  f ir s t  kind.
A fte r  m anipulation , it  m ay be shown that the internal 
m pedance o f  th e  co n d u ctor  takes lim iting va lu es at low  and 
ligh fr e q u e n c ie s  a s  fo llo w s  [10]:
ow  freq u en cy: a  «  6 
* lf 1 JYl +_a  ̂ sin0+ a4 cos20l
a^o i l  4 6 2 486* J
+J fj!^  c o s  0  -  a4 sin  2 0 l1  
[4 6 ?  4 8 6 *
ligh freq uency: a »  6
Z hf = 1 r f l  + V 2  c o s / t t  “ _ 6 \ ' | / a +  3  6 \
114 U  1 / J ( 2 6  3 2 7 /
(9 )
(10)
fhere 0  is  the h y s t e r e s i s  angle . For com plex  p erm eab ility , 
quatlons ( 9 )  and (1 0 ) d e sc r ib e  the behaviour at the  
undam ental freq u en cy , and the ed d y  and h y s te r e s is  lo s s e s  
annot b e  s e p a r a te ly  Id en tified .
I The im pedance angle  r ed u c es  w ith h y s te r e s is  from  the  
^sym ptotic va lu e  o f  tt/ 4 . The m odel sh ow s that lo s s e s  are  
c r e a se d  in the p r e se n c e  o f  h y s te r e s is  by a fa c to r
[c o s  ( tt/ 4  -  0 / 2 ) ] 
costt/4
id th e  rail r ea c ta n c e  is  d e c r e a se d  by the fa c to r
[sln(TT/4 -  0 / 2 ) ] . 
sinTT/4
aturation  E ffe c ts
The lin ear m odel g iv e s  the equivalen t rail Impedance 
js that o f an ind uctan ce, a ss o c ia te d  w ith en erg y  sto r a g e ,  
ind a r e s is ta n c e , a s s o c ia te d  w ith  en erg y  d issipation . In 
ilectrtca l c ir c u its , a non lin ear r e s is ta n c e  b eh aves like a 
e a c tlv e  p o w er  g e n e r a to r , although it has no 
n e r g y -s to r a g e  c a p a c ity . This is  a lso  the c a se  for  a 
aturated  m a gn etic  s y s t e m ,  w h ere  the non linearity  m odifies  
ie  r e a c t iv e , a s  w e ll a s  th e  a c t iv e  pow er. An approxim ate  
*odel to  take account o f  sa tu ra tio n  in rail can r ep re se n t the  
on B-H c h a r a c te r is t ic  b y  a s te p  function according to
B + BA
- ba
H > 0  
H < 0
(11)
can be show n [9 ] that for  th is m ateria l property , 
lagn etic  flux w a v e s  w ith  a con stan t m agnitude o f |Ba I w ill 
e n e tr a te  the boundary under the Influence o f sinusoidal 
urface m agnetic  f ie ld  e x c ita t io n  (Hs sin  w t). The maximum  
en etra tio n  depth  is:
h ich  is  in the sa m e fo rm  a s th e  skin depth equation (5 ), 
ith  the e f fe c t iv e  p e r m ea b ility , p , rep laced  by Ba /Hs . The 
v e ra g e  pow er in th e  m a ter ia l is
6 a  -  /[2 H s / woBa ] (12)
P av = Hs  ̂
3 tt o 6 A
(13)
hich is  a fa c to r  70X g r e a te r  than that in the linear ca se  
with 6 se t  equal to  6 ^ ).
Eddv Current L oss Modal
The approxim ate m o d e ls  d escr ib ed  so  far r ep re se n t  
lim iting conditions o f  lin ea r  p erm eab ility  and co m p lete  
satu ration , in m o st c a s e s ,  the rail m aterial sa tu ra te s  
gradually, accom panied by  d is to r t io n  In the h y s te r e s is  loop. 
The balance b e tw een  h y s t e r e s is  and eddy current lo s s e s  
then changes.
The e f fe c t  o f  nonlinear p erm ea b ility  in the p resen ce  o f  
h y s te r e s is  is  to  p rodu ce harm onics w ith a sso c ia ted  e x tr a  
lo s s e s .  To p red ict th e  ra il im pedance variation  under th e se  
cond itions a su ita b le  e f f e c t iv e  perm eab ility  value m ust be  
se le c te d . The m od ified  ed d y  cu rren t d istribution  within the  
m ateria l can be ca lcu la ted  nu m erica lly  taking account o f  the  
known dependency o f  p erm ea b ility  on m agnetic field  
stren g th . The approach a d op ted  is  to  u se  a fin ite  d ifferen ce  
technique, the Du Fort-F rankel sch em e [11], to  ca lcu late  the  
sp atia l and tem poral d e c a y  In the m agnetic field  In tensity  
within the m ater ia l and h en ce  e s t im a te  the e f fe c t iv e  
com p lex  skin depth.
The fin ite  d iffe r e n c e  technique g iv e s  an e x p lic it  
equation with a ttr a c t iv e  s ta b ility  p ro p e r tie s . Applied to  a 
sem i-in fin ite  slab  o f  m a ter ia l, the m agnetic field  stren g th  is  





The a sso c ia ted  d iffe re n c e  equation Is:
Hi,k+1 = r Hi+ l,k  + ( , - 2 r ) Hi,k + r H i-1 ,k  (15)
w here r  = p /o p h 2, p being  th e  tim e s te p  length and h the 
sp atia l s te p  length. By su b stitu tin g  for the p resen t nodal 
value the av era g e  o f  the p r e v io u s  and n ex t values,
Hi,k = (Hj.k-H + Hi|k- , ) / 2  
the e x p lic it  d ifferen ce  equation  Is formed:
(16)
Hi,k+1 = Hi,k-1 + _2L ^ Hi+1,k “ 2 H i,k-1 +H i-1 ,k )- O 7 )
2r+1
The d istr ibu tion  o f H in th e  m a ter ia l can then be determ ined  
by varying the su r fa c e  m a g n etic  fie ld  stren gth  Ho,k as a 
sin e  w ave. Figure 5 sh o w s th e  com puted resu lt o f  |HS| v s  
depth, for  variou s in itia l su r fa c e  f ie ld  stren gth s. At high 
field  stren g th s , the m a ter ia l b e c o m es saturated  near the  
su rfa ce  and the m agnitude o f  H fa lls  aw ay s te ep ly  In the  
In terior, but for low  Initial f ie ld  s tr en g th s , there Is l it t le  
dev ia tion  from  the linear m odel.
EXPERIMENTAL RAIL IMPEDANCE MEASUREMENTS 
Order o f Magnitude E stim ate  fo r  H y ste re s is  and Eddv L o sses
In order  to  d e term in e  the r e la t iv e  Im portance o f  
h y s te r e s is  and eddy cu rren t lo s s e s ,  iron lo s se s  w ere  
m easured  as a function o f freq uency  in a toro id  
m anufactured from  rail iron. The dim ensions of the toro id  
w ere: radius 30 mm, th ick n ess 3 mm and length 10 mm, and 
the winding com p rised  250 turns o f 1 mm copper w ire. The 
r e s u lts , shown in F igure 6 w ith  the s ta t ic  B-H loop lo ss  p er  
c y c le  su perim posed , show  that at pow er freq uencies the  
h y s te r e s is  lo s s  and ed d y  lo s s  per c y c le  are com parable. 
This ind ica tes that for  the ra n ge  o f rail ex c ita tion  e x p e c te d  
in p ra c tice , n e ith er  the lin ear nor the heavily  sa tu ra ted  
m odel alone Is r e a lis t ic .
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fi Hj ■ 3000 A /m  
C Hs -  1500 A /m  
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D ep th  ( m m )
g. 5. Magnetic field s t r e n g th  as a function of depth in a 
sem i-in f in ite  slab of ferrom agnetic  material.
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6. Measured iron loss in to ro id  sample of rail material.
Impedance Measurement A pparatus
To accura te ly  m easu re  the rail Internal 
-impedance, the circuit inductance due to the tes t  
-ent r e tu rn  path and the flux disturbance from sample 
oe e ffec ts  must both be eliminated. The experimental 
inique used was developed from equipment described by 
mstrom [4] for null-flux measurement of the 
-inductance change in an isolated rail, using as a
irence  conductor a copper  tube. The method was
llfied so that absolute  m easurem ents  of Internal
edance could be made. The appara tus (Figure 7) rel ies 
the pr io r  use of a r e f e re n c e  conductor, which is a 
:ia l ly -constructed  hollow copper shell of identical shape 
he te s t  rail and having negligible internal inductance (10] 
high frequency. This enables the impedance 
surement loop to be ad jus ted  in position (distance d in 
r e  7) such that ze ro  inductance is obtained in
jratlon.
When the rail sample is placed in the same physical 
tion as the copper shell, m easu rem en ts  of the change in 
ctance will thus r e p r e s e n t  the true Internal 
-inductance. The r e s i s t iv e  pa r t  of the impedance 
ains an absolute m easurem en t of internal resistance, 
e ffec ts  are negligible since the measurement points (A, 
Figure 7) are maintained a suitable distance from the 
Juctor ends. An on-line FFT analyser provides noise 
unity and accurate phase and frequency measurement.
Fig. 7. Experimental appara tus  for measurem ent of rail 
Impedance.
Rail Impedance as Function of Current and Frequency
Measurement re su l ts  of impedance as a function of 
cu rren t  a t  50 Hz are  shown in Figure 8. Both res is tance  and 
Inductance Increase with cu rren t  magnitude for the range of 
cu rren ts  generated. To a s s e s s  rail impedance at harmonic 
frequencies, measurem ents at a constant amplitude of 6 A 
were made for frequencies up to  10 kHz. The resu lts  are  
shown in Figure 9. As expec ted ,  the res is tance  increases 
and the inductance dec reases  with increasing frequency due 
to the skin effect.
DISCUSSION
Superimposed on the experimental curves of Figures 8 
and 9 a re  theoretical calculations derived from the various 
assumptions on the modelling of hy s te re s i s  loss and the 
variation in material perm eability .  The increase of rail 
impedance with AC curren t indicates that the material is far 
from saturation even with the highest curren t applied. This 
is because of the large rail c ro s s  sectional area  (7.5 10“ ^ 
m^). The most accura te  res is tan ce  model is with an 
effec tive  permeability function at low excitation, and with 
complex permeability obtained by the B-H loop area 
approximation (i.e. incorporating total harmonic losses 
within the fundamental) a t  high excitation. The use of 
normal and incremental perm eability  from Figure 3 i6 
Inappropriate In the model due to the Importance of 
h y s te re s i s  loss. The effec tive  permeability  used is constant 
throughout the AC cycle, but with magnitude dependent on 
the level of current excita tion as determined from Figure 5 
(it has been termed Unearned  permeability). The 
inductance variation shows good agreement with the model 
using complex permeability obtained from the fundamental 
of the B-H loop, with b e t t e r  agreem ent at very  low 
excita tions from the linearized model of permeabil ity as 
described above.
The variation in rail re s is tan ce  with frequency, for 
low excitation currents, shows good agreement with the 
complex permeability model based on total loop area for 
high frequencies, and that based on the fundamental 
component for low frequencies. For rail inductance, the 
fundamental complex perm eability  model is more accurate 
at high frequencies, with the experimental curve lying 
between this model and the linearized model of permeability 
at lower frequencies.
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:ig. 8. Experimental and theo re tica l  rail internal self­
impedance as a function of AC current at 50 Hz.
The complex pe rm eab il i ty  model based on loop area is 
n o re  accu ra te  for rail r e s is ta n c e  modelling at high 
cu rren ts  and frequencies .  This model necessarily includes 
l igher harmonic losses  which increase with g rea te r  
excitation. For the rail induction variation with current, 
Ignoring the harmonics p roduces  c loser  agreement with the 
experimental m easurem en ts .  However the inductance is 
defined only at the fundamental frequency and the total VARs 
would necessar ily  need to  include higher harmonics.
More accura te  models a re  required  to rep resen t  the 
rail impedance o v e r  the complete  range of curren t and 
frequency. For example, accura te  computations using 
combined finite e lem ent and finite difference techniques 
could incorpora te  ex ac t  d if ferentia l permeability data, and 
hence enable identification of the separa te  fundamental and 
harmonic losses.
CONCLUSIONS
An analytical model with linear complex permeability, 
Dased on experim enta l  de term ination  of the material B-H 
loop, gives good ag reem en t  with measurements of rail 
impedance for m o d e ra te  rail cu rren ts .  The conditions 
:orrespond to h y s t e r e s i s  but not saturation, and will be of 
ise In the modelling of pow er harmonic propagation In track 
Hgnalling sys tem s .  At low excita tions, b e t te r  agreement is 
'ound by neglecting h y s t e r e s i s  and using an effective 
permeability obtained by modelling the flux distribution 
within the rail,  using as data  experimentally  derived normal
Fig. 9. Experimental and theore tica l  rail Internal self­
impedance as a function of frequency at 6A.
permeability  as a function of surface magnetic field 
strength .
A saturation model ignoring h ys te re s i s  is suggested 
as suitable for transient s tud ies  and fault condition analyses 
which would be obtained with high excitation curren ts .  The 
large magnitude of cu rren t  a t  50 Hz necessary  to achieve 
rail saturation was not achieved in the rep o r te d  
experiments.
Results p resen ted  for rail internal self-impedance 
will enable the rail re s is tan ce  and Inductance at specific 
power frequency harmonics to  be determined. The 
impedance is a function of cu r ren t  and frequency and cannot 
be obtained as a c losed-fo rm  expression. It could, 
however, be expressed  as a polynomial.
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R a i l  t r a c k  m o d e l l i n g  f o r  s i g n a l l i n g  a n d  
e l e c t r i f i c a t i o n  s y s t e m  s i m u l a t i o n  s t u d i e s
D eta ile d  k n o w le d g e  o f  the electrical behaviour o f  rail track is necessary for the simulation o f  signalling and 
electrification system s.  R esearch  is described here to determ ine the equ ivalent values o f  the rail track 
transm ission  line d istr ib uted  im p e d a n ce  and adm ittance.  T h e num erical va lu es  may be found by a 
com b ination  o f  m od e ll in g  and practical m easurem ent.
I)r . R .J .  Hill, S en io r L e c tu re r ,  & M r. D .C . C a rp e n te r , R esearch  O fficer, School o f E lectronic and  E lec trica l E ngineering . U niversity of H ath. U .K .
In  t h e  l i t e r a t u r e ,  t h e  d e t e r m i n a t i o n  o f  t h e  t r a c k  e q u i v a l e n t  
i m p e d a n c e s  a n d  a d m i t t a n c e s  h a s  b e e n  r e p o r t e d  o n l y  a s  a 
s u p p o r t i n g  a c t i v i t y  f o r  s i m u l a t i o n  s t u d i e s .  In  p a r t i c u l a r ,  t r a c k  
d a t a  is u s u a l l y  o v e r s i m p l i f i e d  w i t h  r e g a r d  t o  it s  v a r i a b i l i t y .  
M c l l i t t  (1 ]. fo r  e x a m p l e ,  u s e d  e s t i m a t e s  o f  s e l f  a n d  m u t u a l  t r a c k  
i m p e d a n c e  a n d .  a p a r t  f r o m  t h e  A C  s k i n  e f f e c t  b e h a v i o u r ,  
a s s u m e d  l i n e a r i t y .  O t h e r  a p p r o x i m a t i o n s  u s u a l l y  m a d e  in  
s i m u l a t i o n  i n c l u d e  l i n e a r  rail  p e r m e a b i l i t y  w i t h  v a r i a b l e  c u r r e n t  
a n d  f r e q u e n c y ,  a n d  c o n s t a n t  s o i l  c o n d u c t i v i t y  a n d  p e r m i t t i v i t y  
w i t h  v a r i a b l e  d e p t h  a n d  f r e q u e n c y .  A l t h o u g h  o v e r  
s i m p l i f i c a t i o n  o f  t h e  t r a c k  m o d e l  p r e c l u d e s  p a r a m e t r i c  s t u d i e s  
i n v o l v i n g  t h e  t r a c k / g r o u n d  i n t e r a c t i o n ,  l i n e a r  a p p r o x i m a t i o n s  
a r c  s u f f i c i e n t  f o r  m a n y  a p p l i c a t i o n s  s i n c e  m a n y  s i m u l a t i o n  
m o d e l s  a r c  s y s t e m  s p e c i f i c ,  e . g .  t h e  p r e d i c t i o n  o f  h a r m o n i c  
p r o p a g a t i o n  in  r a i l w a y  o v e r h e a d  p o w e r  l i n e s  | 2 ) .  a n d  t h e  
c a l c u l a t i o n  o f  i n d u c e d  v o l t a g e s  in a d j a c e n t  c a b l e s  [ 3 | .
In t h i s  a r t i c l e ,  m o d e l l i n g  a n d  e x p e r i m e n t a l  t e c h n i q u e s  a r e  
d e s c r i b e d  t o  o b t a i n  v a l u e s  o f  t h e  t r a c k  i m p e d a n c e s  a n d  
a d m i t t a n c e s  a s  f u n c t i o n s  o f  e x c i t a t i o n  f r e q u e n c y  a n d  c u r r e n t .  
T h e  m o d e l s  t r e a t  rai l t r a c k  a s  a c o u p l e d  m u l t i c o n d u c t o r  l i n e .
F o r  t h e  s i m u l a t i o n  o f  r a i l w a y  s i g n a l l i n g  a n d  e l e c t r i c  p o w e r  
s y s t e m s ,  a c c u r a t e  m o d e l s  a r e  r e q u i r e d  b o t h  f o r  t h e  e l e c t r i c a l  
e q u i p m e n t  c o n n e c t e d  t o  t h e  t r a c k ,  a n d  f o r  t h e  t r a c k  i t s e l f .  T h e  
t r a c k  c o n s i s t s  o f  a n u m b e r  o f  p a r a l l e l  l i n e s  —  r a i l s ,  a n d  p o w e r ,  
s i g n a l  a n d  c o m m u n i c a t i o n  c a b l e s  —  w h i c h  h a v e  e l e c t r i c a l l y  
d i s t r i b u t e d  p r o p e r t i e s .  T h e  v a l u e s  o f  t h e i r  e q u i v a l e n t  
i m p e d a n c e s  a n d  a d m i t t a n c e s  d e f i n e  t h e  t r a c k  t r a n s f e r  f u n c t i o n  
a n d  g o v e r n  l o n g i t u d i n a l  a n d  l a t e r a l  s i g n a l  a n d  p o w e r  f l o w s .
C o n s i d e r a b l e  d i f f i c u l t i e s  e x i s t  in  a c c u r a t e l y  s p e c i f y i n g  t h e  
e q u i v a l e n t  e l e c t r i c a l  c o m p o n e n t  v a l u e s  f o r  r a i l s .  M a k i n g  in - s i tu  
m e a s u r e m e n t s  is e x t r e m e l y  d i f f i c u l t  b e c a u s e  t h e  rail t r a c k  is 
f i x e d  in p l a c e ,  a n d  a c c e s s  t o  a n  a b s o l u t e  r e m o t e  e a r t h  is n o t  
a v a i l a b l e .  M o d e l s  m u s t  a c c o u n t  f o r  n o n - l i n e a r i t i e s  w i t h  
f r e q u e n c y  a n d / o r  c u r r e n t  d u e  t o  t h e  m a t e r i a l  p r o p e r t i e s  o f  t h e  
ra il  i r o n ,  s o i l  a n d  s u b s t r u c t u r e .  N o n - l i n e a r i t i e s  a r c  e s p e c i a l l y  
s i g n i f i c a n t  w h e n  d e t e r m i n i n g  t h e  m i x i n g  b e h a v i o u r  o f  p o w e r  
a n d  s ig n a l  c u r r e n t s ,  a n d  f o r  e l e c t r o m a g n e t i c  c o m p a t i b i l i t y  
s t u d i e s .  F u r t h e r m o r e ,  t h e  e q u i v a l e n t  c l e m e n t  v a l u e s  a l s o  v a r y  
w i t h  e n v i r o n m e n t a l  c o n d i t i o n s  s u c h  a s  t e m p e r a t u r e  a n d  
h u m i d i t y .
,V0HGRfS|y
59
n u l  s p e c i f i c  n u m e r i c a l  r e s u l t s  f o r  t h e  e q u i v a l e n t  c o m p o n e n t  
a l u e s  a r e  g i v e n  f o r  a s i n g l e  t r a c k  w i t h  n o  p a r a l l e l  s i g n a l  o r  
[ l e c t r i c  c a b l e s .  F i n a l l y ,  a b r i e f  o u t l i n e  o f  s o m e  s i m u l a t i o n  
A p p l i c a t i o n s  is  g i v e n .
k l i i l t i c o n d u c i o r  l i n e  m o d e l  o f  r a i l  t r a c k
T h e  m o d e l  o f  r a i l  t r a c k  a s  a  m u l t i c o n d u c t o r  c o u p l e d  
r a n s m i s s i o n  l i n e  m u s t  i n c l u d e  t h e  r u n n i n g  r a i ls ,  p a r a l l e l  e l e c t r i c  
[ t o w e r  r a i l s  a n d  c a b l e s ,  a n d  s i g n a l l i n g / t e l e c o m m u n i c a t i o n s  
t a b l e s .  F i g .  1 s h o w s  t h e  l i n e  r e p r e s e n t a t i o n  in t e r m s  o f  s e l f  a n d  
m u t u a l  i m p e d a n c e s  a n d  a d m i t t a n c e s ,  w i t h  o n l y  tw'o l i n e s  s h o w n  
[for c l a r i t y .  T h e  u s e f u l n e s s  o f  t h e  l i n e  m o d e l  is t h a t  s t a n d a r d  
e l e c t r i c a l  t r a n s m i s s i o n  l i n e  e q u a t i o n s  m a y  b e  u s e d  t o  o b t a i n  t h e  
l i n e  v o l t a g e s  a n d  c u r r e n t s  f o r  a n y  g i v e n  l i n e  e x c i t a t i o n .  T h i s  
p r o c e d u r e  c a n  m o s t  c o n v e n i e n t l y  b e  c a r r i e d  o u t  in s o f t w a r e  
u s i n g  a n  e l e c t r i c  c i r c u i t  s i m u l a t i o n  p a c k a g e .
T h e  g e n e r a l  l i n e  e q u a t i o n s  f o r  a n  n - p h a s e  l i n e  ( i . e .  f o r  n ra i ls  
a n d  c a b l e s )  r e l a t e  t h e  d i s t a n c e - d e p e n d e n t  v o l t a g e s  a n d  c u r r e n t s  
l o  t h e  l i n e  i m p e d a n c e  a n d  a d m i t t a n c e  m a t r i c e s  a c c o r d i n g  t o  t h e  
w a v e  e q u a t i o n s








w h e r e  | Z ] ,  [ Y ]  a r e  s q u a r e  m a t r i c e s  o f  o r d e r  n w i t h  e l e m e n t s  z,r  
L j .  T h e  e l e m e n t s  z lt a n d  y^ a r e  t h e  u n i t  l e n g t h  s e l f  i m p e d a n c e s  
a n d  s e l f  a d m i t t a n c e s ,  a n d  z X) a n d  y {j a r e  t h e  u n i t  l e n g t h  m u t u a l  
i m p e d a n c e s  a n d  a d m i t t a n c e s .
T h e  m o d a l  t r a n s f o r m a t i o n  s o l u t i o n  t e c h n i q u e  is c o m m o n l y  
u s e d  f o r  e l e c t r i c  p o w e r  l i n e  a n a l y s i s  [ 4 ] ,  s i n c e  it r e m o v e s  t h e  
m u t u a l  d e p e n d e n c i e s .  M o d a l  v o l t a g e  a n d  c u r r e n t  v e c t o r s  a r e  
i n t r o d u c e d  s u c h  t h a t  a f t e r  t h e  t r a n s f o r m a t i o n s ,  t h e  n e w  
d i f f e r e n t i a l  e q u a t i o n s  a r c  e s s e n t i a l l y  t h o s e  o f  i n d e p e n d e n t ,  
k i n g l e - p h a s e  l i n e s  w i t h  u n i q u e  v o l t a g e  a n d  c u r r e n t  
d i s t r i b u t i o n s ,  p r o p a g a t i o n  c o n s t a n t s  a n d  c h a r a c t e r i s t i c  
i m p e d a n c e s .  G e n e r a l l y ,  h o w ' e v e r ,  t h e s e  l a t t e r  p a r a m e t e r s  a r e  
f r e q u e n c y  d e p e n d e n t ,  s o  it is  i m p o r t a n t  t o  h a v e  d e t a i l e d  l i n e  
(data  t o  d e t e r m i n e  t h e  l i n e  b e h a v i o u r  at  v a r i a b l e  f r e q u e n c y .
F o r  t h e  s i n g l e  t r a c k  ( t w o - r a i l )  l i n e ,  t h e  m o d a l  a n a l y s i s  m a y  b e  
s i m p l i f i e d  s i n c e  s p a t i a l  s y m m e t r y  c a n  b e  a s s u m e d  in  t h e  
c o n d u c t o r  ( r a i l )  p o s i t i o n s .  T h e  m o d e s  t h e n  c o r r e s p o n d  t o  l i n e  
e x c i t a t i o n  w'ith d i f f e r e n t i a l  ( o r  b a l a n c e d )  a n d  c o m m o n  ( o r  
u n b a l a n c e d )  v o l t a g e s .  In  ra i lw -ay  t r a c t i o n ,  th i s  is t h e  c a s e  w i t h  
Bine o p e r a t i o n  w i t h  t r a c k  c i r c u i t  a n d  t r a c t i o n  p o w e r  r e t u r n  
c u r r e n t  a s  s h o w n  in  F i g .  2 .
T h e  d i f f e r e n t i a l  a n d  c o m m o n  m o d e s  h a v e  t h e i r  i n d i v i d u a l  
c h a r a c t e r i s t i c  i m p e d a n c e s  (zit) a n d  p r o p a g a t i o n  c o n s t a n t s  (y )  
D e t e r m i n e d  f r o m  t h e  l i n e  c l e m e n t  d a t a ,  a s  f o l l o w s :
Zo.d= V|(zn -2J2)/(y,j-y12)] 
a n d
7 d  =  V[(zn—z12)(yn—y12)] 
f o r  t h e  d i f f e r e n t i a l  m o d e ,  a n d  
z<i.c= V[(Z|, +Zi:)/(yn +yt2)l 
a n d





f o r  t h e  c o m m o n  m o d e .  T h e  a b o v e  a r g u m e n t  c o n s i d e r s  t h e  
t w o - l i n e  c a s e ,  b u t  t h e  g e n e r a l  p r i n c i p l e s  a p p l y  e q u a l l y  w e l l  t o  
a n y  g e n e r a l  n - p h a s c  l i n e .  H o w e v e r ,  f o r  n  m o d e s ,  t h e  p h y s i c a l  
s i g n i f i c a n c e  o f  e a c h  o f  m o d e  t e n d s  t o  b e c o m e  l o s t  in  s i m u l a t i o n  
w i t h o u t  d e t a i l e d  c o n s i d e r a t i o n  o f  t h e  m o d a l  c h a r a c t e r i s t i c  
i m p e d a n c e s  a n d  p r o p a g a t i o n  c o n s t a n t s .
M o d e l l i n g  a n d  m e a s u r i n g  t h e  r a i l  e q u i v a l e n t  c o m p o n e n t s
E x a c t  d e t e r m i n a t i o n  o f  t h e  v a l u e s  o f  t h e  ra i l  i m p e d a n c e  a n d  
a d m i t t a n c e  e q u i v a l e n t  c o m p o n e n t s  is  d i f f i c u l t  d u e  t o  t h e i r  
v a r i a t i o n  f r o m :
—  rail iron material properties, g i v i n g  f r e q u e n c y  a n d  c u r r e n t  
d e p e n d e n c y ;
—  environmental changes, g i v i n g  d e p e n d e n c i e s  o n  t e m p e r a t u r e  
a n d  g r o u n d  w a t e r  c o n t e n t ;
—  ground geological structure, a f f e c t i n g  t h e  s o i l  c o n d u c t i v i t y  
a n d  p e r m i t t i v i t y  p r o f i l e s  w'ith d e p t h ;
—  rail and track substructure, i n c l u d i n g  rail  s h a p e  a n d  w e i g h t ,  
b a l l a s t  a n d  s l e e p e r  t y p e ,  a n d  a f f e c t i n g  t h e  l e a k a g e  
a d m i t t a n c e .
M o d e l l i n g  o f  t h e  e q u i v a l e n t  c o m p o n e n t s  s h o u l d  c o m m e n c e  
w i t h  d e t e r m i n a t i o n  o f  t h e  m a t e r i a l  p r o p e r t i e s  o f  t h e  r a i l s  a n d  
g r o u n d .  T h e  r e l e v a n t  rai l p r o p e r t i e s  a r e  i r o n  p e r m e a b i l i t y  a n d  
c o n d u c t i v i t y ,  a n d  t h e  m a i n  r e l e v a n t  g r o u n d  p r o p e r t i e s  a r c  
s o i l / s u b s t r a t a  c o n d u c t i v i t y  a n d  p e r m i t t i v i t y  v a r i a t i o n s  w i t h  
d e p t h  a n d  f r e q u e n c y .
T h e  s e c o n d  s t a g e  in m o d e l l i n g  is t o  u s e  t h e  m a t e r i a l  d a t a  t o  
c r e a t e  i m p e d a n c e  a n d  a d m i t t a n c e  c o m p o n e n t  m o d e l s ,  a n d  t o  
v e r i f y  t h e  m o d e l s  w i t h  p r a c t i c a l  t e s t s .  A t  t h e  U n i v e r s i t y  o f  B a t h ,  
t h i s  h a s  b e e n  f a c i l i t a t e d  b y  t h e  i n s t a l l a t i o n  o f  a  3 6  m  l o n g  t e s t  rai l  
t r a c k  ( F i g .  3 ) .  T h e  t r a c k  is la id  o n  l i m e s t o n e  b a l l a s t  w i t h  a d e p t h  
o f  3 0 0  m m ,  w i t h  b o t h  w 'o o d  a n d  c o n c r e t e  s l e e p e r  s e c t i o n s ,  a n d  
b u l l - h e a d  a n d  f l a t - b o t t o m  ra i l ,  w i t h  p r o v i s i o n  f o r  t h i r d  a n d  
f o u r t h  rai l e l e c t r i f i c a t i o n .
In-situ measurement o f  rail track elements
In p r a c t i c e ,  c o n s i d e r a b l e  d i f f i c u l t i e s  e x i s t  in  m e a s u r i n g  t h e  
e q u i v a l e n t  i m p e d a n c e  a n d  a d m i t t a n c e  m a t r i x  e l e m e n t s  in  s i t u ,  
b e c a u s e :
D if fe re n t ia l  mode Common mode
5round plane \̂ \ \  \ \  \ \ \  v \ \
r ig . I: M nhicotuluctor line m o d e l fo r  a single rail track Fig. 2: Line excitation m odes fo r  tw o -rail line with earth return
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I iv. J: Test m il inn k
—  rai l j o i n t  c o n n e c t i o n s  a n d  s t r a y  c a p a c i t a n c e  a n d  i n d u c t a n c e  
m a y  b e  d o m i n a n t ;
—  t h e  c o m p o n e n t s  a r e  d i s t r i b u t e d  a l o n g  t h e  t r a c k  l e n g t h ,  s o  t h e  
i n a d v e r t e n t  c r e a t i o n  o f  m e a s u r e m e n t  l o o p s  s h o u l d  b e  
a v o i d e d ;
—  a c c e s s  t o  a n  a b s o l u t e  e a r t h  r e f e r e n c e  is n o t  p o s s i b l e .
N u l l  m e a s u r e m e n t  m e t h o d s  s u c h  a s  b r i d g e  t e c h n i q u e s  a r c  
a t t r a c t i v e  in  p r i n c i p l e ,  b u t  d i f f i c u l t  t o  p e r f o r m  b e c a u s e  o f  
e l e c t r i c a l  i n t e r f e r e n c e  w h i c h  h a s  a  s e r i o u s  e f f e c t  d u e  t o  t h e  
d i s t r i b u t e d  n a t u r e  o f  t h e  s y s t e m .  P o w e r  m e a s u r e m e n t s  a r e  
m o r e  c o n v e n i e n t .  b ut  a m a j o r  c o n s i d e r a t i o n  is t h a t  t h e  v a l u e  o f  
c e r t a i n  e l e m e n t s  v a r v  w i t h  c u r r e n t  a n d  f r e q u e n c y .  In d e v i s i n g  
t r a c k  t e s t s ,  a s i g n i f i c a n t  c o n s i d e r a t i o n  is t h a t  t h e  n u m b e r  o f  
a c c e s s i b l e  m e a s u r e m e n t  t e r m i n a l s  is l o w .  c o m p a r e d  w i t h  t h e  
n u m b e r  o f  u n k n o w n s  t o  b e  d e t e r m i n e d .
In m a k i n g  e x p e r i m e n t a l  m e a s u r e m e n t s  o n  ra il  t r a c k ,  it is 
i m p o r t a n t  t o  n o t e  t h a t  r a i l s  a r e  d e s i g n e d  n e i t h e r  fo r  e f f i c i e n t  
e n e r g y  t r a n s f e r  ( a s  in o v e r h e a d  p o w e r  t r a n s m i s s i o n  l i n e s )  n o r  
l o r  d i s t o i t i o n l e s s  s i g n a l  p r o p a g a t i o n  ( a s  in c o m m u n i c a t i o n s  
l i n e s ) ,  so t h e  u s u a l  a s s u m p t i o n s  s u e l t  a s  l o s s - f r e e  o p e r a t i o n  d o  
n o t  a p p l y .  H o w e v e r ,  lo t  in - s i t n  t e s t s ,  a d v a n t a g e  m a v  b e  t a k e n  
o l  t h e  s h o r t  m e a s u r e m e n t  l e n g t h  o n  t h e  U n i v e r s i t y  tes t H a c k ,  
a n d  it s  i s o l a t i o n  f r o m  a d j o i n i n g  tra ck  s e c t i o n s .  T hus
/,,/*• ! / ( > „ / )  l o r  a l l  i ,  j (7)
w h e r e  I is t h e  l e n g t h ,  s o  t h e  i m p e d a n c e  a m i  a d m i t t a n c e  
m e a s u r e m e n t s  m a \  b e  p e r f o r m e d  i n d e p e n d e n t l \  T h e  
c o n s e q u e n c e  o f  th i s  i n e q u a l i t y  is t h a t  it is fair ly s t r a i g h t f o r w a r d  
t o  d e v i s e  a p p r o x i m a t e  e x p e r i m e n t s  g i v i n g  c o n f i r m a t i o n  o f  s o m e  
o f  t h e  m o d e l s .
/ //«'«7 nl i ninliii iinx I'linh
D e t c i  m m . i l i o n  o l  tire ta i l  t r a c k  e q u i v a l e n t  m a t r i x  e l e m e n t  
\  a l l i e s  m u s t  t a k e  i n t o  a c c o u n t  t h e  pi o x  u n i t s  o l  t h e  e a r t h  w h ic h  is 
a s e m i - i n l i n i t e  w e a k l y  c o n d u c t i n g  m e d i u m .  I h e  s i n g l e  t ra ck  rai l  
l i n e  c o m p r i s e s  t w i n  f e r r o m a g n e t i c  c o n d u c t o r s  c o n n e c t e d  
e l e c t ! i c a l l v  t o  t h e  g r o u n d  s u i j a c e  by m e t a l l i c  f a s t e n i n g s  t o  
s l e e p e r s  a t  p c i  i o d i c  i n t e r v a l ' s .  I h e  g r o u n d  i t s e l f  h a s  
c o n d u c t  is i t s . p e r m i t t i v i t y  a n d  in s o m e  e a s e s  p e r m e a b i l i t y ,  
w h i c h  a r e  a ll  g e n e r a l l y  b o t h  d e p t h  a n d  f r e q u e n c y  d e p e n d e n t .  
C u r r e n t s  f l o w i n g  a l o n g  t h e  ra i ls  w i l l  c a u s e  a d d i t i o n a l  c u r r e n t s  t o  
f low  in t h e  e a r t h  Irorn  b o t h  c o n d u c t i v e  a n d  i n d u c t i v e  c o u p l i n g .
F o r  t h e  s i m p l i l i e d  c a s e  o f  t h e  s y m m e t r i c a l  t w o - r a i l  l i n e ,  t h e  
g e n e r a l  l i n e  e x c i t a t i o n  c a n  b e  r e p r e s e n t e d  a s  a l i n e a r  
c o m b i n a t i o n  o f  t h e  c o m m o n  a n d  d i f f e r e n t i a l  m o d e s  s h o w n  in 
F ig .  2 A  la r g e  c o m m o n - m o d e  c u r r e n t  f l o w s  in  t h e  e a r t h .  Irom  
c o n d u c t i v e  a n d  i n d u c t i v e  c o u p l i n g ,  t o g e t h e r  w i t h  a s m a l l e r  
c u r r e n t  f r o m  i n d u c t i v e  c o u p l i n g  o f  t h e  d i l l c r e n t i a l - m o d e  
c u r r e n t .
T h e  e f f e c t  o f  t h e  c o n d u c t i n g  e a r t h  o n  t h e  rai l s e l f  i m p e d a n c e  
a r i s e s  f r o m  s p r e a d i n g  o f  t h e  e a r t h  r e t u r n  c u r r e n t  in t h e  s o i l  d u e  
t o  t h e  l o w  s o i l  c o n d u c t i v i t y .  T h e  p h y s i c a l  m o d e l  p r o p o s e s  t h e  
g e n e r a t i o n  o f  e d d v  c u r r e n t s  w i t h i n  t h e  s o i l  by i n d u c t i o n ,  t o  
o p p o s e  t h e  f i e ld  g e n e r a t e d  b y  t h e  ra il  c u r r e n t .  C u r r e n t  a c t u a l l y  
f l o w s  in t h e  g r o u n d  n e a r  t h e  rail in t h e  f o r m  o l  a n  i m a g e  
c o n d u c t o r ,  s o  t h e  l o o p  i m p e d a n c e  is m o d i f i e d .  F o t  p e r f e c t ly  
c o n d u c t i n g  e a r t h ,  t h e  i m a g e  c o n d u c t o r  w i l l  b e  l o c a t e d  b e n e a t h  
t h e  g r o u n d  at a d e p t h  e q u a l  t o  t h e  ta i l  h e i g h t ,  b ut  fo r  l o s s y  
g r o u n d  t h e  d e p t h  i n c r e a s e s  a n d  t h e  c u r r e n t  s p r e a d s  o u t  f u r l h c i . 
t h u s  i n c r e a s i n g  t h e  l o o p  i n d u c t a n c e ,  i . d d v  c u r r e n t  p o w e r  l o s s e s  
a l s o  a r i se  in t h e  g r o u n d ,  s o  t h e  e q u i v a l e n t  s e l f  r e s i s t a n c e  a l s o  
i n c r e a s e s .
S i m i l a r  c o n s i d e r a t i o n s  a p p l y  f o r  t h e  m u t u a l  i m p e d a n c e  
b e t w e e n  t h e  l i n e s .  I h i s  is  d e f i n e d  a s  t h e  m u t u a l  c o u p l i n g  
b e t w e e n  c i r c u i t s  c o m p r i s i n g  e a c h  l i n e  w i t h  its e a r t h  i c t u i n .  T h e  
c o n d u c t i n g  e a r t h  a c t s  a s  a  s c r e e n ,  r e d u c i n g  t h e  m u t u a l  
i m p e d a n c e  v a l u e  a s  t h e  e a r t h  c o n d u c t i v i t y  is r a i s e d .  S e p a r a t e  
i m a g e  c o n d u c t o r s  e x i s t  l o r  e a c h  ra i l ,  s o  t h e  m u t u a l  i m p e d a n c e  
w il l  h a v e  s c v e i a l  d i s t i n c t  t e r m s  a s  d e s e t i b e d  la te r .
T h e  I m it e  g r o u n d  c o n d u c t i v i t y  is a l s o  r e s p o n s i b l e  lot  s h u n t  
l o s s e s  in t h e  t r a c k  t r a n s m i s s i o n  l i n e  s y s t e m ,  a n d  p h y s i c a l l y  t h e  
m o d e l  is r e p r e s e n t e d  b y  s e l f  a n d  m u t u a l  c o n d u c t a n c e s .  T h e  
r e s i s t a n c e  o l  t h e  ra i l  f a s t e n i n g s ,  s l e e p e r s  a n d  b a l l a s t  a l s o  
c o n t r i b u t e  t o  t h e s e  l e a k a g e  c u r r e n t s .  T h e  d e p t h  , ‘ 1 o f
g r o u n d  c o n d u c t i v i t y  d e t e r m i n e s  t h e  v a l u e s  o f  t h e s e  t r a c k  
c o n d u c t a n c e s .  A  s i m i l a r  g r o u n d  p e r m i t t i v i t y  v a r i a t i o n  w i t h  
d e p t h  a c c o u n t s  f o r  s e l f  a n d  s h u n t  c a p a c i t a n c e  in t h e  a d m i t t a n c e  
m o d e l .
■I -f ,
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Series self and mutual impedance
T h e  s e l l  i m p e d a n c e  o f  e a c h  rai l in t h e  t r a c k  m u l t i c o n d u c t o r  
s y s t e m  is t h e  s u m  o f  i n t e r n a l  a n d  e x t e r n a l  c o m p o n e n t s .  T h e  
i n t e r n a l  i n d u c t a n c e  is d u e  t o  s t o r e d  m a g n e t i c  f i e l d  e n e r g y ,  a n d  
t h e  i n t e r n a l  r e s i s t a n c e  is d u e  t o  d i s s i p a t e d  e n e r g y ,  b o t h  w i t h i n  
t h e  ra i l.  T h e  f o r m e r  m a y  r e p r e s e n t  a n  a p p r e c i a b l e  p r o p o r t i o n  o f  
t h e  t o t a l  rai l s e l f  i m p e d a n c e .  It is n o n l i n e a r  w i t h  b o t h  c u r r e n t  
a n d  f r e q u e n c y  b e c a u s e  o f  t h e  v a r i a t i o n  in i r o n  p e r m e a b i l i t y .  A  
c o m p l e t e  m o d e l  o f  t h e  i n t e r n a l  i m p e d a n c e  is d i f f i c u l t  d u e  t o  t h e  
p r e s e n c e  o f  r a i l  s a t u r a t i o n  a n d  h y s t e r e s i s  [ 5 ,  6 ] ,  b u t  i t s  
l a b o r a t o r y  m e a s u r e m e n t  is f a ir ly  s t r a i g h t f o r w a r d  u s i n g  a  n u l l  
f lu x  t e c h n i q u e  a n d  a p p a r a t u s  o f  t h e  f o r m  s h o w n  in F i g .  4 .  
S a m p l e  r e s u l t s  f o r  t h e  i n t e r n a l  i m p e d a n c e  f o r  f l a t - b o t t o m  rai l  
w i t h  s m a l l  s i g n a l  A C  e x c i t a t i o n  a r c  g i v e n  in F i g .  5.
_  j o ) /  p if i, ,  \ i nAn I
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w 'h ere
( h k +  h m) 2 + d 2 jto  (  p ,H o  V -  M n
( h k- h in) 2 + d 2
p 2c o s [ X ( h k - h , n)]  e x p - l u  d>. 
| | i 2X + P | A ( X ) ]
(12)
13)
A ( / . )  a g a i n  b e i n g  d e f i n e d  b y  E q u a t i o n s  ( 1 0 )  a n d  ( 1 1 ) ,  a n d  t h e  
s u b s c r i p t s  k a n d  m  r e f e r r i n g  t o  t h e  t w o  ra i ls .
T h e  p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  m u t u a l  i m p e d a n c e  r e l i e s  o n  
v i s u a l i s i n g  t h e  f i e l d  r o u n d  t h e  ra i l s .  T h e  g e n e r a l  f o r m  o f  m u t u a l  
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z m =  r +  jo > (L A +  L b ). (1 4 )
T h e  p o s i t i v e  r e a l  c o m p o n e n t  ( r )  is  t h e  m u t u a l  r e s i s t a n c e  a n d  
r e p r e s e n t s  t h e  g r o u n d  e d d y  c u r r e n t  l o s s .  T h e  t w o  ra i l s  h a v e  
d i f f e r e n t  g r o u n d  r e t u r n  p a t h s ,  a n d  L A is t h e  c o n t r i b u t i o n  t o  t h e  
m u t u a l  i n d u c t a n c e  f r o m  t h e  w i r e  g e o m e t r y ,  w i t h  L B t h e  
c o n t r i b u t i o n  f r o m  t h e  g r o u n d  r e t u r n  p a t h s .  A c t u a l l y ,  f o r  p a ir s  
o f  r u n n i n g  r a i l s ,  t h e  g r o u n d  r e t u r n  p a t h s  w i l l  a l m o s t  c o i n c i d e  in  
s p a c e ,  a n d  t h e  D C  t e r m  w i l l  b e  s m a l l .  F ig .  6  s h o w s  t h e o r e t i c a l  
v a l u e s  o f  s e l f  a n d  m u t u a l  i m p e d a n c e  e v a l u a t e d  f r o m  E q u a t i o n s  
( 8 )  - ( 1 3 )  u s i n g  t h e  t w o - l a y e r  s o i l  c o n d u c t i v i t y  m o d e l .
F re q u e n c y  (H z )
Fig. 5: Rail internal se lf im pedance as function o f  frequency
T h e  e x t e r n a l  i m p e d a n c e ,  d u e  t o  t h e  s t o r e d  a n d  d i s s i p a t e d  
e n e r g y  o u t s i d e  t h e  c o n d u c t o r ,  is t h e  c i r c u i t  i n d u c t a n c e  a n d  
r e s i s t a n c e  o f  t h e  l o o p  c o m p r i s i n g  t h e  rai l c u r r e n t  w i t h  e a r t h  
r e t u r n .  T h e  e l e c t r o m a g n e t i c  t h e o r y  n e c e s s a r y  t o  m o d e l  t h e  s e l f  
i m p e d a n c e  w a s  o r i g i n a l l y  e v a l u a t e d  b y  C a r s o n ,  P o l a c z c k  a n d  
I l a b e r m a n .  a n d  t h e  r e s u l t i n g  e q u a t i o n s  h a v e  s i n c e  b e e n  a p p l i e d  
t o  a v a r i e t y  o f  t r a n s m i s s i o n  l i n e  c o n f i g u r a t i o n s .  F o r  t h e  m o d e l  
o f  rai l t r a c k  i m p e d a n c e ,  t h e  t h e o r y  d e v e l o p e d  b y  B i c k f o r d  [ 7 ]  
m a y  b e  c o n v e n i e n t l y  u s e d  a s s u m i n g  a t w o - l a y e r  e a r t h  
c o n d u c t i x i t y  f u n c t i o n .  B i c k f o r d ’s  e q u a t i o n  f o r  t h e  e x t e r n a l  s e l f  
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T h e  s u b s c r i p t s  1, 2  a n d  3  r e f e r  t o  a ir ,  t h e  u p p e r  g r o u n d  l a y e r  
a n d  t h e  l o w e r  g r o u n d  l a y e r  r e s p e c t i v e l y ,  d  is t h e  d e p t h  o l  l a y e r  2  
b e n e a t h  t h e  g r o u n d  s u r f a c e ,  <■> t h e  a n g u l a r  f r e q u e n c y ,  u  t h e  
p e r m e a b i  i ty .  h t h e  rail  h e i g h t ,  nt t h e  rai l r a d i u s ,  /.  a v a r a i b l e  o f  
i n t e g r a t i o n  a n d  o  t h e  c o n d u c t i v i t y .  E q u a t i o n s  ( 8 )  -  ( 1 1 ) e x p r e s s  
t h e  i m p e d a n c e  a s  t h e  v a l u e  a s s u m i n g  a p e r f e c t l y  c o n d u c t i n g  
e a r t h ,  t o g e t h e r  w i t h  a c o r r e c t i o n  t e r m .
T h e  m u t u a l  i m p e d a n c e  p e r  u n i t  l i n e  l e n g t h  w i t h  e a r t h  r e t u r n  
is d e r i v e d  f r o m  s i m i l a r  c o n s i d e r a t i o n s .  B i c k f o r d ' s  e q u a t i o n s  
a g a i n  g i v e  t h e  m u t u a l  i m p e d a n c e  a s  t h e  v a l u e  a s s u m i n g  a 
p e r f e c t l y  c o n d u c t i n g  e a r t h  w i t h  a c o r r e c t i o n  fa c t o r :
Shunt and mutual admittance
T h e  m o d e l  o f  t r a c k  a d m i t t a n c e  m a y  b e  d e r i v e d  b y  c o n s i d e r i n g  
c o n t i n u o u s  o r  d i s c r e t e  f u n c t i o n  c o n d u c t i v i t y  a n d  p e r m i t t i v i t y  
m o d e l s  o f  t h e  e a r t h .  A p p r o x i m a t e  e s t i m a t e s  m a y  b e  m a d e  
a s s u m i n g  a s i n g l e  o r  t w o - l a y e r  e a r t h  m o d e l  (8 ) .  E x p e r i m e n t a l  
v e r i f i c a t i o n  is d i f f i c u l t  d u e  t o  t h e  i n a c c e s s i b i l i t y  o f  t h e  r e m o t e  
e a r t h ,  t o  w h i c h  t h e  s e l f  a d m i t t a n c e  is r e f e r e n c e d .  H o w e v e r ,  a n  
e s t i m a t e  o f  t r a c k  a d m i t t a n c e  c a n  b e  m a d e  u s i n g  t h e  broken rail 
t e c h n i q u e  i l l u s t r a t e d  in  F i g .  7 ,  a n d  a s s u m i n g  l u m p e d  ra i l  
a d m i t t a n c e s .  T h i s  m e t h o d  i n v o l v e s  m a k i n g  a b r e a k  in  o n e  o f  t h e  
r a i l s ,  a p p l y i n g  a n  e x c i t a t i o n  s i g n a l  at  o n e  e n d ,  w i t h  a s u i t a b l e  
l o a d  a d m i t t a n c e ,  c o m p a r a b l e  in  m a g n i t u d e  t o  t h e  t r a c k  
a d m i t t a n c e ,  a p p l i e d  a t  t h e  o t h e r .  T h e  s o u r c e  v o l t a g e  ( V J  a n d  
c u r r e n t  ( I s) ,  a n d  l o a d  a d m i t t a n c e  (>'i.),  v o l t a g e  ( V ,  ) a n d  c u r r e n t  
( 11 ) a r c  m e a s u r e d .  C i r c u i t  a n a l y s i s  b y  s o l u t i o n  o f  t h e  e q u i v a l e n t  
l o o p  e q u a t i o n s  t h e n  y i e l d s  t h e  s e l f  a n d  m u t u a l  a d m i t t a n c e s .  F ig .  
8  g i v e s  s o m e  t y p i c a l  r e s u l t s  f o r  f l a t - b o t t o m  rai l w i t h  c o n c r e t e  
s l e e p e r s .
M o d e l  a p p l i c a t i o n s
A  c o m p l e t e  t r a c k  t r a n s m i s s i o n  l i n e  e q u i v a l e n t  c i r c u i t  w i t h  
c u r r e n t  a n d  f r e q u e n c y  d e p e n d e n c y  c a n  b e  u s e d  t o  r e p r e s e n t  t h e  
s i g n a l  t r a n s m i s s i o n  p a t h  in  s i m u l a t i o n  s t u d i e s  c o n c e r n e d  w i t h  
b o t h  s i g n a l  a n d  p o w e r  t r a n s m i s s i o n .
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Fix. H: Sliunt s e lf  an d  m utual adm ittan ce as function o ffrequency
S i g n a t  l in g  s y s te m  s im u la t io n
T h e  d e s i g n  o f  a u d i o  f r e q u e n c y  ( A F )  tra ck  c i r c u i t s  w i t h  s ig n a l  
m o d u l a t i o n  a n d  c o d i n g  c a n  b e  f a c i l i t a t e d  b y  s i m u l a t i o n .  A F  
t r a c k  c i r c u i t  c a r r i e r  f r e q u e n c i e s  a r c  in t h e  r a n g e  1 .6  k H z  t o  2 0  
k l  I z ,  a n d  t y p i c a l  o p e r a t i n g  l e n g t h s  a r e  3 0 0  m  t o  8(H) m .  T h e  first  
t a s k  o f  s i m u l a t i o n  is t h e  o p t i m i s a t i o n  o f  t h e  b a s i c  t r a c k  c i r c u i t  
c h a r a c t e r i s t i c s  in  t h e  t r a i n  s h u n t  a n d  b r o k e n  rai l m o d e s  o f  
o p e r a t i o n .  T h e n ,  t o  d e t e r m i n e  t h e  c a p a c i t y  f o r  i n f o r m a t i o n  
t r a n s m i s s i o n ,  t h e  s i g n a l  m i x i n g  b e h a v i o u r  in t h e  t e r m i n a t i o n  
a r e a s  m a y  b e  m o d e l l e d .
T o  a d e q u a t e l y  m o d e l  t h e  a b o v e  c o n d i t i o n s ,  t h e  fu ll  t r a c k  
s e c t i o n  m o d e l  m u s t  b e  u s e d .  A l t h o u g h  in n o r m a l  o p e r a t i o n ,  t h e  
t r a c k  c i r c u i t  is  e x c i t e d  b y  t h e  d i f f e r e n t i a l  m o d e ,  in g e n e r a l  t h e  
t r a c k  w i l l  e x h i b i t  a s y m m e t r i c  p r o p e r t i e s  b e c a u s e  o f  b a l l a s t  
a s y m m e t r y ,  d r a i n a g e  c o n d i t i o n s  a n d  t r a c k  c u r v a t u r e .  T h u s  
t h e r e  w i l l  a l s o  b e  c o m m o n  m o d e  e x c i t a t i o n  a n d  g r o u n d  c u r r e n t  
wi l l  f l o w .  I n  t h e  b r o k e n  r a i l  i n o d e  o f  o p e r a t i o n ,  s e v e r e  
u n b a l a n c e d  c u r r e n t s  f l o w  in a d d i t i o n  t o  a s m a l l  d i f f e r e n t i a l  
m o d e  c u r r e n t .  F u r t h e r  i n f o r m a t i o n  o n  t h e  s i m u l a t i o n  o f  t r a c k  
c i r c u i t s  c a n  b e  o b t a i n e d  in  r e f e r e n c e  (9 ) .
E le c tr if ic a tio n  s y s te m  s im u la t io n  
T h e  p r o p a g a t i o n  o f  h a r m o n i c  c u r r e n t s  in A C  o r  D C  f e d  
e l e c t r i c  r a i l w a y  t r a c t i o n  s y s t e m s  c a n  a l s o  b e  m o d e l l e d  w i t h  
a d v a n t a g e  i f  a  c o m p l e t e  t r a c k  s e c t i o n  m o d e l  is  a v a i l a b l e .
A l t h o u g h  r e tu r n  c u r r e n t s  n o r m a l l y  flow' a l o n g  t h e  r u n n i n g  ra i ls  
in p a r a l l e l ,  b y  c o m m o n  m o d e  e x c i t a t i o n ,  in p r a c t i c e  d i f f e r e n t i a l  
m o d e  c u r r e n t s  w i l l  a l s o  f l o w ,  f o r  e x a m p l e  t h r o u g h  u n b a l a n c e d  
t r a c t i o n  c u r r e n t s  a r i s i n g  f r o m  a s y m m e t r i e s  s u c h  a s  r a i l  
c u r v a t u r e .  In g e n e r a l ,  t h i s  w i l l  c a u s e  h a r m o n i c s  o f  t h e  t r a c t i o n  
c u r r e n t  t o  p e n e t r a t e  t h e  g r o u n d  at  d i f f e r e n t  d e p t h s  a n d  t o  b e  
p r e s e n t  in  t h e  v a r i o u s  m o d e s  w i t h  d i f f e r e n t  m a g n i t u d e s .  
M o d e l l i n g  a n d  s i m u l a t i o n  o f  t h e  e l e c t r i c  t r a c t i o n  p o w e r  s y s t e m  
c a n  a l s o  g i v e  i n f o r m a t i o n  a b o u t  e n e r g y  t r a n s m i s s i o n  e f f i c i e n c y ,  
l i n e  r e g u l a t i o n  a n d  l o a d  p o w ' c r  f a c t o r .
Conclusions
R a i l  t r a c k  e l e c t r i c a l  e q u i v a l e n t  c i r c u i t  c o m p o n e n t  d a t a  
n e c e s s a r y  fo r  a c c u r a t e  s i m u l a t i o n  m o d e l s  c a n  b e  o b t a i n e d  b y  a 
c o m b i n a t i o n  o f  m o d e l l i n g  a n d  e x p e r i m e n t a l  m e a s u r e m e n t .  T h e  
v a r i a t i o n  o f  t h e  d a t a  w i t h  c u r r e n t  a n d  f r e q u e n c y ,  a n d  w i t h  
e n v i r o n m e n t a l  c o n d i t i o n s ,  is p a r t i c u l a r l y  u s e f u l .  In  o r d e r  t o  
c o m p l e t e  t h e  tr a c k  d a t a  k n o w l e d g e  b a s e ,  r e s e a r c h  is p r o c e e d i n g  
o n  t h e  f o l l o w i n g  e n h a n c e m e n t s :
—  t h e  in - s i t u  m e a s u r e m e n t  o f  t r a c k  p a r a m e t e r s  w i t h o u t  t h e  
n e e d  t o  m a k e  a p p r o x i m a t i o n s ,  a n d  w h i c h  a p p l i e s  t o  b o t h  
s h o r t  a n d  l o n g  l i n e s .
—  a g r o u n d  c a p a c i t a n c e  n t o d e l  w i t h  g r o u n d  p e r m i t t i v i t y  
v a r i a t i o n  w'ith d e p t h .
—  a  m e t h o d  t o  a s s e s s  t h e  r e l a t i v e  i m p o r t a n c e  o f  t h e  s e l f  a n d  
m u t u a l  i m p e d a n c e s .
—  t h e  v a r i a t i o n  o f  t h e  s h u n t  a d m i t t a n c e  c o m p o n e n t s  w i t h  
e n v i r o n m e n t a l  a n d  g e o l o g i c a l  c o n d i t i o n s .
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FEM A PPL IE D  TO RAILROAD TRACK ELECTRICAL IM PEDANCE  
AN D AD JACEN T TRACK C R O SSTA LK  MODELLING
David C. Carpenter, R. John Hill
School of Electrical Engineering, University of Bath 
Claverton Down, Bath BA2 7AY, UK
A b stra c t -  In a multiple-track railroad, the conductors form 
m utually-coupled ground return circuits. Accurate electrical 
circuit a n a ly s is ,  required for signallin g , traction and  
e lectrom agn etic  compatibility analysis, is difficult to achieve  
b e c a u s e  of the variability in the equivalent electrical 
co m p on en ts from their material properties and environmental 
conditions. This paper describes an application of the finite 
elem en t m ethod  to the electrom agnetic analysis of rail track. 
After validation by benchmark te sts  using single rail, single & 
three-rail track, the technique is u sed  to predict crosstalk  
b etw een  adjacent tracks of a two-track electric railroad.
INTRODUCTION
Evaluating crossta lk  effects betw een  adjacent tracks in an 
electrified railway is of considerable significance for the safe  
and reliable operation of autom atic train control system s. 
B e c a u se  of crossta lk , harm onics of the traction currents, 
g en era ted  from pow er supply substation ripple and power  
electronic traction drive modulation com ponents, can appear 
in signalling circuits on adjacent tracks. If the received signal 
harm onic spectrum  is within the bandwidth of the track or 
train receiver, the interference currents may defeat the safety  
signalling system . Even if sufficient safety checks are m ade, 
the p r e se n c e  of crosstalk can still g ive rise to sa fe  failures 
with a sso c ia ted  equipment reliability problems. In this paper, 
a m ethod is p resen ted  to predict crosstalk vo ltages and 
currents by com puter simulation, using the finite elem ent 
m ethod (FEM) of electrom agnetic system  analysis.
It is difficult to m odel crosstalk analytically by conventional 
circuit a n a ly sis  b e c a u se  the track transfer functions are 
im precise. T h e se  depend on detailed knowledge of the track 
im pedance matrix [Z] and admittance matrix [Y]. The former 
co n sists of the line self and mutual im pedances, and the latter 
the line se lf and mutual admittances. The [Z] and [Y] matrices 
are not known to a high accuracy since the elem ents may be 
freq u en cy , current and/or environm entally  d ep en d en t. 
Previous attem pts at analytical m odelling of crosstalk have  
therefore m et with only limited su c c e s s  [1], Generally, for 
existing railroads, site m easurem ents are required to verify 
the im pedance and admittance m odels, and Mellitt et al [2] 
have disp layed so m e  ingenuity in using a computer program  
with data w hich could be varied with longitudinal position  
along the track section.
The finite e lem en t m ethod w as first applied to plain stress  
and strain problem s in structural m echanics for the analysis 
of continua in 1953 In the 1960s, it w as used to solve field
problem s in fluid dynamics, heat flow and electrom agnetics, 
with problems of w ave propagation in w aveguides, and eddy  
currents in ferrom agnetic m aterials receiving considerable  
attention. Recently, transient solutions for moving conductor 
sy s tem s such as electrical m achines and electrom agnetic  
launchers have been published. Several software p ackages  
for FEM are now available. R eferences [3] and [4] summarize 
the existing state of the art.
Application of FEM to rail track signal analysis is not 
com plicated. The technique is u sed  to calculate the stored  
and dissipated system  electrom agnetic energy com ponents, 
from which the electrical circuit im pedance (resistance and 
inductance) may be determ ined. For long lengths, rail track 
can  be regarded a s a two-dim ensional structure, so  creation  
of the initial FEM net is straightforward, and computer run 
time and storage requirem ents are reasonable. The main 
p rob lem s lie in se le c t in g  a ccu rate  data  for th e  rail 
ferrom agnetic material and the ballast/ground structure, and 
in dealing with frequency and current dependency in th ose  
data . In particular, rail iron is nonlinear and exhibits  
hysteresis, and ground conductivity and permittivity vary with 
depth below  the ground surface. The rails, however, can be  
m odelled  satisfactorily using a quasi-analytic approach [5], 
and the ground by using layered approximations [6].
In this paper, the m odel of rail track im pedance is explained  
in term s of internal and external self-inductance, mutual 
ind uctan ce  and res ista n ce . T he relationship of th o se  
variables to  circuit im pedance for various track configurations 
is g iv en . FEM is d escr ib ed  in term s of a ph ysica l 
understanding, and its practical application to rail track 
analysis is illustrated. To verify the accuracy of the technique, 
b enchm ark  te s t s  u sin g  sin g le  rail, s in g le  track and  
power-rail-electrified sing le  track are described, the FEM 
m odel being com pared with both analytic calculations and  
experim en ta l resu lts. S am p le crosstalk  v o lta g es  and 
currents, obtained by FEM and practical experimentation, are 
then presented.
THE MODEL OF RAIL TRACK IM PEDANCE
Rail track co n sists  of two or more parallel ferrom agnetic  
conductors laid on the surface of the ground. Together, the 
conductors form a coupled transmission line, w hose electrical 
behaviour may be m athem atically m odelled using matrix 
algebra after setting up the track im pedance and admittance 
m atrices. The elem ents of th ese  matrices are determined by 
the rail ferromagnetic material, line shape, physical geom etry
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and ground  properties, and are represented schematically as  
sh ow n  in  Figure 1. The im pedance matrix contains the rail 
se lf im p e d a n c e s  a s  the diagonal term s and the inter-rail 
m utual iim p ed an ces a s  the off-diagonal term s. The self 
im p e d a n c e  of e a c h  rail c o n s is ts  of internal inductance, 
arising from  the flux within the rail iron, external inductance, 
from th e  flux ou ts id e  the rail surface, and resistance. The 
m utual iim pedance b e tw een  lin es also  has both real and 
im aginary co m p on en ts. It can be interpreted physically by 
con sid er in g  the nature of the earth-retum circuit. Because of 
th e  w ea k ly  con d u ctin g  earth, there is an additional lo ss  
m echaniism  from ground eddy currents, and an extended  
distribution of m agnetic flux within the ground.
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Figure 1: R ail track im pedance and adm ittance m odel
T he m agnetic  coupling betw een  the rails is affected by their 
proxim ity to th e  ground . T he track exhibits distinct 
propagation m o d es, the number of m odes being equal to the 
num ber o f lin es. For a two-rail track, the m odes relate to 
differential and com m on m ode excitation (Figure 2). An 
approxim ate circuit a n a ly sis , ignoring the effect of line 
adm ittance, g iv es  the im pedances se e n  by the signal source 
to be
zq * zn +Z22- 2zi2 
for differential m ode excitation, and 
Zc = z^ +Z22 + 2z-i2
(1)
(2 )
for com m on m ode excitation. The accurate transmission line 
an a lysis results in w a v e  equations for the line voltage and 
current, ch a r a c te r iz ed  by p ropagation  co n stan ts and 
characteristic im pedances. The latter are
Zod = ^(zn-i-Z22'2zi2)/(yi1+y22-2yi2)l (3)
for differential m ode excitation, and
Zoc = Î(Z11 + 222 + 2z12)/(yi1+y22 + 2yi2)I (4)
for com m on m ode excitation.
T he im pedances in equations (1) and (2) form the basis for 
verification of the FEM results using the benchmark tests, 
s in ce  they m ay a lso  be obtained approximately by analytic 
theory and/or experim en ts. H owever, direct experimental 
m e a s u r e m e n ts  of th e  track im p e d a n c e s  for so m e  
configurations are extrem ely difficult due to the inaccessibility 
of the rem ote earth. A com bination of experim ent and 
analytical m odels m ust therefore normally be used.
T he m odel of the internal self im pedance must account for 
ferrom agnetic m aterial properties such as saturation and 
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Figure 2: Common and differential m ode track excitation
excitation [5, 7], The m odel for the external self and mutual 
im pedances must include the effects of the rail ground return 
circuits. T he im pedance of ground-return conductors laid on 
the ground surface h as been  considered in detail by various 
researchers, and C arson, Pollaczek, and Haberland have all 
produced analytic equations suitable for u se  at pow er and 
audio freq u en c ies. Suitable approxim ations are normally 
n ecessa ry  to m odel the variation of ground conductivity with 
depth. Bickford [8], for exam ple, h a s adopted a two-layer 
earth conductivity stratification, modifying Carson’s  equations 
to obtain the self im pedance as
z ii = ju P1Pq In 2h + jio p-jpp Js  Q/m (5)
2tt a tt
and the mutual im pedance a s
z ij= jw  MiMo In nhk+hmlft+cj2 + jpj p ip p  ^  
2 tt V  ( h k - h m ) 2 + c J 2 ’  n
In equations (5) and (6).
OO
Js = J P2exp-2hX dX 
0 [P2A+V>1A(X)]
OO
Jm -  J P2C os[X (lyhm ))exp-2hX 
0 (P2X+P1A&)]









w here the subscripts 1. 2 and 3 refer to air. ground layer and 
the lower ground layer respectively, d  is the depth of layer 2 
beneath  the ground surface, w the angular frequency, p the  
permeability, h the rail height, a the rail radius, X a variable of 
integration, o the conductivity, and the subscripts k and m
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refer tto the two rails. Equations (5) and (6) express the 
im p ed an ce  as the value assuming a perfectly conducting 
earth, together with a correction term
THE FINITE ELEMENT METHOD
FEM applied to magnetic systems analysis
G enerally , the finite element method can be implemented 
using either the electric field and magnetic vector potential, or 
the m agnetic field and electric vector potential, to model the 
field in eddy current regions. In addition, nodal or edge 
va riab le s  may be used, and the field equations may be 
solved either by their differential or integral formulation [3]. 
The package used here implements the electric field method, 
with th e  differential form of the equations using nodal 
variab les
The problem  space is categorized according to its material 
properties. In non eddy current regions, the magnetic scalar 
potential is sufficient to describe the field. In eddy current 
reg ions with no iron, the magnetic vector potential must be 
u sed , and in regions containing source current both the 
m agnetic  vector potential and electric scalar potential are 
required
The finite elem ent method models the appropriate field 
equations for each region, and then solves the equations 
num erically using, for example, the Galerkin weighted 
residual method [3]. An approximate expression is then 
crea ted  for the stored energy associated with the potential at 
each spatial point in the problem region, usually by assuming 
that the potential can be expressed as simple functions with 
undeterm ined coefficients. Computation then determines the 
coefficients for the minimum non-trivial energy condition 
Silvester and Ferrari [9] show that this non-trivial solution is 
unique, and, furthermore, that the form of the solution implies 
that the  calculation of system  properties such as stored 
energ ies, power losses and impedances will be accurate, 
even for substantial local approximations in the potential 
distribution.
V2 A = - p 0 J  (1 3 )
The constant value of A corresponds to a magnetic flux line, 
thus defining the boundary conditions The variational 
problem is then to find the function
mm{ F(u) * 0 .5 /|V U|2 dS - pg j" p j dS }. (14)
Silvester and Ferrari [9] show that F(u) reaches its minimum 
for u = A, given by the solution of Equation (13). The field 
energy is then calculated from the equivalent expression
W = 0.5/|V A |2 dS = 0 .5 p 0 /A J d S .  (15)
To obtain a FEM solution, the problem space is divided into 
elem ents, exploiting symmetry to reduce their number. In 
principle, the elements may be any shape, since the method 
requires continuity across adjacent elem ent boundaries 
Once the potential at each element corner is known, the 
potential everywhere within the element may be found by 
interpolation. Common element shapes are triangular and 
quadrilateral. The former has the advantage of a linear 
interpolation procedure, and the latter of the need for fewer 
elements. The elemental assembly procedure is a non-trivial 
task that must take account of the structure shape and field 
charge density.
The stages of representing and solving a problem by FEM 
are: create the m esh, define the sources and boundary 
values, construct in software the matrix representation of 
each  element, assem ble the elemental equations, solve 
them, and display the results.
FEM for rail track impedance determination
The task of creating a finite element mesh for rail track is fairly 
straightforward since the track is longitudinally symmetric. 
Additional planes of symmetry can be exploited in the cases 
of a single rail, and a two-rail track. The irregular shape of 
the rails them selves requires care in apportioning the 
elements, and the elemental size must reduce in regions of 
high flux density magnitude or direction change The aspect 
ratio of the m esh es should, however, be maintained
In non-conducting regions, the magnetic scalar potential (u) 
in regions of zero conductivity can be expressed by Laplace's 
equation
v ^ u = 0. (11:
The boundary conditions are that the magnetic scalar 
potential is constant along ferromagnetic surfaces, and that it 
has zero  normal derivative at planes of symmetry. The 
minimum potential energy condition implies a minimisation of 
the stored field energy per unit length, so the function
m ini W(u) = 0 .5/IV u|2 d S } ( 1 2 )
is determined, with the integration carried over the complete 
two-dimensional problem region. Mathematically, a potential 
distribution satisfying Equation (11) will also minimise the 
energy as in Equation (12).
In regions containing currents, the magnetic vector potential 
A, satisfying a vector Poisson equation, must be used. For a 
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Figure 3: Elemental net for FEM of rail/track structure
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approximately unity. The electrically conducting earth must 
also be divided into elem ents, and its conductivity variation 
m ay be rep resen ted  as  horizontal stratification of the 
elem ents
The FEM package used  employed quadrilateral elements, 
ensuring  efficiency in the number required, but at the 
expense  of computational complexity. Figure 3 shows the 
elem ental net for the complete rail track structure, which 
includes the facility for twin-track third and third/fourth rail 
electrification. The sm allest elements are located around the 
rail in regions of high flux density. The sleeper and ground 
are modelled as separate  regions, since they have different 
electrical conductivities. The model specifies various 
regions, such  as rails, sleepers, ground and air The 
com putation process evaluates the stored and dissipated 
energy in each of these regions after the excitation conditions 
have been defined The stored and dissipated energies are 
then interpreted in terms of circuit resistance and inductance.
FEM TRACK MODELLING
To validate the FEM model, and to gain confidence in the 
accuracy of the material data used, preliminary benchmark 
tes ts  were performed with simple geometries, with supporting 
experim ents and analytical models. All the experiments, 
m odels and FEM results were obtained with a constant 
excitation frequency of 50 Hz.
Single rail with earth return
The self im pedance of a single rail with earth return is 
rep re sen ted  by zjj (Figure 1). Its im pedance may be 
determ ined using FEM by constraining the rail current to 
return  via the  ground and evaluating the stored and 
dissipated energy com ponents in the magnetic fields. The 
vector potential contours of such an analysis are shown in 
Figure 4. The inductance and res is tance  are then 
determined from
L = 2ES/I2 (16)
and
R = PJ\2 (17)
where Es and P<j are the total system stored energy and 
power loss, and I is the rail current. The rail impedance is the 
sum of the internal and external components. The internal 
component has been modelled analytically by assuming an 
equivaent circular m agnetic conductor. This is described in 
references [5] and [10], which also give the results of 
corresoond ing  laboratory experim ents. The external 
com ponent has been evaluated using the Carson-Bickford 
equation (5). Table 1 gives the rail reactance and resistance, 
and the earth-return resistance, for all the above models and 
m easu 'em ents.
The tw>rail track
The mutual im pedance betw een two rails with earth return 
com bires with the rail self im pedances according to the rail 
excitation mode, as given in Equations (1) and (2). Both 
excitation m odes were modelled by FEM, and the impedance 
resu lts com pared with those using the Carson-Bickford 
equations (5) and (6). The FEM-generated magnetic vector
FILE  SfNCLERAI l
Figure 4: Singie rail vector potential contour 
calculation by FEM









Flat- Reactance (mfi/m) jO. 395 j0.387 jO. 104
bottom Inductance (pH/m) 1.258 1.232 0.33
rail Resistance (mfi/m) 0.403 0.05 0.09
Earth-return 
resistance (mfi/m) 112.2 - -
Power Reactance (mfi/m) jO. 356 j0.400 -
rail Inductance (pH/m) 1.133 1.273 -
Resistance (mfi/m) 0.341 0.05 -
Earth-return 
resistance (mfi/m) 112.2 - -
potential contours for the two excitation modes are shown in 
Figure 5. Only the differential mode excitation can be directly 
checked by track experiments, since the remote ground is not 
accessible for common mode excitation measurements.
The differential and com m on mode reac tan ces  and 
resistances have been evaluated by FEM from the stored and 
dissipated system energies according to Equations (16) and 
(17). Table 2 gives all the FEM, experimental and analytic 
th eo re tic a l resu lts  for both  d ifferential-m ode and 
common-mode excitation.
The three-rail track
Analysis of a three-rail track is necessary  to evaluate 
harmonic propagation effects in a DC-electrified railway.
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Figure 5: Single track vector potential contour calculation by FEM 
Table 2: Single-track impedance at 50 Hz









Both Reactance (mQ/m) j0.615 j0.074 jO. 889 j0.246 j 1.47
running Inductance (pH/m) 1.96 0.236 2.83 0.784 4.67
rails Resistance (mQ/m) 0.184 0 0.80 0.253 0.196
Earth-return 
resistance (mQ/m) - - - 128.0 -
Power Reactance (mQ/m) j0.414 j0.037 j0.611 - j 1.539
rail & near Inductance (pH/m) 1.32 0.118 1.95 - 4.90
running Resistance (mQ/m) 0.160 0 1.589 - 0.196
rail Earth-return 
resistance (mQ/m) - - - - -
Power Reactance (mQ/m) jO.617 j0.089 j 1.05 - j 1.49
rail & far Inductance (pH/m) 1.96 0.283 3.342 - 4.74
running Resistance (mQ/m) 0.159 0 1.89 - 0.196
rail Earth-return 
resistance (mQ/m) - - - - -
Usually the power rail is located close to one of the running 
rails, with power current returning via the combination of the 
running rais in parallel. The vector potential contours for 
such a casa is shown in Figure 6. The FEM model result,
ob ta ined  from E quations (16) and (17) using the 
single-conductor excitation current, and the experimentally 
m easured circuit resistance and inductance are both given in 
Table 3.
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Figure 6: Three-rail track vector potential contour 
calculation by FEM
Table 3: Three-rail track impedance at 50 Hz (power rail 








CROSSTALK BETWEEN PARALLEL TRACKS
Due to the variability of rail and ground material data, it is 
difficult to create accurate analytical models of complex track 
configurations. Using FEM, once the mesh has been set up, 
and the material data specified, the geometry may be altered 
easily to simulate different track configurations. Two crosstalk 
effects w ere nvestiga ted , to  simulate the m agnetic 
interference on a track circuit from parallel track signalling 
currents, and frcm traction currents.
Crosstalk from signalling current
The model of sgnalling current crosstalk treats one running 
rail loop as  the excitation, with the other as the receiver. 
Figure 7 show s the contours of vector potential generated by 
the FEM package in such a model The FEM results have 
been obtained for three excitation conditions:
• no restriction on receiver track currents
• receiver track rail currents forced to be equal and opposite
• receiver track'ail currents forced to be zero.
These conditions correspond to infinite length track, and short 
circuit & open circuit operation respectively. The FEM and 
experimental results are given in Table 4, together with a 
theoretical valu* calculated from Faraday’s law and ignoring 
the effect of the finite ground conductivity.
Figure 7: Crosstalk to adjacent track from 
signalling rail currents





(pV per A excitation current) 5.06 + j2.71
Near rail current transfer 
(mA per A excitation cu rren t) 68 + j 17
Far rail current transfer 




Receiver track current 




Receiver track voltage 
(pV per A excitation cu rren t) 12.6 + j0.36
Experiment Short-circuit current
(mA per A excitation cu rren t) 3.6 - j6.1
Open-circuit voltage
(mV per A excitation cu rren t) 7.68 - j8 .15
Theory Receiver track induced voltage 
(pV per A excitation cu rren t) 13.8
Crosstalk from traction current
When the excitation is from traction current flowing in a circuit 
com prising a third rail with return through the parallel 
combination of the running rails, the inter-rail voltages and 
rail currents appearing in the receiver track differ from the 
previous case . The contours of vector potential for the 
three-rail excitation case  are displayed in Figure 8. with all 






Figure 8: Crosstalk to adjacent track from traction currents
Table 5: Crosstalk between parallel tracks at 50 Hz 
from traction currents
FEM: Inter-rail voltage 
Floating rails (pV per A excitation cu rren t)
Near rail current transfer 
(mA per A excitation curren t)
Far rail current transfer 
(mA per A excitation curren t)
Power rail current transfer 
(mA per A excitation cu rren t)
1.76 - j2.07 
2 3 .0 -j7.0
7.0 - j4.0
66.0 + j17.0
FEM: Receiver track current: with 
Equal rail power rail floating 
currents (mA per A excitation curren t)
Receiver track current: with 
zero power rail current 
(mA per A excitation cu rren t)
7.3 - j1.6 
17.7-j5.4
FEM: Receiver track voltage 
Zero rail (pV per A excitation cu rren t) 
currents
10.9 - jO. 19
Experiment Short-circuit current
(mA per A excitation cu rren t)
Open-circuit voltage
(mV per A excitation cu rren t)
5.2 - j8 4 
9.1 - j 8.8
Theory Receiver track induced voltage 
(pV per A excitation cu rren t) 15.5
D ISC U SSIO N
General considerations
Most of the results in Tables 1-5 demonstrate agreem ent 
betw een the FEM results, analytical models based on the 
C arson-B ickford equations, and laboratory and track 
experiments to within an order of magnitude. The deviations 
are due to a number of factors listed below.
Magnitude of impedances - The self and mutual rail imped­
ance  values are extremely small in magnitude and are 
strongly affected by changes in ground material properties. 
The ground conductivity is particularly significant, and varies 
with depth in a manner dependent on local geology as well 
as  the environment. Thus errors will accrue unless the 
conductivity is m easured  at the sam e time as the track 
impedance experiments are performed.
Rail joints - The experimental test track used for the practical 
m easurem ents consisted of four, 9 m rail lengths connected 
together with copper cable, so poor cable joint impedances 
could rep resen t a significant fraction of the m easured  
im pedance The presence of joint resistance errors is 
consistent with the larger experimental values compared with 
both theoretical model and FEM results.
Rail permeability - The FEM results which depend on internal 
self im pedance are sensitive to the magnitude of rail 
permeability, which is in general a function of frequency as 
well a s  current magnitude [5]. For example, at 50 Hz, a rail 
permeability change from 350 mH/m to 100 mH/m results in a 
50% reduction in rail resistance. However, for low power 
frequency  cu rren ts, the variation in the perm eability 
magnitude is small. In general, the measured inductance is 
not seriously affected by permeability variation since, apart 
from the case  of rail self inductance with earth return, it is 
mainly determined by the circuit geometry.
Rail shape - The irregular rail shape may also explain the 
disagreem ent between FEM, experiment and theory in some 
individual results, for example those of Table 1. The 
magnetic flux distortion around the rail surface causes the 
vector potential contours to cut the rail boundary at the top 
and bottom of the rail web, as seen  in Figure 4, and this 
produces inaccuracies in the computed result. The elemental 
net within the rail c ross section is coarse because  of 
com puta tional restric tions, and this also p ro d u ces 
inaccuracies. A further source of error is that the 
theoretical model assum es a circular equivalent conductor, 
rather than the special rail shape.
It is believed that further refinement of the modelling process, 
and the use of more accurate material data, would enhance 
the achievable accuracy.
Benchmark tests
C on sid erin g  the  above com m ents, som e deta iled  
observations may be drawn about specific results. In Table 1, 
the Carson-Bickford equations model the external impedance 
only, with the assum ptions of infinite rail permeability and 
conductivity. If the Carson-Bickford result is added to the 
laboratory m easured  value of internal rail reactance, then 
agreem ent, to within 20%, is obtained with the FEM result. A 
similar correction could also be m ade for the internal
A1CCA
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Induced current in 





Induced curren t 
in  ground E x c i t a t i o n  T r a c k
Figure 9: Physical model of rail track crosstalk current loops
reactances in the  other benchmark tests, recorded in Tables 
2 and 3. However, in those results, the significance of the 
internal inductance is less due to the relatively large circuit 
inductance owing to the wide rail spacing.
In Table 2, the FEM results for the common and differential 
mode inductances indicate that the size of the current loop for 
the com m on m ode ca se  will be less than that for the 
differential mode case. Hence the rail current images must 
lie close to the ground surface, at a depth less than the 
inter-rail spacing.
Crosstalk
With the receiver track rails unrestricted in length, the 
physical model predicts induced currents in each rail, with 
associa ted  eddy currents in the ground, as shown in the 
simplified representation of Figure 9. There is an image 
conductor for each of the four rails, located beneath the 
ground at a distance determined by the ground conductivity, 
permeability and the signal frequency. The primary eddy 
current loop is induced from the transmitter track current. 
Further coupling will exist betw een all the ground current 
com ponents.
For the  c a se  of cro ssta lk  from signalling curren ts, 
experimental validation of the FEM results was obtained for 
the short-circuit current condition to within an order of 
magnitude (Table 4), the difference in the in-phase parts, as 
before, probably being due to significant rail joint resistance. 
Confirmation of the open-circuit voltage result by experiment 
w as m ore difficult to achieve, due to the extremely low 
voltages involved. However, an approximate validation, to 
within 10%. w as obtained by calculating the voltage between 
two infinite coils spaced at the track gauge using Faraday's 
law, and assum ing an insulating earth. The experimental 
m easu rem en t of open-circuit voltage given in Table 4 
corresponds to the case when both ends of the receiver track 
w ere left open circuit, it being confirmed that when one track
end w as closed, the detected open-circuit voltage reduced 
towards the value predicted by the FEM model.
The condition of crosstalk from traction currents also shows 
close correspondence between FEM and experiment for the 
short-circuit current condition (Table 5). However, the 
screening effect from the receiver track power rail must be 
considered in interpreting the results. The FEM model shows 
that when the power rail current is allowed to acquire its 
floating value (i.e. when the rail is of infinite length), the 
short-circuit current magnitude in the running rails is reduced. 
The experimental measurem ent agrees most closely with the 
FEM result where the receiver track power rail current is 
forced to be zero. The open-circuit voltages obtained by 
FEM, experiment and theory are also shown in Table 5, and 
similar considerations apply to those given for the signalling 
current crosstalk condition.
C O N C LU SIO N S
The use of FEM to determine rail track impedance has been 
dem onstrated . Various physical layouts and excitation 
m odes have been modelled, and a validation procedure 
b a se d  on the Carson-Bickford equations and practical 
m easurem ent of rail impedance demonstrated. Preliminary 
results for crosstalk at 50 Hz between adjacent tracks of a 
two-track railway have been presented, for both signalling 
current and power current excitation.
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ABSTRACT
A m e t h o d  i s  p r o p o s e d  f o r  t h e  
o p t i m a l  d e s i g n  o f  a u d i o  f r e q u e n c y  
t r a c k  c i r c u i t s .  A f t e r  t h e
a p p r o x i m a t e  a r e a  o f  e x i s t e n c e  o f  
t r a c k  c i r c u i t s  i s  d e f i n e d  b y  f o r m a l  
m a t h e m a t i c a l  m o d e l s ,  s i m u l a t i o n ,  
u s i n g  a  c o m m e r c i a l  c i r c u i t  
s i m u l a t i o n  p a c k a g e ,  i s  u s e d  f o r  t h e  
f i n a l  d e s i g n .  S i m u l a t i o n  r e s u l t s  
a r e  p r e s e n t e d  f o r  t h e  t r a i n  s h u n t  
a n d  b r o k e n  r a i l  m o d e s  o f  
o p e r a t i o n .  T h e  d e t a i l e d  b e h a v i o u r  
i n  t h e  t u n e d  t e r m i n a t i o n  a r e a  i s  
a l s o  s h o w n .
1 INTRODUCTION
M an y  a u t o m a t i c  t r a i n  c o n t r o l  (ATC)  
s y s t e m s  u s e  a u d i o  f r e q u e n c y  (A F )  
t r a c k  c i r c u i t s  f o r  t h e  a u t o m a t i c  
t r a i n  p r o t e c t i o n  ( A T P )  f u n c t i o n s  o f  
t r a i n  l o c a t i o n  d e t e c t i o n  a n d  
t r a c k - t o - t r a i n  d a t a  t r a n s m i s s i o n  o f  
s a f e t y  s p e e d  c o d e s .  T h e  a d v a n t a g e s  
o f  AF t r a c k  c i r c u i t s  i n c l u d e  t h e  
e l i m i n a t i o n  o f  i n s u l a t i n g  r a i l  
b l o c k j o i n t s ,  e n h a n c e d  d a t a
t r a n s m i s s i o n  c a p a b i l i t y  a n d  w i t h  
t h e  a d d i t i o n  o f  s u i t a b l e  s i g n a l  
p r o c e s s i n g ,  i m m u n i t y  f r o m
e l e c t r o m a g n e t i c  i n t e r f e r e n c e
( E M I ) .  T h e  p r o b l e m  a d d r e s s e d  i n  
t h i s  p a p e r  i s  t h e  a c h i e v e m e n t  o f  
o p t i m a l  AF t r a c k  c i r c u i t  d e s i g n  b y  
c o m p u t e r  m e t h o d s  u s i n g  a  
c o m m e r c i a l l y  a v a i l a b l e  e l e c t r i c
c i r c u i t  s i m u l a t i o n  p a c k a g e .
T h e  d e s i g n  o f  AF t r a c k  c i r c u i t s  h a s  
i n  t h e  p a s t  l a r g e l y  b e e n  a c h i e v e d  
b y  c o n t i n u o u s  d e v e l o p m e n t  o f  
e x i s t i n g  e q u i p m e n t  u s i n g  a d - h o c  
m e t h o d s  b a s e d  o n  p r e v i o u s  
e n g i n e e r i n g  e x p e r i e n c e .  A
c o n s i d e r a b l e  p o o l  o f  p r a c t i c a l  
k n o w l e d g e  e x i s t s  o n  j o i n e d  DC a n d  
AC p o w e r  f r e q u e n c y  t r a c k  c i r c u i t s ,
d e r i v e d  f r o m  t h e i r  u s e  o v e r  many
y e a r s  a n d  s u m m a r i s e d  i n  a  n u m b e r  o f  
p u b l i c a t i o n s  ( 1 ,  2 ] .  H o w e v e r ,
c o m p a r e d  w i t h  t h e i r  j o i n t e d  
c o u n t e r p a r t s ,  AF t r a c k  c i r c u i t s  a r e  
c o m p l e x  s y s t e m s .  T h e  a t t e n u a t i o n  
a l o n g  t h e  t r a c k  c i r c u i t  i s
s e n s i t i v e  t o  g r o u n d  c o n d i t i o n s  a n d  
t h e y  a r e  t e r m i n a t e d  u s i n g  t u n e d  
a r e a s .  D e t a i l e d  k n o w l e d g e  o f  t h e  
p r o p e r t i e s  o f  t h e  r a i l
t r a c k - t o - g r o u n d  s y s t e m  a n d  o f  t h e  
r a i l s  t h e m s e l v e s  i s  t h u s  n e c e s s a r y  
f o r  d e s i g n .  A n u m b e r  o f  s o l u t i o n s
t o  t h e  AF t r a c k  c i r c u i t  d e s i g n
p r o b l e m  h a v e  b e e n  p r o p o s e d ,  
r e v i e w e d  i n  r e f e r e n c e s  [ 3 ,  A ] ,  b u t
a l l  a r e  s u b - o p t i m a l  i n  t h a t  t h e y
r e p r e s e n t  a c c e p t a b l e  s o l u t i o n s  f o r  
p a r t i c u l a r  c o m b i n a t i o n s  o f
o p e r a t i o n a l  c o n d i t i o n s ,  s u c h  a s  
l e n g t h ,  f r e q u e n c y  a n d  e n v i r o n m e n t a l  
v a r i a t i o n s .  A t t e m p t s  t o  f o r m a l i s e  
t h e  d e s i g n  p r o c e d u r e s  a n d  p r o d u c e  a  
u n i v e r s a l  AF t r a c k  c i r c u i t  h a v e  
b e e n  m a d e ,  b a s e d  o n  g a i n i n g  a
t h o r o u g h  u n d e r s t a n d i n g  t h r o u g h  
a n a l y s i s  ( 5 J .  A l t h o u g h  a  l a r g e  
q u a n t i t y  o f  d a t a  h a s  b e e n  
c o l l e c t e d ,  t h e  p r o b l e m  o f  o p t i m a l  
d e s i g n ,  h o w e v e r ,  i s  s t i l l  u n s o l v e d .
I n  t h i s  p a p e r ,  t h e  b a s i c  p r o b l e m  o f  
AF t r a c k  c i r c u i t  d e s i g n  i s  s t a t e d  
a n d  t h e  u s e  o f  a  c i r c u i t  s i m u l a t i o n  
p a c k a g e  (EMTDC) t o  a s s i s t  i n  t h e  
d e s i g n  p r o c e s s  i s  d e s c r i b e d ,  t h e  
d e s i g n  p r o c e d u r e  s t a r t s  w i t h  t h e  
m e t h o d  o f  l i n e a r  p r o g r a m m i n g  t o  
d e f i n e  t h e  a r e a  o f  e x i s t e n c e ,  w i t h  
c i r c u i t  s i m u l a t i o n  u s e d  f o r  f i n a l  
o p t i m i s a t i o n .  T h e  s i m u l a t i o n
t e c h n i q u e  e l i m i n a t e s  m u c h  o f  t h e  
p r a c t i c a l  s i t e  t e s t i n g  o t h e r w i s e  
r e q u i r e d  i n  p r o t o t y p e  d e s i g n s .
73
An i m p o r t a n t  a s p e c t  o f  t h e  m o d e l  i s  
t h e  c o r r e c t  c h a r a c t e r i s a t i o n  o f  t h e  
t r a c k —t o - g r o u n d  b e h a v i o u r .  E x a m p l e  
s i m u l a t i o n s  a r e  p r e s e n t e d  f o r  t r a i n  
p o s i t i o n  d e t e c t i o n  a l o n g  t h e  t r a c k  
c i r c u i t ,  b r o k e n  r a i l  d e t e c t i o n  a n d  
f o r  d e t a i l e d  o p e r a t i o n  i n  t h e  t u n e d  
t e r m i m a t i o n  a r e a .
2  TRACK C IR C U I T  DESIGN
T h e  p r i m a r y  f u n c t i o n  i f  a  t r a c k  
c i r c u i t  i s  t h a t  o f  f a i l - s a f e ,  t r a i n  
p o s i t i c m  . s e n s i n g .  I n f o r m a t i o n  i s  
g e n e r a t e d  a b o u t  t h e  p r e s e n c e  o f  a  
v e h i c l e  o r  v e h i c u l a r  s t r i n g  ( t r a i n )  
o n  a  p a r t i c u l a r  t r a c k  s e c t i o n
w i t h i n  t h e  c o m p l e t e  r a n g e  o f  t r a c k  
c i r c u i t  o p e r a t i n g  c o n d i t i o n s .
O t h e r  f u n c t i o n s  o f  t r a c k  c i r c u i t s  
a r e  t r a i n - t o - t r a i n  d a t a
t r a n s m i s s i o n  f o r  c a b  s i g n a l l i n g  a n d  
a u t o m a t i c  t r a i n  c o n t r o l  (ATC)  a n d  
b r o k e n  r a i l  d e t e c t i o n .
T h e  t r a c k  c i r c u i t  f u n c t i o n s  w i t h i n  
a  p a r t i c u l a r  e n v i r o n m e n t .  T h i s  
i n c l u d e s  t h e  c o m p l e t e  6e t  o f  i n p u t  
e f f e c t s  w h i c h  c a n  a f f e c t  t h e  t r a c k  
c i r c u i t  p e r f o r m a n c e .  T h e s e  c o v e r  
v a r i a t i o n s  i n  t h e  e x t e r n a l
e n v i r o n m e n t  ( f o r  e x a m p l e ,
t e m p e r a t u r e ,  h u m i d i t y  a n d
g e o l o g i c a l  c o n d i t i o n s )  a n d  t h e  
e f f e c t s  o f  E M I .
T h e  t r a c k  c i r c u i t  d e s i g n  p r o c e d u r e  
m a y  b e  d i v i d e d  i n t o  t w o  p a r t s .  T h e  
f i r s t  t a s k  i s  t o  e s t a b l i s h  t h e  a r e a  
o f  e x i s t e n c e  o f  t h e  t r a c k  c i r c u i t  
t o  a c h i e v e  f a i l - s a f e  t r a i n  
d e t e c t i o n  a n d  b r o k e n  r a i l  
d e t e c t i o n .  T h e  p a r a m e t e r s  t o  b e  
c o n s i d e r e d  i n  t h e  a r e a  o f  e x i s t e n c e  
i n c l u d e  l e n g t h ,  p o w e r  a n d  c o s t .  A 
n e c e s s a r y  c o n c o m i t a n t  i s  t h a t  a  
q u a n t a t i v e  r e q u i r e m e n t  o f  f a i l - s a f e  
o p e r a t i o n  m u s t  b e  e s t a b l i s h e d .  T h e  
s e c o n d  t a s k  i s  t o  d e f i n e  a  
p a r t i c u l a r  l o c a t i o n  w i t h i n  t h e  a r e a  
o f  e x i s t e n c e  w h e r e  t h e  t r a c k  
c i r c u i t  h a s  t h e  o p t i m a l  d e s i g n  
a c c o r d i n g  t o  t h e  p r e v i o u s l y  c h o s e n  
c r i t e r i a  o f  m a x i m u m  o p e r a t i n g  
l e n g t h ,  m i n i m u m  p o w e r  c o n s u m p t i o n  
o r  m i n i m u m  c o s t .  T h i s  c a n  b e  
a c h i e v e d  b y  c r e a t i n g  a n d  m a x i m i s i n g  
a c o e f f i c i e n t  o f  p e r f o r m a n c e  f o r  
t h e  t r a c k  c i r c u i t  i n c o r p o r a t i n g  a l l  
t h e  c h o s e n  c r i t e r i a .
3 TRACK CIRCUIT DESIGN AND
OPTIMISATION HETHQns
T he  AF j o i n t l e s »  t r a c k  c i r c u i t  h a s  
b e e n  d e v e l o p e d  1 rom t h e  j o i n t e d  DC 
a n d  AC p o w e r  f r e q u e n c y  t r a c k  
c i r c u i t s  w h i c h  h a v e  b e e n  i n  u s e  f o r  
many  y e a r s .  I n  a d d i t i o n  t o  r a i s i n g  
t h e  c a r r i e r  f r e q u e n c y  t o  a u d i o  
l e v e l s ,  s i g n a l  m o d u l a t i o n  a n d
c o d i n g  h a v e  b e e n  i n t r o d u c e d  t o  
p r o v i d e  i m m u n i t y  f r o m  EMI a n d  f o r  
t r a c k - t o - t r a i n  d a t a  t r a n s m i s s i o n  
u s i n g  t r a i n - m o u n t e d  c a b  s i g n a l  
r e c e i v e r s .  T h e  u s e s  o f
m a t h e m a t i c a l  a n a l y s i s  a n d  e l e c t r i c  
c i r c u i t  s i m u l a t i o n  f o r  AF t r a c k  
c i r c u i t  d e s i g n  may  b e  r e g a r d e d  a s  
c o m p l e m e n t a r y  r a t h e r  t h a n
a l t e r n a t i v e ,  a s  s h o w n  b y  t h e
f o l l o w i n g  o p t i m a l  d e s i g n  
p r o c e d u r e .
3 . 1 .
m e t h o d
A n a l y t i c a l  m a t h e m a t i c a l
An y  r i g o r o u s  d e s i g n  o f  e l e c t r i c a l  
e q u i p m e n t  s h o u l d  f o l l o w  a  d e s i g n  
p r o c e d u r e  t h a t  y i e l d s  u n i q u e
o p t i m a l  r e s u l t s  f o r  a  g i v e n  
s p e c i f i c a t i o n .  A f o r m a l
d e s c r i p t i o n  o f  t h e  e q u i p m e n t
o p e r a t i o n  i s  r e q u i r e d  s o  t h a t  t h e  
d e s i g n  p r o b l e m  may  b e  e x p r e s s e d  a n d  
s o l v e d  a s  a  s e r i e s  o f  m a t h e m a t i c a l  
e q u a t i o n s .  I n  f o r m a l  m a t h e m a t i c a l  
l a n g u a g e ,  t h i s  may  b e  p r e s e n t e d  a s  
a  n o n l i n e a r  p r o g r a m m i n g  p r o b l e m  o f  
t h e  f o r m .
M i n i m i s e :
F ( X ) ,  x  =  ( x l t x 2 , . . . x n )
s u b j e c t  t o :
H j ( x )  = ( i  =  1 , 2 , . . m )  
G j ( x )  < 0 ( j = l , 2 ................ P )
F ( x )  i s  a  f u n c t i o n  o f  o p t i m a l  
d e s i g n  a c c o r d i n g  t o  t h e  c h o s e n  
c r i t e r i a ,  H ( x )  *  0 a n d  G ( x )  < 0 a r e  
f u n c t i o n a l  c o n s t r a i n t s  w h i c h  d e f i n e  
t h e  a l o g o r i t h m  o f  o p e r a t i o n  a n d  x  
i n c l u d e s  a d d i t i o n a l  c o n d i t i o n s .  
T h e  m e t h o d  h a s  b e e n  w i d e l y  a p p l i e d  
t o  e n g i n e e r i n g  s y s t e m  d e s i g n ,  f o r  
e x a m p l e  f o r  p o w e r  t r a n s f o r m e r s  [ 6 ] ,  
a n d  r e q u i r e s  b o t h  t h e  f u n c t i o n  a n d  
t h e  c r i t e r i a  o f  o p t i m i s a t i o n  t o  b e  
e x p r e s s e d  i n  t e r m s  o f  t h e  g e n e r a l  
d e s i g n  p a r a m e t e r s .
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p p l i e d  t o  t r a c k  c i r c u i t  d e s i g n ,  
( x )  a n d  G ( x ) d e f i n e  t h e  a r e a  o f  
x i s t e n c e  o f  t r a c k  c i r c u i t s  a n d  x  
r o v i d e s  a d d i t i o n a l  i n f o r m a t i o n ,  
o r  e x a m p l e  t h a t  t h e  l e n g t h  a n d  
e r m i n a t i o n  i m p e d a n c e  a r e
► o s i t i v e .  T h e  b a s i c  r e l a t i o n s  f r o m  
h e  f u n c t i o n  o f  o p t i m i s a t i o n  i n  t h e  
a s e  o f  t r a c k  c i r c u i t s  a r e  t h e  
l a t h e m a t i c a l  e x p r e s s i o n s  o f  t r a c k  
i r c u i t  a l g o r i t h m ,  w h i c h  i s  t h e  
r a c k  c i r c u i t  t r a n s f e r  f u n c t i o n  
j e t w e e n  • . t r a n s m i t t e r  a n d  r e c e i v e r  
o r  t h e  v a r i o u s  o p e r a t i o n a l  m o d e s  
s u c h  a s  t r a i n  d e t e c t i o n  a n d  b r o k e n  
r a i l  d e t e c t i o n ) .
T h i s  a n a l y t i c a l  m e t h o d  o f  t r a c k  
r i r c u i t  d e s i g n  a n d  s y n t h e s i s  h a s  
) e e n  a p p l i e d  a n d  f u l l y  d e v e l o p e d  
For  b o t h  AC p o w e r  f r e q u e n c y  a n d  DC 
: r a c k  c i r c u i t s  [ 2 ] .  T h e  p r i n c i p a l  
I d e a s  c a n  b e  e x t e n d e d  t o  t h e  d e s i g n  
p f  AF t r a c k  c i r c u i t s  p r o v i d e d  t h e  
a n a l y t i c a l  e x p r e s s i o n s  o f  t h e  t r a c k  
: i r c u i t  t r a n s f e r  f u n c t i o n  a r e
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Renown. T h e  a p p l i c a b i l i t y  o f  t h e
i s e t h o d  h a s  b e e n  d e m o n s t r a t e d  f o r  AF 
j t r a c k  c i r c u i t s  w i t h  a  c u r r e n t
r e c e i v e r  [ 7 ] -
T h e  a n a l y t i c a l  m e t h o d  i s  a  
f u n d a m e n t a l  t e c h n i q u e  t h a t  c a n  b e  
v e r y  e f f e c t i v e .  I t s  m a i n
d i s a d v a n t a g e  i s  t h a t  t h e  c o m p l e x i t y  
o f  t h e  a n a l y t i c a l  e x p r e s s i o n s  
^ i n c r e a s e s  f o r  s o p h i s t i c a t e d
^ s y s t e m s .  H o w e v e r ,  t h e  u s e  o f  m o r e  
p o w e r f u l  c o m p u t a t i o n a l  m e t h o d s  c a n  
^ o b v i a t e  t h i s  d i f f i c u l t y .
, 3 . 2 .
5
s i m u l a t i o n
E l e c t r i c a l  c i r c u i t
;I n  s i m u l a t i o n ,  a  p h y s i c a l  m o d e l  o f  
. t h e  s y s t e m  i s  d e v i s e d ,  e x p r e s s e d  a s  
fa n  e q u i v a l e n t  e l e c t r i c a l  c i r c u i t  
. a n d  s o m e  i n i t i a l  a p p r o x i m a t e  v a l u e s  
j a r e  a s s i g n e d  t o  t h e  c i r c u i t
[ c o m p o n e n t s .  A c o m p u t e r  p r o g r a m m e  
. t h e n  s o l v e s  t h e  c i r c u i t  u s i n g  o n e  
j o f  t h e  c l a s s i c a l  s o l u t i o n
t e c h n i q u e s .  B o t h  s t e a d y  s t a t e  a n d  
t r a n s i e n t  s o l u t i o n s  may  b e
o b t a i n e d ,  w i t h  p o s t - p r o c e s s i n g  
a c t i v i t i e s  g i v i n g  a d d i t i o n a l  
c i r c u i t  p r o p e r t i e s  s u c h  a s  h a r m o n i c  
p e r f o r m a n c e .  U s u a l l y ,  many
s i m u l a t i o n s  m u s t  b e  p e r f o r m e d  t o  
o b t a i n  t h e  p a r t i c u l a r  s e t  o f  
p a r a m e t e r s  w h i c h  e n s u r e  t h e  b e s t  
s y s t e m  p e r f o r m a n c e .
A p p l i e d  t o  AF t r a c k  c i r c u i t  d e s i g n ,  
t h e  p r o b l e m  i s  t o  c r e a t e  a n  
a c c u r a t e  p h y s i c a l  m o d e l ,  t a k i n g  
a c c o u n t  o f  b o t h  d i s c r e t e  c o m p o n e n t s  
i n  t h e  t e r m i n a t i o n s  a n d  d i s t r i b u t e d  
c o m p o n e n t s  i n  t h e  t r a c k  a n d  
g r o u n d .  A s i g n i f i c a n t  d i f f i c u l t y  
i s  i n  o b t a i n i n g  a c c u r a t e  d a t a  f o r  
t h e  d i s t r i b u t e d  p a r t s  o f  t h e  m o d e l .
3 . 3 .
m o d e l s
C o m p a r i s o n  a n d  n e c e s s a r y
T he  e f f e c t i v e n e s s  o f  e a c h  o f  t h e  
a b o v e  m e t h o d s  o f  t r a c k  c i r c u i t  
d e s i g n  d e p e n d s  o n  t h e  t r a c k  c i r c u i t  
m o d e l  o n  w h i c h  i t  o p e r a t e s .  T h e  
a n a l y t i c a l  m o d e l ,  i f  d e v e l o p e d  o n  
t h e  b a s i s  o f  v e r s a t i l i t y ,  i s  a  
p o w e r f u l  t o o l  f o r  t h e  a n a l y s i s  a n d  
s o l u t i o n  o f  g e n e r a l  p r o b l e m s  o f  AF  
t r a c k  c i r c u i t  d e s i g n .  F o r  c o m p l e x  
p r o b l e m s ,  s u c h  a s  t h e  p r e d i c t i o n  o f  
p a r a l l e l  t r a c k  c r o s s t a l k  a n d  
t r a c t i o n  g e n e r a t e d  EM I ,  i t  i s  
l i k e l y  t o  b e  t o o  c o m p l i c a t e d  i n  i t s  
u s e .  F o r  s u c h  c a s e s ,  a  s i m u l a t i o n  
m o d e l  o f  a n  e q u i v a l e n t  p h y s i c a l  
r e p r e s e n t a t i o n  o f  t h e  t r a c k  t o
g r o u n d  s y s t e m  w i t h  d a t a  b a s e d  o n  
e x p e r i m e n t  a n d  s o l u t i o n  b y  c o m p u t e r  
may b e  a p p r o p r i a t e .  T h e  s i m u l a t i o n  
m e t h o d  i s  f l e x i b l e  a n d
s t r a i g h t f o r w a r d  t o  i m p l e m e n t .  I t
i s  m o s t  c o n v e n i e n t  t o  u s e  w h e n  t h e  
a r e a s  o f  e x i s t e n c e  a n d  a  c r u d e  
o p t i m i s a t i o n  h a v e  a l r e a d y  b e e n
a c h i e v e d  b y  t h e  a n a l y t i c a l  m e t h o d .  
T h i s  i m p l i e s  t h a t  s i m u l a t i o n  s h o u l d
m a i n l y  b e  u s e d  t o  i m p r o v e  a n
e x i s t i n g  d e s i g n .
4 MODELLING AF TRACK CI RCU IT S
WITH A CIRCUIT SIMULATION PACKAGE
P h y s i c a l  s y s t e m s  m u s t  b e  
r e p r e s e n t e d  a s  e q u i v a l e n t
e l e c t r i c a l  c o m p o n e n t s  f o r  t h e i r  
s o l u t i o n  i n  c i r c u i t  s i m u l a t i o n
p a c k a g e s .  The  e x a c t  r e p r e s e n t a t i o n  
d e p e n d s  o n  t h e  p a r t i c u l a r  p a c k a g e  
u s e d ,  b u t  so m e  g e n e r a l  p r i n c i p l e s  
w i l l  a p p l y  i r r e s p e c t i v e  o f  t h e  
p a r t i c u l a r  s o l u t i o n  t e c h n i q u e
e m p l o y e d .  T h e  f o l l o w i n g
d e s c r i p t i o n  i s  g i v e n  i n  g e n e r a l
t e r m s ,  w i t h  a d d i t i o n a l  d e t a i l s  a s
n e c e s s a r y  a p p l i e d  t o  t h e
W e s t i n g h o u s e  F S 2 0 0 0  AF j o i n t l e s s  
t r a c k  c i r c u i t  a n d  t h e  c i r c u i t
s i m u l a t i o n  p a c k a g e  EMTDC.
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<4.1 .  M a i n  f e a t u r e s  c f  t h e
p a c k a g e  EMTDC
EMTDC i s  a  d i s c r e t e  v e n t
s i m u l a t i o n  p a c k a g e ,  o r i g j  i a l l y  
i n t e n d e d  f o r  p o w e r  s / s t e m
m o d e l l i n g .  I t  f u n c t i o n s  i i  t h e
t i m e  d o m a i n  b y  m o d e l l i n g  t h e
d y n a m i c  o p e r a t i o n  o f  e l e c t r i c  
c i r c u i t s  w i t h  a  f i x e d  n u m b e r  o f  
o d e s .  I t  i s  p o s s i b l e  t o  m a k e  
d y n a m i c  c h a n g e s  i n  t h e  c i r c u i t  
t o p o l o g y  t h r o u g h  t h e  i n s e r t i o n  o f  
s w i t c h e s  * . i n  t h e  m o d e l .  T he
s o l u t i o n  p r o c e e d s  b y  c r e a t i n g  n o d a l  
f o l t a g e  e q u a t i o n s  t o  b u i l d  u p  
p i r c u i t  a d m i t t a n c e  m a t r i x .  S p e c i a l  
u b r o u t i n e s  a r e  a v a i l a b l e  f o r
e m i c o n d u c t o r s  a n d  n o n l i n e a r  
u n c t i o n s  a n d  u s e r - w r i t t e n  d y n a m i c  
n d  o u t p u t  s u b r o u t i n e s  may  b e
r o v i d e d .  A c c e s s  t o  t h e  s o u r c e  
o d e  i s  a v a i l a b l e .
. 2  R a i l  t r a c k  m o d e l l i n g
:ie p a c k a g e  a l l o w s  b o t h  d i s c r e t e  
f r a p o n e n t  a n d  d i s t u r b e d  c i r c u i t s  t o  
s o l v e d .  T h i s  m e a n s  t h a t  t h e
[ i l  t r a c k  s e c t i o n  o f  t h e  t r a c k  
?r c u i t  m ay  b e  m o d e l l e d  b y  
^ s t r i b u t e d  p a r a m e t e r  t r a n s m i s s i o n  
^nes  o r  d i s c r e t e  c o m p o n e n t  l u m p e d  
e m e n t a r y  c i r c u i t s  i n  c a s c a d e ,
e  l a t t e r  r e q u i r e s  c h o i c e  o f  t h e  
j a p e d  s e c t i o n  l e n g t h .  T h e  o p t i m u m  
f l e l  c h o i c e  d e p e n d s  o n  t h e  
p l i c a t i o n  a n d  r e q u i r e m e n t s  o f  t h e  
s i c a l  m o d e .  F o r  i n s t a n c e ,  w h e r e  
b a l a n c e d  t w o - w i r e  l i n e  i s  
f i c i e n t ,  f o r  e x a m p l e  s h o r t  r a i l  
^ g t h s  w i t h i n  t h e  t u n e d
: m i n a t i o n  a r e a s ,  a  l u m p e d
| p o n e n t  m o d e l  w i l l  s u f f i c e ,  
( e v e r ,  o n  l o n g  o p e n  l i n e  s e c t i o n s  
^h p a r a l l e l  s i g n a l  a n d  t r a c t i o n  
r.er c a b l e s ,  t h e  t r a n s m i s s i o n  l i n e
ro ac h m u s t b e u s e d  f o r
j p u t a t i o n a l  e f f i c i e n c y .  T h e s e  
e r n a t i v e  r a i l  l i n e  m o d e l s  a r e  
p s t r a t i o n  i n  F i g u r e  1 ,  w i t h  t h e  
u a l  t r i a l  d i t a  u s e d  s h o w n  i n  
e  1 .
v a l u e  o f  u s i n g  a  t r a n s m i s s i o n  
m o d e l  o f  t h e  t r a c k  b e c o m e s  
r e n t  w h e n  t h e  p h y s i c a l  n a t u r e  
i t h e  t r a n s m i s s i o n  s y s t e m  i s  
i n e d .  E v e n  f o r  a  s i n g l e  t r a c k  
S n o  e l e c t r i f i c a t i o n  o r  p a r a l l e l  
)al  o r  c o m m u n i c a t i o n s  c a b l e s ,  
c o n c e p t  o l  a t w o - c o n d u c t o r
t r a n s m i s s i o n  l i n e  o v e r  a  c o n d u c t i v e  
e a r t h  s u r f a c e  m u s t  b e  i n v o k e d .  
T h i s  i s  b e c a u s e  a s y m m e t r i e s  i n  t h e  
l i n e ,  s u c h  a s  t h o s e  c a u s e d  by  
b r o k e n  r a i l s ,  w i l l  c r e a t e
i m b a l a n c e ,  s o  n e c e s s i t a t i n g  t h e  
c o n s i d e r a t i o n  o f  . t h e  i n d i v i d u a l  
t r a n s m i s s i o n  m o d e s  [ 8 ] .  I t  i s  
s t r a i g h t f o r w a r d  t o  e x t e n d  t h e  m o d e l  
t o  a  g e n e r a l  r a i l  t r a c t i o n  a n d  
s i g n a l l i n g  n e t w o r k  u s i n g  t h e  
c o n c e p t  o f  a  m u l t i c o n d u c t o r  
t r a n s m i s s i o n  l i n e  o v e r  a  c o n d u c t i v e  
e a r t h .  T h e  d e f i n i t i o n  a n d
d e t e r m i n a t i o n  o f  t h e  m o d e l  
e q u i v a l e n t  c o m p o n e n t s ,  h o w e v e r ,  i s  
a  n o n - t r i v i a l  t a s k ,  f o r  w h i c h  so m e  
e x p e r i m e n t a t i o n  i s  u s u a l l y
n e c e s s a r y .
A.3
EMTDC
P r a c t i c a l  d e t a i l s  o f  u s i n g
T h e  d a t a  r e q u i r e d  b y  t h e  EMTDC 
p a c k a g e ,  f o r  r a i l  s y s t e m s
m o d e l l i n g ,  i s  s t r u c t u r e d  t o  s u i t  
m o d a l ,  t i m e  d o m a i n  o p e r a t i o n .  Key  
i n f o r m a t i o n  i n c l u d e s  p o w e r
f r e q u e n c y ,  s i g n a l l i n g  f r e q u e n c y ,  
g r o u n d  mo d e  s h a p i n g  t i m e  c o n s t a n t  
a n d  m e t a l l i c  m o d e  s t e e p  f r o n t  
s h a p i n g  f a c t o r .  F o r  e a c h
t r a n s m i s s i o n  l i n e  m o d e ,  t h e  p a c k a g e  
a l s o  r e q u i r e s  t r a v e l l i n g  t i m e ,  
c h a r a c t e r i s t i c  i m p e d a n c e ,
r e s i s t a n c e  p e r  u n i t  t r a c k  l e n g t h  a t  
b o t h  p o w e r  a n d  s i g n a l l i n g  
f r e q u e n c i e s  a n d  t h e  r o w  o f  t h e  
c u r r e n t  m o d a l  t r a n s f o r m a t i o n
m a t r i x .  I n  t h e  c a s e  o f  a n  e x i s t i n g  
t r a c k ,  m o s t  o f  t h e  d a t a  c a n  b e
d e t e r m i n e d  f r o m  m e a s u r e m e n t .  W h e re  
t h e  s i m u l a t i o n  i s  t o  b e  u s e d  a h e a d  
o f  t h e  c o n s t r u c t i o n  o f  t h e  r a i l w a y ,  
f o r  e x a m p l e  i n  t e n d e r i n g  o r
f e a s i b i l i t y  s t u d i e s ,  EMTDC p r o v i d e s  
a  u t i l i t y  p r o g r a m m e  f o r  m o d a l  
e v a l u a t i o n  o f  t h e  t r a n s m i s s i o n  l i n e  
( E M T T L ) . T h e  e x a m p l e  t r a n s m i s s i o n  
l i n e  d a t a  g i v e n  i n  T a b l e  1 w a s
e v a l u a t e d  u s i n g  EMTTL a c c o r d i n g  t o  
t h e  b a s i c  t r a n s m i s s i o n  l i n e  m o d e l  
o f  F i g u r e  1 .  The  d a t a  i n  t h e  t a b l e  
i s  b a s e d  o n  a  t r a c k  g a u g e  o f  1 . 4 3 5  
m a n d  f l a t - b o t t o m  r a i l  r u n n i n g
r a i l .  The  e v a l u a t i o n  o f  t h e
m a t e r i a l  p r o p e r t i e s  o f  t h e  r a i l  a s  
w e l l  a s  t h e  i n f o r m a t i o n  n e e d e d  f o r  
c o r r e c t  b a l l a s t  a n d  s o i l
r e p r e s e n t a t i o n  may b e  f o u n d  i n  
r e f e r e n c e s  ( 9  -  1 1 ] .
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' h e  n u m b e r  o f  l i n e  s e c t i o n s  i s  
L i m i t e d  b y  t h e  a r r a y  d i m e n s i o n i n g ,  
a l t h o u g h  t h e  n u m b e r  o f  l i n e  
s e c t i o n s  m a y  b e  i n c r e a s e d  f r o m  t h e  
l e f a u l t  v a l u e  o f  t e n ,  c o m p u t e r  
l e m o r y  o f t e n  p r o v i d e s  a  p r a c t i c a l  
L i m i t a t i o n .  R e l a t i n g  t o  t h i s  i s  
;h e  c o n s i d e r a t i o n  o f  l i n e  s e c t i o n  
e n g t h ,  e s p e c i a l l y  w h e r e  s h o r t  a n d  
. o n g  l e n g t h s  a r e  t o  b e  u s e d  i n  t h e  
;arae c i r c u i t .  A c o n f l i c t  a r i s e s
rhen  v e r y  s h o r t  l i n e  l e n g t h s  o c c u r  
,n t h e  s a m e  m o d e l  a s  r e l a t i v e l y  
, o n g  l e n g t h s ,  f o r  e x a m p l e  w h e n  a
u n e d  a r e a  i s  m o d e l l e d  i n  
: o n j u n c t i o n  w i t h  a  1 km l o n g  t r a c k  
l i r c u i t ,  w h e n  t h e  t r a v e l l i n g  t i m e
o r  t h e  t w o  l i n e  s e c t i o n s  w i l l  b e  
e r y  d i f f e r e n t .  T h e  r e s t r i c t i o n  
h e n  e x i s t s  t h a t  t h e  t i m e  s t e p  
a l u e  o f  t h e  s i m u l a t i o n  m u s t  b e  
m a l l  e n o u g h  t o  c o r r e c t l y  m o d e l  t h e  
h o r t  s e c t i o n .  T h i s  i m p l i e s  t h a t  
h e  l o n g  s e c t i o n  w i l l  h a v e  m an y  
i m e  s t e p s  a s s o c i a t e d  w i t h  i t .  
l t h o u g h  t h e  m a x i m u m  ( d e f a u l t )  o f  
s t e p s  p e r  l i n e  s e c t i o n  c a n  b e  
c r e a s e d ,  a g a i n  c o m p u t e r  h a r d w a r e  
^ i m i t a t i o n s  may  i m p o s e  a  p r a c t i c a l  
| i m i t .  A n  a l t e r n a t i v e  s o l u t i o n  i s  
p  u s e  d i s c r e t e  c o m p o n e n t s  t o  m o d e l  
h e  l i n e  s e c t i o n .  H o w e v e r ,  w h e n  
p l t i p l e  l i n e s  a r e  t o  b e  s i m u l a t e d ,  
h i s  c a n  b e c o m e  a  c i r c u i t  a n a l y s i s  
r o b l e m .
p r a c t i c a l  a d v a n t a g e  o f  u s i n g  
r a n s m i s s i o n  l i n e s  i s  t h a t  t h e y  
o v i d e  a n  e x t r e m e l y  s i m p l e  
i t e r f a c e  b e t w e e n  s u b s y s t e m s  o f  t h e  
• d e l .  A s  a  s u b s y s t e m  d e f i n e s  t h e  
i d e s  a s s o c i a t e d  w i t h  a  p a r t i c u l a r  
I m i t t a n c e  m a t r i x ,  i f  t h e  n u m b e r  o f  
d e s  i n  a  s u b s y s t e m  i s  s m a l l  a n d
n o d e s
i t e r c o n n e c t e d ,
|me i s  r e d u c e d  
| n s e ,  r a t h e r  
f a r s e ,  m a t r i c e s
a r e  h i g h l y
t h e  c o m p u t a t i o n  
s i n c e  s m a l l  a n d  
t h a n  l a r g e  a n d
a r e  f o r m e d .  I n
i t i o n ,  w h e n  s w i t c h i n g  o c c u r s ,  a s  
t h e  c a s e  o f  t h e  s i m u l a t i o n  o f  
a i n  a x l e  m o v e m e n t ,  t h e  m a t r i x  
i c h  c o n t a i n s  t h e  n o d e s  o f  t h e  
i t c h  h a s  t o  b e  i n v e r t e d  ( o n c e  f o r  
h  s w i t c h  o p e r a t i o n ) .  E f f i c i e n t  
i m p u t a t i o n  r e q u i r e s  t h a t  s u c h  a  
t r i x  i s  s m a l l  a n d  t h i s  i s  
l i e v e d  b y  d i v i d i n g  s u c h  m o d a l
l ea s  i n t o  s u b s y s t e m s .
4 .  4 T r a c k  c i r c u i t  e q u i p m e n t
m o d e l l i n g
G e n e r a l l y ,  t h e  t r a c k  c i r c u i t  
t r a n s m i t t e r  a n d  r e c e i v e r  may  b e  
m o d e l l e d  f o r  i n c o r p o r a t i o n  i n  t h e  
p a c k a g e  u s i n g  a  d i s c r e t e  c o m p o n e n t  
r e p r e s e n t a t i o n .  N o r m a l l y ,  o n l y  t h e  
s i g n a l  p o w e r  o u t p u t  s t a g e  n e e d s  t o  
b e  t a k e n  i n t o  c o n s i d e r a t i o n .  So me  
c o m p o n e n t s ,  f o r  e x a m p l e  t h e  t r a c k
f e e d  t r a n s f o r m e r ,  ma y  h a v e  t o  b e
l a b o r a t o r y  t e s t e d  t o  r e v e a l  t h e  
l i n e a r i s e d  e q u i v a l e n t  c o m p o n e n t s  
n e c e s s a r y  f o r  t h e  m o d e l .  W h e r e  
c a b l i n g  p a r a l l e l s  t h e  t r a c k ,  
c o u p l i n g  a n d  s c r e e n i n g  c o e f f i c i e n t s  
h a v e  t o  b e  e v a l u a t e d  a n d  
i n c o r p o r a t e d  i n  t h e  m o d e l .  F i g u r e  
2 s h o w s  t h e  d i s c r e t e  c o m p o n e n t
m o d e l s  o f  t h e  t r a c k
t r a n s m i t t e r / r e c e i v e r ,  t o g e t h e r  w i t h  
t h e  s e c t i o n s  o f  t h e  t r a c k  c i r c u i t  
t o  w h i c h  t h e y  a r e  c o n n e c t e d .
4 . 5  M o d e l l i n g  t h e  t r a c k
c i r c u i t  o p e r a t i o n a l  m o d e s
O n c e  t h e  s i m u l a t i o n  i s  s e t  u p ,  
v a r i o u s  m o d e s  o f  o p e r a t i o n  m ay  b e
m o d e l l e d ,  i n c l u d i n g  t h e  t r a i n  s h u n t  
m o d e  a n d  t h e  b r o k e n  r a i l  m o d e .  T h e  
m o d e l l i n g  t e c h n i q u e  i s  t o
i n c o r p o r a t e  s w i t c h e s  a t  v a r i o u s  
l o c a t i o n s  i n  t h e  c o m p l e t e  c i r c u i t
m o d e l .  I n  a d d i t i o n  t o  t h e
c o n s i d e r a t i o n s  o f  s e c t i o n  4 . 3 ,  t h e
c h o i c e  b e t w e e n  t r a n s m i s s i o n  l i n e
a n d  l u m p e d  c i r c u i t  m o d e l  f o r  e a c h  
a p p l i c a t i o n  m u s t  a l s o  r e f l e c t  t h e  
e a s e  w i t h  w h i c h  t r a i n  m o v e m e n t  a n d  
b r o k e n  r a i l  s i m u l a t i o n  c a n  b e
c a r r i e d  o u t .  F i g u r e  3 s h o w s  t h e  
f a c i l i t i e s  n e c e s s a r y  f o r  t h e
s i m u l a t i o n  o f  t h e  t r a i n  s h u n t  
o p e r a t i o n  m o d e ,  t h e  b r o k e n  r a i l
m o d e  a n d  f o r  t r a i n  s h u n t i n g  o v e r  
t h e  t u n e d  t e r m i n a t i o n  a r e a  o f  t h e  
t r a c k  c i r c u i t .
5  TRACK CIRCUIT DESIGN BY EMTDC
SIMULATION
5 . 1  R u n n i n g  t h e  s i m u l a t i o n
p r o g r a m m e
T h e  p r o c e s s  o f  d e s i g n i n g  t r a c k
c i r c u i t s  by  t h e  m e t h o d  o f  d i r e c t  
s i m u l a t i o n  r e q u i r e s  r e p e a t e d  
s i m u l a t i o n  o f  t h e  c i r c u i t  
p e r f o r m a n c e  f o r  a n u m b e r  o f  s t a t i c  
o r  d y n a m i c a l l y  c h a n g i n g  o p e r a t i n g
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c o n d i t i o n s ,  a n d  f o r  v a r y i n g  v a l u e s  
p f  t h e  d e s i g n  p a r a m e t e r s .  Many  
p i m u l a t i o n s  a r e  t h e r e f o r e  n o r m a l l y  
R e q u i r e d  t o  c h e c k  t h e  c o r r e c t
f u n c t i o n i n g  o f  a  t r a c k  c i r c u i t
[ i n d e r  d e s i g n  w i t h  a l l  p o s s i b l e  
o p e r a t i n g  c o n d i t i o n s  a n d  t o  f i n d  
f h e  o p t i m a l  d e s i g n  a c c o r d i n g  t o  t h e  
j j i v e n  c r i t e r i a .
f o  c a r r y  o u t  t h e  d e s i g n ,  a
p r o c e d u r e  m u s t  b e  e s t a b l i s h e d  f o r  
d e t e r m i n i n g  t h e  o r d e r  o f
S i m u l a t i o n s ' .  T h e  o b j e c t i v e  i s  t o
p n s u r e  t h a t  t h e  s o l u t i o n  o b t a i n e d  
p i l l  b e  o p t i m a l  i n  a  m a t h e m a t i c a l  
s e n s e  a n d  a l s o  o b t a i n e d  u s i n g  a  
a i n i m u m  o f  c o m p u t e r  r e s o u r c e s  
[ c o m p u t a t i o n  t i m e  a n d  m e m o r y ) .  As  
:h e  a r e a  i n  w h i c h  t h e  s o l u t i o n  c a n  
>e f o u n d  i s  i n i t i a l l y  l a r g e  a n d  t h e  
lu m b e r  o f  s i m u l a t i o n s  r e q u i r e d  t o  
o l v e  t h e  p r o b l e m  i s  v e r y  h i g h ,  t h e  
i r o c e d u r e  m u s t  b e  i n c o r p o r a t e d
i t h i n  a  c o n t r o l  p r o g r a m m e .  T h i s  
r o g r a m m e  ( t h e  T r a c k  C i r c u i t  D e s i g n  
r o g r a m m e ,  TCDP) p e r f o r m s  t w o  m a i n  
a s k s :
I t  c o n t r o l s  t h e  s e a r c h  f o r  t h e  
s o l u t i o n  t h r o u g h  t h e  s p e c i f i e d
a r e a  b y  s p e c i f y i n g  t h e  i n p u t
c o n d i t i o n s  f o r  e v e r y  s i n g l e  
s i m u l a t i o n
I t  s t o r e s  a n d  p r o c e s s e s  t h e  
o u t p u t  d a t a  f r o m  a l l  
s i m u l a t i o n s  i n  o r d e r  t o  
d e t e r m i n e  w h i c h  s e t  o f  d e s i g n  
| p a r a m e t e r s  : s  a  s o l u t i o n  o f  t h e  
i p r o b l e m  an d  w h i c h  i s  t h e
| o p t i m u m  s o l u t i o n .
!
I
k g e n e r a l ,  TCDP s o l v e s  t h e  
i n l i n e a r  p r o g r a m m i n g  p r o b l e m
I s c r i b e d  i n  s e c t i o n  3 . 1 .  T h e  
o g r a m m e  i t s e l f  i s  n o t  d e s c r i b e d  
r e  a n d  t h e  s i m u l a t i o n  r e s u l t s  
e s e n t e d  b e l o w  a r e  f o r  o n l y  o n e  
m p l e  s e t  o f  s i m u l a t i o n s  c a r r i e d  
I t  w i t h i n  TCDP.
2 S i m u l a t i o n  r e s u l t s
m u l a t i o n s  h a v e  b e e n  p e r f o r m e d  t o  
d e l  t h e  o o e r a t i o n  o f  a  
j s t i n g h o u s e  F S 2 0 0 0  AF j o i n t l e s s  
jack c i r c u i t  w i t h  a  c a r r i e r  
j e q u e n c y  o f  A . 01 k H z .  T h e  i n i t i a l  
j m u l a t i o n s  u s e i  a  s i n g l e  t r a c k
| d e l  w i t h  n o  p a r a l l e l
I
e l e c t r i f i c a t i o n  o f
s i g n a l l i n g / c o m m u n i c a t i o n s  c a b l e s .  
O n l y  t h e  c a r r i e r  f r e q u e n c y  w a s  
c o n s i d e r e d  i n  t h e  s i g n a l  
t r a n s m i t t e r .  T h e  s i m u l a t i o n
r e s u l t s  a r e  p r e s e n t e d  i n  F i g u r e s  
4 - 6 .  T h e s e  a r e  n o n  o p t i m a l  i n  t h e  
s e n s e  t h a t  t h e y  w e r e  o b t a i n e d  w i t h  
n o m i n a l  t r a c k  a n d  t r a c k  c i r c u i t  
d a t a .
T h e  t r a i n  s h u n t  o p e r a t i o n  mo de  
r e s u l t  o f  F i g u r e  A s h o w s  t h e  
r e c e i v e r  v o l t a g e  g a i n  a s  t h e  t r a i n  
p r o c e e d s  a l o n g  t h e  s e c t i o n .  T he  
b r o k e n  r a i l  mod e  o f  o p e r a t i o n  i s  
s h o w n  i n  F i g u r e  5 ,  w i t h  t h e  b r o k e n  
r a i l  p o s i t i o n  a l o n g  t h e  t r a c k  
c i r c u i t  a s  t h e  s e c o n d  v a r i a b l e .
T h e  t r a c k  c i r c u i t  r e c e i v e r  v o l t a g e
g a i n  i s  a n  o r d e r  o f  m a g n i t u d e  l o w e r  
t h a n  t h a t  i n  t h e  t r a i n  s h u n t  mode
b e c a u s e  o f  t h e  l o w  c o n d u c t i o n  p a t h  
p r o v i d e d  b y  t h e  t r a c k  a d m i t t a n c e .
O p e r a t i o n a l  c o n d i t i o n s  i n  t h e  t u n e d  
t e r m i n a t i o n  a r e a  a r e  c r i t i c a l  f o r  
t h e  d e s i g n  o f  t h e  o v e r l a p  r e g i o n  
b e t w e e n  a d j a c e n t  t r a c k  c i r c u i t s .
S i m u l a t i o n  r e s u l t s  f o r  t h e  t r a i n
s h u n t  mod e  i n  t h i s  c a s e  a r e  s h o w n  
i n  F i g u r e  6 . T h e  r e s u l t s  i n d i c a t e
t h a t  t h e  e x a c t  t r a c k  c i r c u i t
r e s o l u t i o n  l e n g t h  i s  d e t e r m i n e d  b y  
t h e  e q u i v a l e n t  c o m p o n e n t  v a l u e s  i n  
t h e  d o u b l e  c i r c u i t  b o n d  a r e a .
6 CONCLUSIONS
A f o r m a l  d e s i g n  p r o c e d u r e  f o r
AF t r a c k  c i r c u i t s  h a s  b e e n  
p r o p o s e d  c o n s i s t i n g  o f  i n i t i a l  
d e t e r m i n a t i o n  o f  t h e  a r e a  o f
e x i s t e n c e  u s i n g  l i n e a r
p r o g r a m m i n g ,  f o l l o w e d  b y
o p t i m a l  d e s i g n  w i t h  a  c i r c u i t
s i m u l a t i o n  p a c k a g e .
- I n  a  p r a c t i c a l  d e s i g n  
p r o c e d u r e ,  a n  a d d i t i o n a l
u s e r - d e f i n e d  s h e l l  w o u l d  b e  
r e q u i r e d  w h i c h  c a l l s  t h e
c i r c u i t  s i m u l a t i o n  p r o g r a m m e  a s  
a  s u b r o u t i n e .  T h i s  r o u t i n e  
s h o u l d  t a k e  i n t o  a c c o u n t  t h e  
c i r c u i t  t o p o l o g y  w h i c h
c h a n g e s  w i t h  t r a i n  a n d / o r  
b r o k e n  r a i l  p o s i t i o n .
A d d i t i o n a l  d a t a  m a n i p u l a t i o n  i s  
a l s o  n e c e s s a r y  t o  r e c o g n i s e  
o p t i m a l i t y  i n  t h e  s o l u t i o n .
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T he  r a i l  t r a c k  s h o u l d  b e
r e p r e s e n t e d  i n  t h e  c i r c u i t  
s i m u l a t i o n  b y  a  m u l t i c o n d u c t o r  
l i n e  o v e r  a  w e a k l y  c o n d u c t i n g  
e a r t h  p l a c e ,  i n  o r d e r  t o
a c h i e v e  a  r e a l i s t i c  m o d e l  o f  
a s y m m e t r i c  c o n d i t i o n s  i n  t h e
r u n n i n g  r a i l s .  A d i s c r e t e
c o m p o n e n t  r e p r e s e n t a t i o n  i s
a d e q u a t e  f o r  t h e  t u n e d  a r e a s .
The  r e p r e s e n t a t i o n  o f  m o v i n g  
t r a i n  s h u n t s  a n d  v a r i a b l e  
b r o k e n  r a i l  p o s i t i o n s  c a n  b e
a c h i e v e d  b y  c l o s i n g  s w i t c h e s  i n  
t h e  m o d e l  a t  d i s c r e t e  t i m e  
i n t e r v a l s  d u r i n g  r u n  t i m e .
T h e  e x a m p l e  s i m u l a t i o n s
p r e s e n t e d  i n c l u d e  t h e  s h u n t  a n d
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Fig. 1. Track model as  discrete component & tra n sm iss io n  line representation
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Fig. 3. Simulation circuit model
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A b stra ct -  N onlinearity  in the internal se lf-im p ed a n ce  
ailroad  ra il can g iv e  r is e  to  pow er frequency harm onics 
fa c tio n  s y s te m s . Lim iting c a se  analytical m odels of rail 
£dance, b a sed  on lin ear com plex perm eab ility  and 
|a le te  sa tu ra tio n , are  com pared  with m easu rem en ts for  
jents to  800A  and fr eq u e n c ie s  to  10 kHz. The r e su lts  
f  that for  a ccu ra te  rep resen ta tio n  an e f fe c t iv e  
tneablllty o f the m ater ia l m ust be defined by prior  
telling o f the ed d y  cu rren t flux d istribution  within the  
I iron. The usual assum ption of rail internal 
fim pedance  invarian ce w ith  current is shown to  be 
ja lis tic .
i INTRODUCTION
■ In A C -e lec tr if ied  r a ilw a y s , e le c tr ic  pow er is  d e liv ered  
n tra n sform er su b s ta tio n s  via overhead  ca ten ary  and 
irned through the running r a ils  to  e le c tr ica l connections  
i return  fe ed er  c a b les  or  a u to tran sform ers. The 
:tlon pow er tra n sm iss io n  sy s te m  co m p r ises the  
snary, auxiliary  fe e d e r , retu rn  conductor and rail track, 
tr ica lly , th is fo rm s a coupled m ulticonductor  
e m is s io n  line, the behaviour o f which Is d escr ib ed  by a 
r ix  equation re la tin g  the phase v o lta g es  Vj to  the line 
'en ts  Ij, a s fo llow s:
djVj] = [ZjjHIj]. (1)
dx
his equation, the c o e f f ic ie n ts  o f the sy s te m  im pedance  
r lx  are diagonal te rm s Zjj, the se lf-im p ed a n ce  of each  
ductor I w ith earth  retu rn , and off-d iagonal term s Zjj, 
mutual im pedance b e tw e en  conductors I and J w ith earth  
jrn. The se lf- im p ed a n c e  te rm s are the sum o f ex terna l 
internal im pedances. The form er are functions mainly 
:1rcult g eo m etry , but the la tte r  are determ ined  by the  
: within the rail iron. They depend on the exc ita tio n  
rent and freq uency , and are  so u rces  of nonlinearity in 
pow er tran sm ission  path.
The e le m en ts  o f  th e  track im pedance m atrix  are  
wired as data for  s y s te m  sim ulation stu d ies , the 
sc t iv e s  of which are to  m odel en erg y  flow , pow er su pp ly / 
lal in ter feren ce  and harm onic e f fe c ts .  Harmonic 
r en ts  g en era ted  by rail non linearitfes can propagate  
k into the pow er s y s te m  and couple with com m unications 
'! track signalling c ir c u its . They can cause pow er supply  
blem s such as netw ork d isto r tio n , line resonance, and
pow er factor  d eter io ra tio n , and are a lso  im portant for fault 
condition and transien t s tu d ies .
In m ost sim ulation s tu d ie s  rep o rted  in the litera tu re , 
rail internal se lf-im p ed a n ce  is  tr ea te d  as an analytic  
function with value equal to  the Im pedance of an equivalent 
circu lar conductor. Rail iron p erm eab ility  is  tr e a te d  a s a 
constan t [1,2], so  both r e s is ta n c e  and inductance are  
assum ed constant w ith AC cu rren t. The internal inductance  
red u ces  and the r e s is ta n c e  r is e s  w ith freq uency  due to  flux  
red uction  and red istrib u tion  w ithin the iron from  the skin 
e f fe c t .  In the s tea d y  s ta te ,  the ex tern a l se lf-in d u cta n ce  is  
usually considered  to  dom inate the internal se lf-in d u cta n ce
[2], the form er being app roxim ated  with su ffic ien t accuracy  
using the Carson-Pollaczek equations assum ing the earth  to  
have a fin ite, constant co n d u ctiv ity . Stanek e t  al [3], 
h o w ev er, show that for  tra n sien t stu d ies , the rail internal 
se lf-im p ed a n ce  may be sign ifican t com pared with the  
e x tern a l com ponent, and that the nature of fault tra n sien ts  
in d ica tes that knowledge o f i t s  im pedance variation  with  
cu rren t and frequency is  e s se n t ia l for su ccessfu l m odelling  
of tra ction  fault cu rren ts . Significant Im pedance change  
o ccu rs from  the e f fe c t s  o f satu ration  and h y s te r e s is  in the  
rail iron, both phenom ena m odifying rail en erg y  lo s s e s  and 
r e a c t iv e  pow er flow . H olm strom  [4] has s ta te d  that rail 
h y s te r e s is  may g iv e  r is e  to  interm odulation d isto r tio n  in 
pow er and audio freq uency  track signalling s y s te m s .
The problem  of th e  determ ination  o f rail 
se lf-im p ed a n ce  is  con cerned  w ith the a n a ly sis o f pow er  
freq uency  m agnetic s y s te m s . The litera tu re  on th is  subject 
has concen trated  on m odelling satu ration  and h y s te r e s is  
e f fe c t s  in e le c tr ica l m achines and tra n sfo rm ers by  
a ccu rate  field  com putational tech n iques. T hese applications  
do not in general deal w ith m agnetic condu ctors but the  
analytic  m ethods can s t il l  be used  w ith advantage. Burais
[5], for  exam ple, d e m o n stra te s  a technique to  sep a ra te  
h y s te r e s is  from  eddy curren t lo s s e s  for a non -orien ted  
m ateria l s te e l  p late  taking Into account satu ration . The 
m ethod com bines the fin ite  e lem en t technique for sp ace , and 
fin ite  d ifferen ce  for  tim e  d iscre tiza tio n . A sim ilar problem  
is  approached in a d ifferen t w ay by Labridls [6] who 
a ssu m es an equivalent f ic t it io u s  m ateria l w ith r e la tiv e  
perm ea b ility  constant in tim e but variab le  in sp ace , and 
re la te d  to  the saturation  B-H cu rve  by a s to r ed  m agnetic  
c o -e n e r g y  d en sity . The e f fe c t  o f harm onic f lu x es has a lso  
been  eva lu ated  num erically  for  tran sform er  c o r e s , and Hsu
[7] sh ow s that iron lo ss  can be red uced  for  satu rated  
cond itions w here h y s te r e s is  lo s s  is  large.
The m odelling o f internal im pedance in an irreg u la r-  
shaped ferrom agnetic  condu ctor such as railroad  rail 
su ffe r s  practical d iff icu ltie s  due to  Its shape and variab le  
m ateria l p erm eab ility . In th is  paper, the o b je c tiv e s  o f the  
m odelling of rail internal im pedance are to  determ in e  the 
r e g im e s  w here h y s te r e s is  and satu ration  e f fe c t s  are  
sign ifican t. Linear a n a ly tic  m od els w ith actual m aterial 
data b a sed  on m easu rem en ts o f  rail m ateria l perm eab ility  
and r e s is t iv i ty  are p r e se n ted . The rail internal 
se lf-im p ed a n ce  term  in the track im pedance m atrix  is  
ev a lu ated  as a function of both freq uency  and AC current. 
The resu lt can then be used  to  g iv e  a quantitative  
a sse s sm e n t of the e x te n t  of pow er freq uency  harmoni'
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RAIL MATERIAL DATA 
The F errom agnetic  B~H Loop
The perm eab ility  ( jj) of ferrom agnetic m ateria l Is a 
function of the field v ec to rs  B (m agnetic induction), M 
(m agnetic po larization), and H (magnetic field), according to
B -  m o(H  + M) -  mH (2)
For iso tro p ic  and homogenous m ateria ls, the perm eability  is 
invarian t w ith d irection  and position. For ferrom agnetic 
m a te ria ls , the  m agnetization p rocess is tim e-dependent and 
B is a nonlinear, m ultivalued function of H as well as a 
function of frequency, with
B = pi (H, B, w) H (3)
To de te rm in e  the fiux d istribution  within these m ateria ls, 
and hence e lec trica l impedance, the com plete B~H 
re la tionsh ip  needs to  be specified. Figure 1 shows a typical 
ferro m ag n e tic  m ateria l s ta tic  B-H ch arac te ris tic  toge ther 
with the asso c ia ted  perm eability  definitions. Of principal 
in te re s t  fo r la rge-signal AC conditions a re  the initial, 
norm al, increm ental and d ifferential perm eabilities.
be ex trac ted  by considering the fundamental frequency 
relationship.
Experimental Material Tests
Various m aterial sam ples w ere machined from 
railroad rail in o rd e r to  evaluate the actual permeabilities 
as specified in Figure 1. The s ta tic  B-H loop was determined 
using filaments of m aterial 2 mm square and with length at 
least 100 mm. Each filament was subjected to an alternating 
magnetic field with frequency 0.33 Hz in the direction of its 
longitudinal axis. This low excitation  frequency ensured 
that the skin depth was much g re a te r  than the filament width 
(d):
6 = •/(2/w op) »  d (5)
Three filaments from  orthogonal d irections w ere tested  to 
confirm the m aterial isotrophy. Graphical re su lts  for low, 
medium and high values of surface field streng th  Hs are 
shown in Figure 2. Table 1 shows the evaluated energy per 
cycle in each of the th ree  h y ste re s is  loops. The variations 
of normal and increm ental perm eability  as a function of 
surface magnetic field streng th , ex trac ted  from the 
m easured data of Figure 2, a re  reproduced in Figure 3.
s ,°Pe * Mine
Incremental permeability
Normal magnetization curve
Slope = p max
Slope «= p n at 6 
Normal permeability
Slope -  p |
Initial permeability
Slope -  p A at A
AB
AH
Slope * 114jff at A 
Differential permeability
Fig. 1. Ferrom agnetic  m ateria l B-H loop and perm eability  
definitions.
Time dependency in the magnetization p ro cess  may be 
accounted for by Introducing a complex perm eability  to 
desc rib e  the phase lag betw een the H and B vec to rs . Thus
B e jw t = |y *| H eK w t~*) = ( p 1 -  Jp") HeJwt (4)
w here p* is the complex perm eability. Physically, the 
phase angle accounts for energy losses associated  with 
m agnetic resonance and relaxation  phenomena arising from 
the reo rien ta tio n  of m agnetic moments of m icroscopic 
origin [8]. However a sim ilar rep resen ta tion  can also give 
accu ra te  e s tim a te s  of m aterial behaviour in the 
m acroscopic region If there  is no m aterial saturation , so 
that the v e c to rs  B and H are  linearly re la ted . The B-H 
ch a ra c te ris tic  then becom es elliptical. Even for p ractical 
m a te ria ls  w ith nonlinear perm eability , approxim ating the 
B-H loop by an ellipse allows complex perm eability  data  to
e (T>2
0
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Fig. 2. Measured B-H loops for 54 kg/m fla t-bo ttom  rail 
m aterial.
From the B-H loops, complex perm eability  data has 
been evaluated in two ways:
•  Assuming sinusoidal magnetic field excitation, the B-H 
loop has been analysed by the Fast Fourier Transform
technique to obtain the fundamental and harmonic
magnitudes and phases of the flux density . Only the odd 
harmonics a re  significant, and the re su lts  for the first 
th ree  a re  shown in Table 1. In this method, the sum of 
the fundamental and harmonic losses will equal the total 
loss as given by the loop area.
•  For linear modelling it may be m ore accurate to equate
the total loop a rea  with the area  of an equivalent
fundamental ellipse. Thus all harmonic losses would be 
included within the fundamental. The orientation of the 
ellipse, defined by coercive force and rem anent flux 
density, is that defined by the original hy s te res is  loop.
Figure 4 shows the resu lting  complex perm eability  functions 
derived from each model.
Rail R esistivity
The re s is t iv ity  of the rail iron is also a fundamental 
m aterial p ro p e rty  and appears as a constant in the skin 
depth function. It can be exp ressed  in the form


































Table F lat-bo ttom  Rail H ysteresis Loop Harmonic 
Analysis.
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M a g n e t ic  f i e ld  s t r e n g t h  (k A /m )
5. Derived normal and increm ental perm eabilities for 
54 kg/m rail m ateria l.
e a  is the tem p e ra tu re  coefficient of re s is tiv ity , 
'Ized over the tem p e ra tu re  range of In terest, T Is the 
e ra tu re  (K), and p^o is the re s tiv ity  at 20 K.
The re s is t iv ity  of the ra il sam ples used in the m aterial 
was m easured by applying constant cu rren ts and 
urtng voltage over a su itable tem perature range, 
al re su lts  at 20 K are
= 3.4 !0~3 K">
•0 = 0.225 10~® 0 m
:onductlvlty
>0 = 4.44 10® S m“ i.
ANALYTICAL MODELLING
The ob jective of analytical modelling is to p redict the 
jency of rail in ternal self-im pedance on AC curren t 
requency. Simple modelling can reveal o rder of 
tude e stim a tes  for the  fundamental and harmonic 
loss for the base cases of: 
ear complex perm eability , no saturation, 
h y s te re s is  loss, high sa tu ra tion .
•r analysis is n ecessary  to  establish the optimum 
ive perm eability  to  use in each model, as a function of 




M a g n e t ic  f i e ld  s t r e n g t h  ( k A /m )
Fig. 4. Complex perm eability  with fundamental flux and B-H 
loop area  approxim ations.
Linear H ysteresis Model
The rail is tre a te d  as a m agnetic conductor made from 
homogenous, iso tropic m aterial with constant perm eability  
H*. Assuming an equivalent c ircu lar solid conductor, the 
solution for magnetic field and hence cu rren t density  within 
the m aterial is found from solving the diffusion equation 19]. 
The conductor impedance is then found as a function of 
conductor radius and skin depth:
R + jX «= g 
2rrao






is the complex skin depth function, a is the conductor
89
1758
radius, o i s  th e  co n d u ctiv ity  and In are n^h order  m odified  
B e sse l fu n ction s o f  the f ir s t  kind.
A fte r  m anipulation, it m ay be shown that the internal 
im pedance o f the condu ctor takes lim iting va lues at low and 
high fr eq u e n c ie s  a s  fo llo w s [10]:
Low freq u en cy : a << 6
JY 1 + _ a f  s1 n 6  + _ a ^  co s 2 8 ]  
j i l _  46 2 4 8 62 . J
\W  486*
(9 )
High freq u en cy: a »  6
_  JT  1 + -Z2 cos/T f _ 6 \ >| / a + 3 _6\ 
■o 114 U  V )  (.26 32 a /
+ J ( i i
( 10)
w h ere  0  is  the h y s t e r e s is  angle. For com plex p erm eab ility , 
Equations (9 )  and (1 0 ) d e sc r ib e  the behaviour at the 
fundam ental freq u en cy , and the eddy  and h y s te r e s is  lo s se s  
cannot be s e p a r a te ly  id en tified .
The im pedance angle r ed u ces  with h y s te r e s is  from  the  
a sy m p to tic  va lue o f tt/ 4. The m odel sh ow s that lo s s e s  are  
in crea sed  In the p r e se n c e  o f h y s te r e s is  by a factor
[c o s  ( tt/4  -  9 / 2 ) ]
COSTT/4
and the rail r ea c ta n c e  is  d e c re a se d  by the factor
[sin(TT/4 -  8 / 2 ) ] . 
s in n /4
Saturation  E ffec ts
The linear m odel g iv e s  the equivalent rail im pedance  
as that o f an inductance, a sso c ia te d  with en erg y  s to ra g e , 
and a r e s is ta n c e , a sso c ia te d  w ith  en erg y  d issipation . In 
e le c tr ic a l c ir c u its , a nonlinear r e s is ta n c e  b eh aves like a 
r e a c t iv e  pow er g en era to r , although It has no 
e n e r g y -s to r a g e  ca p a c ity . This is  8 lso  the c a se  for a 
sa tu ra ted  m agnetic  s y s te m , w h ere the nonlinearity m odifies  
the r e a c t iv e , a s w ell a s the a c t iv e  pow er. An approxim ate  
m odel to take account o f  satu ration  in rail can rep resen t the 
iron B-H c h a r a c te r is t ic  by a s te p  function according to
+ BA
- ba
H > 0 
H < 0
( I D
It can be shown [9] that for  th is m ateria l prop erty , 
m agnetic flux w a v e s  w ith  a constan t m agnitude of |BAI will 
p en etra te  the boundary under the influence of sinusoidal 
su rfa ce  m agnetic fie ld  e x c ita t io n  (Hs  sin u>t). The maximum  
penetra tion  depth is:
t>A “ V^Hg/woBA] ( 12)
which is  in the sam e form  a s  the skin depth equation (5 ), 
w ith the e f fe c t iv e  p e rm ea b ility , p , rep laced  by Ba /Hs . The 
a v era g e  pow er in th e  m a ter ia l is
= 8 (13)
3rr o 6 a
which is  a fa c to r  70% g r e a te r  than that in the linear ca se  
(w ith  6 s e t  equal to  6A ).
Eddv Current Loss Model
The approxim ate m odels descr ib ed  so  far represent 
lim iting conditions o f linear perm eab ility  and complete 
saturation . In m ost c a se s , the rail m aterial saturates 
gradually, accom panied by d isto r tio n  in the h y s te r e s is  loop. 
The balance betw een  h y s te r e s is  and eddy current losses 
then changes.
The e f fe c t  of nonlinear perm eab ility  in the p resen ce  of 
h y s te r e s is  is  to  produce harm onics with a sso c ia ted  extra 
lo s se s . To predict the rail im pedance variation under these 
conditions a su itab le e f fe c t iv e  perm eab ility  value m ust be 
se le c te d . The m odified eddy current distribution within the 
m aterial can be ca lcu lated  num erically  taking account of the 
known dependency o f perm eab ility  on m agnetic field 
stren gth . The approach adopted is to  use a finite difference 
technique, the Du Fort-Frankel schem e [II],  to calcu late the 
spatial and tem poral decay  in the m agnetic field  intensity 
within the m ateria l and hence e stim a te  the effective  
com plex skin depth.
The fin ite d ifferen ce  technique g iv es  an explicit 
equation with a ttr a c tiv e  sta b ility  p ro p er tie s . Applied to a 
sem i-in fin ite  slab of m ater ia l, the m agnetic field  stren gth  is 
given  by
dy2
0 u(H)dH  
dt
The asso c ia ted  d ifferen ce  equation Is:
Hi,k+I = r Hj+i.k + 0 " 2 r )  Hijk + r H j - |,k
( 1 4 )
(15)
w here r = p /o p h 2, p being the tim e s te p  length and h the 
spatial step  length. By su b stitu tin g  for the p resen t nodal 
value the average  of the p rev io u s and n ext values,
»i,k = (Hj,k+i + H i>k_ , ) / 2  
the exp lic it d ifferen ce  equation Is form ed:
(16)
Hi,k+1 = Hi,k-1 + _2L (H»+1.k " 2 H»,k-1 + Hi-1 ,k )- D ?)
2r+l
The distribution of H in the m ateria l can then be determ ined  
by varying the su rfa ce  m agnetic field  strength  Ho>k as a 
sin e  w ave. Figure 5 sh ow s the com puted resu lt o f |HS| vs 
depth, for various initial su rfa ce  field  stren gth s. At high 
field  stren g th s , the m ater ia l b ecom es satu rated  near the 
su rface  and the m agnitude o f H fa lls  away s te ep ly  in the 
Interior, but for low  initial field  stren g th s , there Is little  
deviation  from  the linear m odel.
EXPERIMENTAL RAIL IMPEDANCE MEASUREMENTS 
O rder of Maonitude E stim ate  fo r H yste resis  and Eddv Losses
In order to  d eterm in e  the re la tiv e  im portance of 
h y s te r e s is  and eddy cu rrent lo s se s , iron lo s s e s  were 
m easured a s a function o f frequency in a toroid 
manufactured from  rail iron. The dim ensions of the toroid 
w ere: radius 30 mm, th ickness 3 mm and length 10 mm, and 
the winding com prised  250 turns of 1 mm copper w ire. The 
r esu lts , shown in Figure 6 w ith the s ta t ic  B-H loop lo ss  per 
c y c le  superim posed , show  that at pow er freq uencies the 
h y s te r e s is  lo ss  and eddy lo ss  per cy c le  are comparable. 
This ind icates that for  the range of rail excita tion  expected  
in practice, n either the linear nor the heavily  saturated  
m odel alone is  r e a lis t ic .
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A Hs = 5000 A /n  
B Hs * 3000 A /n  
C Hs * 1500 A /n  
0 Hs « 500 A /n  











ig. 5. Magnetic field s tren g th  as a function of depth in a 
sem i-in fin ite  slab of ferrom agnetic m aterial.
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g. 6. Measured  iron lo ss  in to ro id  sample of ra il  m ate r ia l .  
ail Impedance M easurem en t  A ppara tus
To accura te ly  m easure the rail internal 
slf-im pedance, the c ircu it inductance due to the te s t 
jr re n t re tu rn  path and the flux disturbance from  sample 
hape e ffec ts  m ust both be elim inated. The experim ental 
jchnique used was developed from equipment described by 
olm strom  [4] for null-flux measurem ent of the 
slf-inductance change in an isolated rail, using as a 
sference conductor a copper tube. The method was 
lodified so that absolute m easurem ents of internal 
npedance could be made. The apparatus (Figure 7) re lies  
n the p rio r use of a re fe ren ce  conductor, which is a 
pecia lly -constructed  hollow copper shell of Identical shape 
d the te s t rail and having negligible internal inductance (10] 
t high frequency. This enables the impedance 
leasurem ent loop to be adjusted in position (d istance d in 
igure 7) such that 2ero  inductance is obtained in 
allbration.
When the ra il sam ple is placed in the sam e physical 
osition as the copper shell, m easurem ents of the change in 
iductance will thus rep re sen t the true internal 
elf-inductance. The re s is t iv e  part of the impedance 
emains an absolute m easurem ent of internal res istance , 
nd e ffec ts a re  negligible since the measurem ent points (A, 
in Figure 7) a re  m aintained a suitable distance from the 
onductor ends. An on-line FFT analyser provides noise 
nmunity and accura te  phase and frequency m easurem ent.
Fig. 7. Experim ental appara tus fo r m easurem ent of rail 
impedance.
Rail Impedance as Function of Current and Frequency
Measurement re su lts  of impedance as a function of 
cu rren t at 50 Hz a re  shown in Figure 8. Both res is tance  and 
inductance Increase with cu rren t magnitude for the range of 
cu rren ts  generated. To a sse ss  ra il impedance at harmonic 
frequencies, m easurem ents a t a constant amplitude of 6 A 
w ere made for frequencies up to  10 kHz. The re su lts  a re  
shown in Figure 9. As expected , the resistance  increases 
and the inductance d ec reases  with increasing frequency due 
to the skin effect.
DISCUSSION
Superimposed on the experim ental curves of Figures 8 
and 9 are  theoretical calculations derived from the various 
assum ptions on the modelling of h y ste resis  loss and the 
variation  in m aterial perm eability . The increase of rail 
impedance with AC cu rren t indicates that the m aterial is far 
from saturation  even with the highest cu rren t applied. This 
is because of the large rail c ro ss  sectional area  (7.5 ICT^ 
m^). The most accura te  re s is tan ce  model is with an 
e ffective perm eability  function at low excitation, and with 
complex perm eability  obtained by the B-H loop area 
approxim ation (i.e . incorporating  to ta l harmonic losses 
within the fundamental) at high excitation. The use of 
normal and increm ental perm eability  from Figure 3 is 
inappropriate In the model due to the im portance of 
h y s te re s is  loss. The e ffec tive  perm eability  used is constant 
throughout the AC cycle, but with magnitude dependent on 
the level of cu rren t excita tion  as determ ined from Figure 5 
(it has been term ed  linearized  perm eability). The 
inductance variation shows good agreem ent with the model 
using complex perm eability  obtained from the fundamental 
of the B-H loop, with b e t te r  agreem ent at very  low 
excitations from the linearized model of perm eability  as 
described above.
The variation in ra il re s is tan ce  with frequency, for 
low excitation cu rren ts , shows good agreem ent with the 
complex perm eability  model based on total loop area for 
high frequencies, and that based on the fundamental 
component for low frequencies. For rail inductance, the 
fundamental complex perm eability  model is m ore accurate 
at high frequencies, with the experim ental curve lying 
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Fig. 8. Experim ental and theo re tica l rail internal self­
impedance as a function of AC cu rren t at 50 Hz.
The complex perm eab ility  model based on loop a rea  is 
m ore accura te  for rail re s is tan ce  modelling at high 
c u rre n ts  and frequencies. This model necessarily  includes 
higher harmonic lo sses  which increase with g rea te r 
exc ita tion . For the rail Induction variation  with cu rren t, 
ignoring the harm onics produces closer agreem ent with the 
experim en ta l m easurem ents. However the inductance is 
defined only at the fundam ental frequency and the to tal VARs 
would n ecessarily  need to include higher harmonics.
More accu ra te  models a re  requ ired  to rep re sen t the 
ra il impedance o v e r the com plete range of cu rren t and 
frequency. For exam ple, accurate  computations using 
combined finite e lem ent and finite difference techniques 
could incorpora te  exac t d ifferen tia l perm eability  data, and 
hence enable identification  of the sep a ra te  fundamental and 
harm onic losses.
CONCLUSIONS
An analytical model with linear complex perm eability , 
based  on experim en ta l determ ination  of the m aterial B-H 
loop, gives good ag reem ent with m easurem ents of rail 
im pedance for m o d era te  ra il cu rren ts . The conditions 
co rrespond  to h y s te re s is  but not saturation , and will be of 
use In the modelling of pow er harmonic propagation In track 
signalling sy s tem s. At low excitations, b e tte r  agreem ent is 
found by neglecting h y s te re s is  and using an effective 
perm eability  obtained by modelling the flux distribution 
within the rail, using as data experim entally  derived normal
Fig. 9. Experimental and theore tica l rail internal self­
impedance as a function of frequency at 6A.
perm eability  as a function of surface magnetic field 
s treng th .
A saturation  model ignoring hy ste res is  is suggested 
as suitable for tran sien t stud ies and fault condition analyses 
which would be obtained with high excitation cu rren ts. The 
large magnitude of cu rren t at 50 Hz necessary  to achieve 
rail saturation  was not achieved in the rep o rted  
experim ents.
Results p resen ted  for rail internal self-im pedance 
will enable the rail re s is tan ce  and Inductance at specific 
power frequency harm onics to  be determ ined. The 
impedance is a function of cu rren t and frequency and cannot 
be obtained as a c lo sed -fo rm  expression. It could, 
however, be ex p ressed  as a polynomial.
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Determination of rail internal impedance for 
electric railway traction system simulation
R.J. Hill 
D.C. Carpenter
Indexing term : R a ilw ay  electrifica tion
Abstract: Theoretical models for rail internal self­
inductance and resistance are proposed which 
include material saturation and hysteresis. Model 
data are obtained using experimentally derived 
ferromagnetic material B-H loops. Analytical 
methods for deriving the impedance variations 
with current and frequency for large-signal AC 
and incremental AC superimposed on DC excita­
tion are in agreement with experimental measure­
ments.
List of symbols
I a = equivalent radius of circular conduc­
tor, m
\ A, As =  vector potential, vector potential
| associated with element S, Tm
1 B  =  magnetic flux density, T
| d = depth within material from surface,
I m
\ h , P  =  spatial step, m, time step length, s
H, Hs , Hsp — magnetic field, surface field, peak
surface field strength, A/m 
i, k = spatial, time counters
I =  current, A
[/] = column vector of rail currents, A
J„, K„ = nth order modified Bessel function of
first kind, second kind 
J ,JS = current density, current density
associated with element S, A/m2 
S =  inductance per unit length, H/m
M  = magnetic polarisation, A/m
P, PA = active (dissipated) power, W, appar­
ent power, VA 
Ph ’ Pr >Pw = harmonic (distortion), fundamental
reactive, total reactive power, VAr 
r = resistance per unit track length, D
s = conductor cross-section area, m2
S = elemental area, m2
[ Y] = column vector of rail voltages with
respect to earth, V 
y = depth co-ordinate, m
= self admittance of rail i per unit track 
length, S
y,j = mutual admittance between rails i
and j  per unit track length, S
P a p e r  8156B  (P2), first received  20 th  N o v em b er 1990 a n d  in revised 
fo rm  18 th  A pril 1991
T h e  a u th o r s  a re  w ith  the  S ch o o l o f  E lectrical E ng ineering , U n ive rs ity  o f  
B ath , C la v e r to n  D o w n , B ath  BA2 7AY, U n ited  K ingdom
[T] =  track admittance matrix, S/m
z =  internal impedance per unit length,
D/m
zH =  self impedance of rail i per unit track
length, D/m
Zij =  earth-return mutual impedance of
rail i with respect to rail j, D/m 
[Z] = track impedance matrix, D/m
a =  complex skin depth function, m~1
P =  conductivity coefficient, K " 1
<5, <$eff =  skin depth, effective skin depth, m
£ =  permittivity, F/m
p., —jfi") = permeability, complex permeability,
H/m
Mo =  permeability of free space, H/m
Maac > M&dc > Matt = AC delta, DC delta, differential per­
meability, H/m 
Mt.it»M\nc =  effective, incremental permeability,
H/m
Mi* Mn =  initial, normal permeability, H/m
a, o i =  electrical conductivity, reference elec­
trical conductivity, S/m 
8 = hysteresis angle, rad
<p = phase lag of B behind H, rad
a> = angular frequency, rad/s
1 Introduction
In electric railways with track-circuit based data trans­
mission, both power and information signals propagate 
along the track. Unwanted coupling between the traction 
power and signal/communication subsystems is deter­
mined by the track transfer function, which is governed 
by the transmission parameters and specified by the track 
impedance and admittance matrices. These matrices are 
defined from the variation of voltages and currents along 




The matrices [Z] and [Y] are composed of diagonal 
coefficients zu, yit and off-diagonal coefficients zy, yi}. 
The rail self impedance z„ consists of an internal and an 
external component. The internal component is deter­
mined by the distribution of magnetic flux within the rail 
iron and the external component arises from flux outside 
the conductor. Whereas the former is material-dependent, 
the latter is largely determined by circuit geometry.
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This paper is concerned with accurate determination 
of the internal component of the rail self impedance. This 
parameter is nonlinear with respect to current and fre­
quency, and is of considerable significance in the simula­
tion of electrified rail networks, for modelling signal 
propagation in studies concerning:
(i) Signalling system design, e.g. to obtain the transfer 
impedance between track signalling transmitters and 
receivers
(ii) Traction system design, e.g. to calculate energy 
flow, harmonic overvoltages, network distortion effects 
and supply power factor
(iii) Traction fault assessment, where large direct or 
alternating currents can saturate the rail iron causing a 
redistribution of rail current to alternative paths such as 
the earth
(iv) Electromagnetic compatibility assurance, where 
traction current harmonics couple with communications 
and signal currents to generate interference, e.g. produc­
ing intermodulation distortion in coded information 
track transmission systems.
In most reported rail traction simulation studies, the 
internal rail self impedance is regarded as a constant. 
This is reasonable because for many applications, the 
internal self impedance is only a small part of the total 
circuit impedance. The sensitivity of simulation results to 
variations in rail impedance will then be small. For 
studies including the internal rail impedance, constant 
iron permeability, no hysteresis and an equivalent circu­
lar conductor may be assumed. This implies that the 
resistance will increase and the inductance reduce with 
increasing frequency due to flux redistribution from the 
skin effect. Further, for the modelling of overhead cate­
nary supply systems, it is usually considered unnecessary 
to model the rail internal impedance accurately, running 
rail impedance d&a based on a single equivalent rail 
being sufficient [1]. Detailed consideration of internal rail 
impedance can only be attempted by physically removing 
the rail from the track, as reported by Trueblood & 
Waschek [2] and, more recently, by Holmstrom [3], who 
also considered the effect of rail saturation, but not hys­
teresis, on rail impedance for DC railways. Tylavsky [4] 
and Stanek [5], modelling faults in mining railway trac­
tion systems, also report studies of rail impedance taking 
into account iron saturation.
Analytical techniques for field computation in power 
frequency magnetic systems have some relevance to the 
modelling of rail tiack impedance. However, the special 
condition of the rail is that it is an electrical conductor 
exhibiting ferromagnetic saturation and hysteresis effects. 
The problem is essentially one of time and two- 
dimensional-space magnetic field computation. Burais
[6], for example, demonstrates a technique in which hys­
teresis and eddy current losses can be separated in non­
oriented saturated steel plate, combining finite element 
modelling (FEM) br space discretisation, and finite dif­
ference modelling (FDM) for time discretisation. Labridis
[7], however, assumes an equivalent fictitious material 
with constant pemeability (for time) and variable per­
meability (for space) and involving evaluation of the 
stored magnetic co-energy density. Further, Hsu [8] has 
shown that harmoiic fluxes lead to a reduction in iron 
loss at saturation \*here hysteresis loss is large.
The objective of this paper is to specify completely the 
current and frequeicy dependency of the rail internal self 
inductance and resistance for frequencies in the power 
and audio range (12 Hz-30 kHz). Current excitation can
be from AC or DC traction systems, the latter implying 
that the rail carries an incremental alternating current 
superimposed on the DC excitation. The technique pro­
posed considers the iron magnetic characteristics, con­
structs an analytical model for impedance, and then 
defines the areas of validity. The theory has been verfied 
by experimental measurements and, where appropriate, 
validated by FEM. It is shown that for large-signal AC 
conditions, the hysteresis loss can represent a substantial 
proportion of the total energy loss, and that in DC rail­
ways the impedance reduction for AC signals at large 
traction currents can be significant.
2 Rail iron material data
2.1 Rail physical dimensions
The results reported are specifically for British BS 113A 
flat-bottom rail, with nominal weight 56.4 kg/m. The 
data for this, and for other rail types considered, is given 
in Table 1. In practice, partially worn rail samples were



















56.4 51.5 0.63 0.0075 0.034 0.100
Bull
head
— 37.1 0.48 0.0054 0.029 0.092
Conductor — 52.2 0.58 0.0076 0.035 0.076
available, with the data in the Table representing practi­
cal, rather than new, values, providing realistic results 
with respect to work hardening and magnetic orienta­
tion.
2 2  Permeability
22 .1  Ferromagnetic material: The electromagnetic 
behaviour of ferromagnetic material is expressed in terms 
of field vectors according to the relationship
B = p0{H + M) = pH  (3)
For isotropic, homogenous material, the permeability is a 
scalar. In ferromagnetic materials, time-dependency in 
the magnetisation process implies that the magnetic flux 
density lags the magnetic field excitation, so that the flux 
density will be a multivalued function of the magnetic 
field strength. In addition, material saturation introduces 
nonlinearity. Finally, frequency dependency occurs 
through loop widening as a second-order effect [9]. 
Hence eqn. 3 can be more rigorously expressed as
B = n{H, B, co)H (4)
where the time dependency is included in the frequency 
variable due to cyclic excitation. The internal electrical 
impedance of a current-carrying conductor is affected by 
its field distribution. To determine this, the complete 
material B-H relationship is required, as shown in Fig. 1. 
The permeability definitions necessary to model electrical 
impedance are also shown in the Figure, and are the 
initial, normal, incremental, delta and differential per­
meabilities [10]. All of the time and frequency effects 
above can be accounted for by introducing a complex 
permeability to describe the phase lag between the mag-
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netic flux density and magnetic field vectors, according to ration which is given by the point of maximum slope in
Bejdt =  1 * 1  Hfj(cor - *) the normal magnetisation curve of Fig. 1.
=  ( / /  — jp")Hej(0t (5) 2.2 .3  Effective permeability: The effect of saturation is
to produce additional harmonic (distortion) power in the
urve.
m agn et ic  f i e ld ,  H
delta
p erm eabi l i ty  
( s l o p e :  yADC 
at C)
fferential perm eab i l i ty  
( s lo p e  = p dlf fat A)
Fig. 1 Ferrom agnetic m aterial B-H loop and perm eability terminology
magnetic field strength, kA/m
initial permeability  
ope  = u )
normal m a g n e t i s a t io n
s lope =
incremental permeability  
( s l o p e = p jnc )
normal permeabil ity  
(s lope=  pn at  B)
-2
- 4 - 2  0 2 4
magnetic field strength, kA/m
Fig. 2 B-H loop m easured characteristics
Although this representation is usually applied to 
account for energy losses associated with magnetic reson­
ance and relaxation phenomena from reorientation of 
microscopic magnetic moments [10], it can also be 
applied to linear macroscopic conditions, where the B-H 
curve is elliptical.
For excitation with a net DC, there is an operating 
point on the normal magnetisation curve with specific 
incremental and normal permeabilities. Superimposed 
alternating currents then follow a small hysteresis loop 
(at point C in Fig. 1) with a specific value of delta per­
meability (//ADC) for each direct current. The AC incre­
mental impedance may be evaluated using this value of 
delta permeability. Hysteresis loss is not considered 
important in this case as the loop area is small, and even 
at high frequency the additional loss involved is much 
less than the losses due to AC eddy currents and DC  
ohmic heating.
For excitation with a large amplitude AC signal, an 
effective permeability must be calculated which accounts 
for loop distortion due to saturation. This is considered 
in detail later.
2 2 .2  Permeability m easurem ents: Material samples of 
dimensions 1 x 1 x 100 mm were machined from the 
rail. The material B-H loops were obtained by subjecting 
these samples to an axial magnetic field at 0.33 Hz in the 
longitudinal direction. The low excitation frequency 
ensured that eddy currents were negligible, i.e.
Material isotropy was confirmed by testing samples from 
three orthogonal directions. Fig. 2 shows a typical test 
result. The nested loops are for low, medium and high 
surface magnetic field strengths. From these curves, 
values of normal, incremental and delta permeability as 
functions of magnetic field strength were extracted, as 
shown in Fig. 3. All curves demonstrate the onset of satu-
j
Fig. 3 Normal, increm ental and delta perm eability as function o f  
surface peak magnetic fie ld  
a Delta permeability 
b Normal permeability 
c Incremental permeability
material. To demonstrate this effect, Hammond [11] has 
carried out an extreme-case analysis with a step function 
for magnetic flux density of B = +BA for positive excita­
tion field and B = —BA for negative field. The average 
power loss in the material is found to be 70% greater 
than in the corresponding linear case, due to the modified 
magnetic flux distribution near the material surface.
To quantify the effect of saturation in the analytic 
model, the field within a semi-infinite slab of nonlinear 
ferromagnetic material was determined using a FDM  
technique. The objective was to obtain an effective per­
meability as a function of surface magnetic field strength. 
For linear conditions, electromagnetic theory predicts a 
fall in magnitude of magnetic field strength with depth, 
together with a phase shift. On saturation, the magnitude 
and phase variations will deviate from the linear case.
The FDM technique models the space and time decay 
of magnetic field strength within the material by solving
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the d iffusion  equation
S ? - • - » > ?
The associated difference equation for a general element 
Hik + , is:





The variation of magnetic field strength within the 
material is determined by applying a sinusoidal surface 
magnetic field strength H0 k. The results are shown in 
Fig. 4 for a peak surface field strength of 3500 A/m. The






Fig. 4  F D M -generated  m agnetic fie ld  within semi-infinite slab o f  non­
linear m agnetic m aterial 
Frequency =  50 Hz
amplitude clearly decreases with depth. The phase shift 
change with depth can be seen by following the grid line 
corresponding to the maximum surface field strength 
(depth =  0, H  =  3.5 kA/m) into the material. The distor­
tion of the sinusoidal field within the material can most 
clearly be seen at a depth of 5 mm. For a given surface 
field strength, the effective permeability (/ieff) can be 
defined from the effective skin depth (<5eff) according to
Me(((Hsp) ^
e f f au)
(10)
where <5eff is the depth at which the maximum field 
strength has fallen to \/e  of its surface value. Fig. 5 shows 
the resulting values of effective skin depth and effective 
permeability as a function of the peak surface magnetic 
field.
2.2 .4  Saturation with hysteresis: The B-H loops in Fig. 
2 suggest that hysteresis loss may become significant at 
higher frequencies. To evaluate the effect of hysteresis on 
the field waveform within the material, time waveforms of 
magnetic field have been calculated by FDM  at the effec­
tive skin depth for saturated conditions with hysteresis. 
The effect of adding hysteresis to the model is illustrated 
in Fig. 6 which shows the distortion in magnetic field 
strength in a slice 1.4 mm within the material. It can be 
seen that the main effects are a small additional phase 
shift and extra distortion in the flux density waveform. 
For high accuracy, further adjustment of the effective per­
meability value would be appropriate.
The shape of the B-H loop is an ellipse for linear con­
ditions, distorting with saturation. Its shape may be 
specified by assuming a sinusoidal magnetic field excita-
magnetic field strength, kA/m
Fig. 5 Effective skin depth and effective perm eability as function o f  
surface peak magnetic fie ld  fo r  a semi-infinite nonlinear magnetic material 
slab







Fig. 6 FD M -generated m agnetic fie ld  within semi-infinite slab o f  non­
linear magnetic m aterial a t a depth o f 1.4 mm with and without hysteresis
 With hysteresis
  Without hysteresis
tion waveform and evaluating the fundamental and har­
monics of the resulting flux density waveform by fast 
Fourier transforms (FFT). Table 2 gives the results of 
such an analysis.





H arm onic m agnitude B „ ( T )  
H arm onic ang le 8 n (")















0  19 0 .07  0  04 0 .03  0.01
74 117 160  22 5  245
900 0 .3 9  0  06  0 .02
31 1 1 5  200
0.01 —  
253  —
A quantitative assessment of loop shape distortion has 
been made by evaluating the apparent, dissipated, funda­
mental stored and harmonic stored energy densities from
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T a b le  3:  E v a l u a t e d  e n e r g y  d e n s i t i e s  f o r  f l a t - b o t t o m  rail
H
(A/m )
F la t-bo ttom  rail energy  densities ( J /m 3) Loop
area






5 6 0 0 4 3 2 2 5 4 0 3 9 2 8746 32028 43036 3908
1750 6 7 3 2 1852 4843 4295 6473 1805
9 00 1 2 6 2 571 945 613 1126 506
the harmonics of flux density as given in Table 3. From 
these the corresponding real and reactive powers have 
been evaluated (Appendix 9.1). The significance of these 
quantities is derived from nonlinear electric circuit 
analysis, where it is known that a nonlinear resistance 
will behave like a reactive power generator while having 
no energy-storage elements, by the generation of harmo­
nic, rather than reactive, power [12]. Distortion of the 
B-H loop through saturation will similarly introduce har­
m onic power as additional reactive power (PH), whereas 
the active power (P) and fundamental reactive power 
(Pw) will depend only on the fundamental flux density 
and magnetic field values as determined in the Fourier 
analysis.
The effective permeability defined above is thus con­
sidered to be the magnitude of a complex effective per­
meability. The angle o f the complex permeability is 
determined from the loop  harmonic analysis according to
6 (H J  =  arctan ( — (11)
where
p ,  =  -J ( P l  +  P i )
with the apparent power given by 
p ,  =  V (P J +  P i)
The resulting complex effective permeability, as a func­
tion of peak surface magnetic field strength, is given in 
Fig. 7, together with the value derived from the funda­




m agnetic field strength, kA/m
Fig. 7  Fundamental and effective complex permeability as functions o f  
surface peak magnetic field 
a Complex effective permeability (real)
b Complex permeability from fundamental flux component (real) 
c Complex permeability from fundamental flux component (imaginary) 
d Complex effective permeability (imaginary)
2.3  Electrical conductivity
The conductivity of rail iron is a fundamental material 
property and is temperature dependent. For small tem­
perature excursions, the coefficient of resistivity may be 
linearised with the conductivity expressed by the relation­
ship
a  =  a 1( 1 +  /?T) (14)
The conductivity of the rail samples tested was deter­
mined using constant currents over a measured tem­
perature range. The results are in Table 4.
T a b le  4 :  Rail r e s i s t i v i t y  a t  2 9 3  K
Sample Resistivity (jjC im ) Temp, coeff. ( K~' )
Flat-bottom rail 0 .225 
Bull-head rail 0 .202 




3  Rail in te rn a l im p e d a n c e
3.1 Large -signal A C rail impedance
3.1.1 Large-signal equivalent circular model: A linear 
impedance model for a current-carrying ferromagnetic 
conductor can be used to account for the frequency 
dependency if the rail is treated as an equivalent circular 
solid conductor with constant permeability. The value of 
permeability is a function of the peak surface magnetic 
field strength and hence the current. The magnetic field
and hence current density within the material, found
from the solution of the diffusion equation, both decay 
exponentially from the surface. The conductor impedance 
is a function of the equivalent radius and skin depth, and 
can be calculated by considering Ampere’s law (Appendix 
9.2). The result is
z =  r + jcol





The impedance takes limiting values at low frequency 
(a <  <5) and high frequency (a P  5) as follows:
1
h f  =  ~ T  n a o
a 2 a4
1 +  S y sin  9  +
cos 26
■I 0 n 0+ j ( —2 c a s e ­
r n -
sin 26 (17)
■hf = d v { [ } +V(2)
+ y [v < 2 )s in
a_ 36_ 
26 +  32a
(18)
Although the eddy current and hysteresis losses cannot 
be separated in this model, the effect of hysteresis is t o :
(а) reduce the impedance angle from tt/4 at high fre­
quency.
(б) increase the AC resistance by [cos (rc/4 — 0/2)]/ 
costt/4: physically, the area of the hysteresis loop rep­
resents hysteresis loss per cycle.
(c) decrease the reactance by [sin (n/4 — 0/2)]/sin n/4, 
by reducing the stored energy in the material.
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The linear model represents the rail impedance as a pure 
resistance in series with a pure inductance, associated 
respectively with the active and reactive power.
3.1 .2  Effect o f rail shape:  It is known that the geometric 
mean distance (G M D ) of an irregularly shaped conductor 
from itself, interpreted as a circular conductor, is needed 
for inductance calculations at frequencies where the skin 
depth is significant compared with the conductor dimen­
sions [13]. For rail, the phenomenon is apparent in the 
power and audio frequency range. Evaluation of the 
internal rail inductance for quasilinear conditions for the 
equivalent circular conductor model thus requires the 
evaluation of an effective radius by numerical evaluation 
of the G M D . This is justified by the agreement between 
the theoretical and experimental evaluation of inductance 
reported later. The evaluation of the G M D  is described 
in Appendix 9.3 and for 56.4 kg/m flat-bottom rail the 
G M D  is 0.11 m.
For resistance evaluation at very low frequencies, the 
rail area determines the equivalent radius. At frequencies 
above about 12 Hz, where the skin depth is small for rail 
ferromagnetic material, an equivalent radius based on the 
rail perimeter must be used. The boundary frequency can 
be taken as that at which the skin depth is very much 
smaller than the radius (<5 =  0.1r). At intermediate fre­
quencies interpolation can be used.
inductance and resistance, and confirms the applicability 
of the equivalent rail radii. For the rail section used in 
the tests, the values of current achieved represent the 
approach of saturation. The FEM results for inductance
3.1 .3  Finite-element modelling: For nonlinear
materials, local saturation at sharp corners of the rail 
boundary may occur, introducing errors in the quasi­
linear model. The above analytic theory has therefore 
been verified at high currents using FEM. The FEM  
model requires definition of an elemental net, which can 
be reduced in size in regions of high flux density. It then 
performs a two-dimensional axisymmetric static and 
dynamic electromagnetic analysis, assuming sinusoidal 
current excitation. The internal inductance is obtained 
from evaluation of the stored energy in the material:
(19)
(20)
and the AC resistance per unit length from
Essentially, the method is to find the solution by deter­
mining the minimum energy state through minimisation 
of a function such as
F(A)  =  ]-
V A \2
—  ) - < d2cA 2 - 2 J - A  
F
d S (21)
[14] which is derived from the Helmholtz equation:
V 2A  -I- w 2pe.A =  — p J  (22)
The contours of vector potential for a typical analysis are 
shown in Fig. 8. Table 5 gives some typical results for rail
and resistance are in reasonable agreement with the mea­
sured and model values. The FEM model does not 
include the effect of hysteresis, so at 50 Hz the hysteresis 
loss must be small.
3.1.4 Accurate im pedance model: The following steps 
summarise the modelling procedure for internal rail 
impedance for large-signal AC excitation:
(i) Determine B-H loops of rail material (Fig. 2).
(ii) Obtain effective permeability magnitude from 
normal curve and FDM  (Fig. 5).
(iii) Evaluate P, PR, PH, Pw by harmonic analysis of 
B-H loops (Tables 2 and 3).
(iv) Determine angle of complex permeability (eqns. 11, 
12).
(v) Calculate rail G M D  and perimeter-equivalent 
radius (Table 1 and Appendix 9.3).
(vi) Use linear relationship to obtain inductance and 
resistance per unit length (eqn. 15).
3 2  Incremental A C  impedance
In DC rail networks, the traction current flowing along 
the running rails defines the magnetic operating point as 
being on the normal magnetisation curve. The DC trac­
tion current usually contains ripple at harmonics of the 
power supply utility frequency and traction convertor 
modulation frequency, and the rails may also contain sig­
nalling current at audio frequencies. As indicated in
T a b le  5:  FEM r e s u l t s  a t  50 Hz f o r  rail  a n d  c i r c u l a r  e q u i v a l e n t  c o n d u c t o r  
f o r  s a t u r a t e d  c o n d i t i o n s
Excitation
/■*! irrpnt
FEM A naly tical m odel E xperim en ta l resu lt
UUII Cl 11
(A) L ( //H /m ) R  (m fl/m ) L (//H,/m) R  (m Q /m ) L ( //H /m ) R  (m O /m )
8 0 0
90 0
1 0 0 0
0 6 7 2  
0 6 4 7  
0 6 1 5
0.231
0 .2 3 3
0 .2 3 5
0 .6 7 0  0 .2 2 0  
0 .7 0 5  0 .2 2 8  
0 .7 1 9  0 .2 3 3
0 .6 3 5  0 .2 5 2  
0 6 4 1  0 .2 5 9  
0 .6 4 4  0 2 6 3
Fig. 8  F EM vector poten tial contours fo r  nonlinear rail material
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Section 2.2.1, in the m odelling of incremental AC imped­
ance, hysteresis loss is assumed negligible due to the 
small amplitude of the excursions involved. The delta
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permeability, as a function of Hsp, is evaluated experi­
mentally by finding the operating point and using 
Ampere’s law
d l =  I DC (23)
The equivalent rail radii given in Section 3.1.2 and Table 
1 are then used to calculate the resistance and induc­
tance, using eqn. 15.
4 Experimental m easurem ents
4.1  A p pa ra tu s  a n d  te c h n iq u e
Measurements of rail internal self impedance were made 
in the laboratory on an isolated rail, using the apparatus 
shown in Fig. 9. The experimental equipment was 
adapted from that described by Holmstrom [3] for mea­
surement of inductance change in an isolated rail, using, 
as a reference conductor, a circular copper tube. 
However, the method was developed further to enable 
absolute internal impedance measurements to be deter­
mined, by prior use of a reference conductor, which was a
* 2 .5
10000100 1000 
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Fig 10  Rail self-inductance and resistance fo r  large-signal A C  excitation
— O — e x p e r i m e n t  theory
1 0 0
hollow copper rail the same shape and size as the test 
rail. This copper rail had negligible internal inductance at 
high frequency and so enabled the impedance measure­
ment loop  to be calibrated by adjusting its position to 
obtain zero circuit inductance.
The measurement procedure was to null the circuit 
inductance due to the test current return loop by adjust­
ing the distance d (typically 25 mm for a measurement 
loop height of 2 m). The rail sample (2 m in length) is 
then placed in the same physical position as the copper 
shell, so measurements of the inductance change will rep­
resent true internal self inductance. The resistive part of 
the measured impedance is also an absolute measurement 
of internal resistance. In the apparatus, end effects are 
made negligible by fixing the measurement points 0.5 m 
from the conductor ends. The results are processed using, 
online FFT  analysis to provide noise immunity and accu­
rate phase and frequency measurement.
4.2  Experimental results
4.2.1 Large-signal A C  im pedance: Measurement results 
of rail impedance as a function of current at 50 Hz, and 
as a function of frequency at 6 A, are shown in Fig. 10. At





tinually increase with current magnitude for the measure­
ments made, indicating that a completely saturated 
condition was not reached. At constant current, the 
resistance increases and the inductance decreases with 
increasing frequency. Frequency variation is more signifi­
cant than permeability variations because from the skin 
depth relationship (eqn. 6), frequency and permeability 
both appear with equal weighting, and the variation in 
frequency is much greater than that in permeability.
4 2 2  Incremental A C  impedance: Results for small- 
signal AC rail internal impedance and variable frequency 
with a DC offset are shown in Fig. 11, for resistance and 
inductance as functions of frequency with DC as the 
parameter, and of DC with frequency as the parameter. 
When frequency is the independent variable, the square 
root of frequency or its reciprocal is used for the abscissa, 
to demonstrate the effect of variable permeability in 
causing deviations from linearity. As indicated in Fig. 11c 
and d, the variations of inductance and resistance with 
frequency confirm the validity of the model frequency 
dependency. However the current variations are small, 
suggesting that the change in permeability and the effect 
of hysteresis within the measurement range are less sig­
nificant.
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F ig . 11 R ail self-inductance and resistance fo r  incremental AC with steady DC excitation  
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5 Discussion and m odel applicability
Superimposed on Figs. 10 and 11 are theoretical curves 
derived from the m odels described in Sections 3 and 4. 
The validated models have been used to generate rail 
internal self inductance and resistance as functions of AC, 
DC and frequency. These are shown in Figs. 12 and 13. 
Although most o f the inductance variation occurs at low 
frequency, this is not the case for resistance. The varia­
tions of inductance and resistance with large signal AC 
are consistent with the permeability changes.
2000 
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Fig. 12  M odel self-inductance and resistance fo r  large-signal A C  
excitation
The following considerations apply when using the rail 
internal self impedance model:
(a) Saturation The increased loss with rail satura­
tion can be explained in terms of the increase in magni­
tude of the fundamental flux density for sinusoidal field 
excitation.
(b) Hysteresis The effect of hysteresis is to increase 
the loss and decrease the inductance from nominal 
values, seen through the change in impedance angle. This 
is explained by ar increase in loop area and a reduction 
of stored energy. With saturation, a first approximation 
can be made by assuming the magnitude o f the effective 
skin depth remans unchanged. This is a reasonable 
assumption because the effect of hysteresis is to enlarge 
the B-H loop by introducing harmonics, rather than to 
change the m agniude of the fundamental flux. However, 
a skin depth varia ion does accompany the magnetic field 
phase change within the material. Fig. 6 shows that the
addition of hysteresis increases the phase change at the 
effective skin depth. Quantification of the increase could 
be used as a further correction factor to the calculated 
angle of complex effective permeability. However, the 
effect is small and has thus been neglected in the model.
a
Fig. 13 M odel self-inductance and resistance fo r  incremental A C  with 
steady DC excitation
(c) Rail shape and frequency — The resistance model, 
with perimeter equivalent radius, does not hold when the 
skin depth is large compared with the radius. In that 
case, an area equivalent radius should be used. In a 
similar way, for the inductance model the G M D must be 
recalculated based on the conductor area. This, however, 
is not apparent in Fig. 10 due to the low frequency at 
which the theoretical and experimental curves should 
deviate (below about 12 Hz). The difference in theory and 
experiment at high frequencies is thought to be due to the 
phenomenon of loop widening which gives rise to extra 
losses, with the hysteresis loss exceeding the frequency 
proportionality criterion [9].
(d) Rail type —  For high-conductivity rail such as con­
ductor rail in DC railways, the hysteresis loop has been 
found to be narrower (Table 2). Hence the FEM tech­
nique would be expected to show closer agreement with 
experimental measurements.
Extension of the work to the case of audio frequency 
superimposed on a power frequency signal would be rela­
tively straightforward using the same techniques as for 
the superimposed DC case. Because the delta per­
meability would be constantly changing throughout the 
power frequency cycle (point A in Fig. 1), a single effec­
tive value would have to be evaluated, using iterative 
computation.
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A technique has been proposed which enables rail inter­
nal self inductance and resistance to be calculated ana­
lytically from a knowledge of the ferromagnetic material 
properties. It takes account of saturation and hysteresis 
and hence considers both current and frequency depen­
dency. The model has been rigorously tested by experi­
ment.
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9 Appendix
9.1 B-H loop distortion analysis 
Applying a sinusoidal magnetic field excitation to a 
sample of ferromagnetic material will produce a periodic, 
nonsinusoidal, flux density, which can be expressed as the 
sum of harmonics according to
H = H x sin <olt 
and
ao
B =  Z B n Sin (°>n t +  <f>J
(24)
(25)
The energy loss density per cycle is calculated from the 
loop area. The power loss is associated with the funda­
mental flux density and is
[ " H d B - -  P V b .
Jo n Jo
00
x sin coxt cos (ft),t  + (ffjdico^) (26) 
»
l  00 f 2*= - E \n n Jo Bm
x sin tOjf cos (ncoH t +  <f>Jd(o)l f) (27)
and when n #  1, the integral vanishes. For the fundamen­
tal (n = 1), the energy loss density per cycle is
C2n
— I H 1B1 sin cojt cos (a)t t +  0 1)d(co1t) 
= H lBln sin (f>l (28)
The power loss density (per unit volume) is given by the 
rate of loss of energy and at frequency/is
P = v fH 1B 1 sin (29)
The maximum power loss density occurs when the phase 
difference is <f>t =  n/2. By similar argument, the funda­
mental reactive power density is
PR =  nfH 1Bl cos <f>t (30)
with the maximum occurring at (f>1 = 0 . The treatment of 
distortion and harmonics in circuits with nonsinusoidal 
waveforms is achieved by defining distortion and harmo­
nic power densities, which are not dissipative in nature, 
due to cross-products of the harmonics. The total appar­
ent power density can be defined in a similar way as
P a =  * / #  x Z  ( » * J (31)
As power and reactive power densities are vector com­
ponents of the apparent power density,
pI = p\ - p2-  Pi
= f E -  HiBi <t>i
— H\B\  cos2 <f>■1
=  W ) 2t f J 2 > +  l )2B l +l  
*




Rissik [12] shows that this adds to the reactive power 
density as a vector sum to give the Wattless power which 
does not contribute to the power losses. However, it does 
modify the magnitude of the flux density and so will 
influence the effective inductance. It is included in the cal­
culation of effective inductance by calculating the inphase 
(Wattless) power density as
Pi  = s/(Pl + P2h)
=  i . B\  cos2 </>, + Z  (nB*)2 (34)
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An effective permeability angle may then be defined as
0„eff = arctan (35)
The various power loss density components can be deter­
mined from the energy loss densities found from the har­
monic analysis of the B-H loop by multiplying by the 
frequency. Although this does assume that the B-H loop 
shape does not vary with frequency, Martinez et al. [9], 
considering the dynamic and static B-H loop analysis, 
show that there is only a small frequency variation 
(termed loop widening), which could cause modelling 
errors at high frequencies.
9 2  Impedance o f  circular conductor 
The impedance of a circular conductor may be found by 
considering the eddy currents in an isolated conductor of 
circular cross-section. Consider such a conductor with 
radius a, with a current I  flowing along the axis of the 
conductor in the z direction. The current density is there­
fore J z , and the magnetic field is H9 in the circum­
ferential direction. At radius r within the conductor, 
Ampere’s law gives
2nrH„ =  J  2 nrJz dr
which when differentiated with respect to r gives
d H * rr
or in phasor notation
dH H  v




The EMF induced in the conductor at radius r by the 
flux inside the conductor is given by the difference 
between the resistance drops at r and a. Hence
1 d f a
~ J t j  Mo H9dr (39)
where J z0 is the surface current density. Differentiating 
with respect to r
1 dJ, dH.
a dr ^ 0 dt
or in phasor notation
d J  «— = jo>op0 H
(40)
(41)
Differentiating eqn. 36 with respect to r and substituting 
from eqn. 41
d2H 1 dH (  , 1 .
+  -  —  -  | a 2 +  - r ) / /  =  0
dr2 ' r dr 
where a2 = joxjp0 . The solution of eqn. 42 is 
H = Al^ar) + B K x{<xr)
(42)
(43)
where A and B are arbitrary constants found from the 
boundary conditions. By considering the values of H at 




B = 0 
Hence eqn. 43 becomes 










The internal impedance per unit length of the conductor 
is
z = r + j o f  = (E)r=a =




9.3 Rail geometric mean distance 
The geometric mean distance (GMD) between two con­
ductor cross-sections is found by taking 1/n of the sum of 
n values of the logarithms of the distances between n 
pairs of points of the two cross-sections [13]. The 
resulting GMD can be considered as the effective dis­
tance between two filament conductors which gives the 
same mutual inductance as the original conductors.
If a single conductor is now considered, it may be 
thought of as being made up of a number of filament 
conductors. The internal self inductance of the conductor 
is the sum of the mutual inductances between filaments.
This introduces the concept of the GMD of an area 
from itself, since the mutual inductances of all the actual 
filaments are equivalent to the mutual inductances of two 
filaments separated by a distance equal to the GMD of 
the actual filaments from each other.
If the actual filaments have cross-sectional areas of 
8Am and distances between any two filaments of / m, then 
the GMD of the conductor from itself is
In R = Z SAm In ( O (50)
This may be evaluated numerically for rails. Assuming 
that all the current flows within the skin depth, the equiv­
alent conductor with a cross-section of an annulus must 
be determined. Thus, to use the analytical model, the 
annular GMD must be converted to that of a solid circu­
lar cross-section by the relationship [14]
GMD of annulus 
GMD of circle =  0.7788 (51)
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c i r c u i t s  a n d  t h e  a s s e s s m e n t  o f  e l e c t r o m a g n e t i c  i n t e r f e r e n c e  
a n d  e a r t h  l e a k a g e  c u r r e n t s .  A  d i s t r i b u t e d  p a r a m e t e r  
m u l t i c o n d u c t o r  t r a n s m i s s i o n  l i n e  r e p r e s e n t a t i o n  o f  r a i l  t r a c k ,  
s h o w n  i n  F i g .  1 ,  is  s u i t a b l e  f o r  i n c l u s i o n  in  s u c h  s i m u l a t i o n  
m o d e l s  p r o v i d e d  t h e  v a l u e s  o f  t h e  e q u i v a l e n t  d i s t r i b u t e d  
c o m p o n e n t s  a r c  k n o w n  [ 1 ] ,
I n  a  t r a n s m i s s i o n  l i n e ,  e n e r g y  t r a n s f e r  t a k e s  p l a c e  t h r o u g h  
t h e  s u r r o u n d i n g  e l e c t r i c  a n d  m a g n e t i c  f i e l d s  w h i c h  a r e  
p e r p e n d i c u l a r  t o  t h e  l o n g i t u d i n a l  d i r e c t i o n .  T h e  p r i m a r y  l i n e  
d i s t r i b u t e d  c o m p o n e n t s  a r e  t h e  s e l f  a n d  m u t u a l  i m p e d a n c e  
a n d  a d m i t t a n c e .  A  r e m o t e  e a r t h  r e f e r e n c e  is  n e c e s s a r y  t o  
d e f i n e  t h e s e  e q u i v a l e n t  i m p e d a n c e s  a n d  a d m i t t a n c e s .  In  rai l  
t r a c k ,  c u r r e n t  i s  c a r r i e d  b y  b o t h  t h e  e l e c t r i c a l  c o n d u c t o r s  a n d  
t h e  g r o u n d  i t s e l f .  B e c a u s e  o f  t h e  g r o u n d  c u r r e n t s ,  t h e  
a s s o c i a t e d  e n e r g y  f l o w  is  d i f f u s e .  T o  v e r i f y  t h e  a p p l i c a b i l i t y  o f  
t h e  t r a n s m i s s i o n  l i n e  m o d e l  f o r  a  r a i l  t r a c k  s y s t e m ,  it m u s t  
t h e r e f o r e  b e  c o n f i r m e d  t h a t  e n e r g y  f l o w s  f a r  f r o m  t h e  t r a c k  a r c  
( i n s i g n i f i c a n t ,  a n d  t h a t  t h e  p r e s e n c e  o f  t h e  r e m o t e  e a r t h  d o e s  










Rail track substructure an d  equivalent transm ission  
network
T h e  r e s e a r c h  d e s c r i b e d  in  t h i s  a r t i c l e  i s  b e i n g  c a r r i e d  o u t  t o  
v e r i f y  t h e  a b o v e  c o n d i t i o n s ,  w i t h  t h e  a d d i t i o n a l  o b j e c t i v e  o f  
d e t e r m i n i n g  t h e  v a l u e s  o f  t h e  t r a c k  e q u i v a l e n t  c i r c u i t  
p a r a m e t e r s .  T h e  i m p o r t a n c e  o f  t h e  w o r k  is d e m o n s t r a t e d  b y  
t h e  d i f f i c u l t y  o f  a c c u r a t e  e x p e r i m e n t a l  d e t e r m i n a t i o n  o f  t h e  
t r a c k  p a r a m e t e r s .  T h i s  i s  b e c a u s e  o f  v a r i a b i l i t y  in  
e n v i r o n m e n t a l  a n d  g r o u n d  c o n d i t i o n s ,  i m p r e c i s e  k n o w l e d g e  
o f  r a i l  m a t e r i a l  a n d  s u b s t r u c t u r e  p r o p e r t i e s  a n d  p r a c t i c a l  
d i f f i c u l t i e s  in  m a k i n g  e x t e n s i v e  m e a s u r e m e n t s  o n  a r e a l  rail  
t r a c k ,  w i t h  t h e  a s s o c i a t e d  p r o b l e m s  o f  e l e c t r i c a l  i n t e r f e r e n c e  
a n d  e a r t h  i n a c c e s s i b i l i t y .
P r e v i o u s l y  p u b l i s h e d  a c c o u n t s  o f  t h e  f l o w  o f  p o w e r  s i g n a l s  
a l o n g  r a i l  t r a c k  r e l y  o n  t h e  t h e o r y  o f  l e a k y  g r o u n d - r e t u r n  
c o n d u c t o r s  t o  o b t a i n  t h e  p r o p a g a t i o n  c h a r a c t e r i s t i c s .  
F u n d a m e n t a l  a n a l y s i s  o f  c u r r e n t  p r o p a g a t i o n  in  a n d  o v e r  a 
w e a k l y  c o n d u c t i n g  e a r t h  b y  C a r s o n  [ 2 ] ,  u s i n g  t h e  m e t h o d  o f  
i m a g e  c o n d u c t o r s ,  p r e d i c t s  a  s i g n i f i c a n t  e a r t h  s u r f a c e  s k i n  
e f f e c t  a t  t r a c t i o n  f r e q u e n c i e s .  M o r e  r e c e n t l y ,  M a c h c z y n s k i  [3 ]  
h a s  c o n s i d e r e d  b o t h  c o n d u c t i v e  a n d  i n d u c t i v e  t r a n s f e r  o f  
c u r r e n t  i n t o  t h e  g r o u n d  in  c o n n e c t i o n  w i t h  t h e  s t u d y  o f  e a r t h  
c u r r e n t s  i n  t r a c t i o n  s y s t e m s .  I n  b o t h  c a s e s ,  t o  o b t a i n  a n a l y t i c  
s o l u t i o n s ,  o v e r s i m p l i f i e d  c o n d i t i o n s  o r  l i n e a r  m a t e r i a l  
p r o p e r t i e s  w e r e  a s s u m e d .  W i t h  m o d e r n  c o m p u t i n g  p o w e r ,  
m u c h  g r e a t e r  a c c u r a c y  c a n  b e  o b t a i n e d  u s i n g  n u m e r i c a l  f i e l d  
m o d e l l i n g  t o  a c c o u n t  f o r  s p a c e  a n d  t i m e  v a r y i n g  p a r a m e t e r s  
a n d  m a t e r i a l  n o n - l i n e a r i t y .
I n  t h i s  a r t i c l e ,  t h e  t h e o r y  n e c e s s a r y  t o  c o n s t r u c t  a 
t w o - d i m e n s i o n a l  n u m e r i c a l  e l e c t r o m a g n e t i c  f i e l d  m o d e l  o f  
t h e  t r a c k  a n d  t r a c k - g r o u n d  s t r u c t u r e  is  p r e s e n t e d .  T h e  
p r o b l e m  s p a c e  is  d i v i d e d  i n t o  u n i f o r m  e l e m e n t s ,  e a c h  w i t h  
s p e c i f i e d  c o n d u c t i v i t y ,  p e r m i t t i v i t y  a n d  p e r m e a b i l i t y .  A f t e r  
s e t t i n g  t h e  b o u n d a r y  a n d  e x c i t a t i o n  c o n d i t i o n s ,  t h e  f i n i t e  
e l e m e n t  m e t h o d  ( F E M )  i s  u s e d  t o  c a l c u l a t e  t h e  f i e l d  
d i s t r i b u t i o n  n e c e s s a r y  t o  a c h i e v e  a m i n i m u m  e n e r g y  
c o n d i t i o n .  T h e  s t o r e d  a n d  d i s s i p a t e d  e n e r g i e s  in  t h e  
s u b r e g i o n s  o f  i n t e r e s t  a r e  t h e n  s u m m e d  t o  o b t a i n  t h e  c i r c u i t  
i m p e d a n c e s  a n d  a d m i t t a n c e s .
T h e  f i n i t e - e l e m e n t  t e c h n i q u e
T h e  e l e c t r o m a g n e t i c  f i e l d  a r o u n d  a n y  s y s t e m  is  k n o w n  f r o m  
M a x w e l l ’s  e q u a t i o n s .  F o r  r a i l  t r a c k ,  o n l y  a n  u n r e a l i s t i c a l l y  
s i m p l e  m o d e l  ( u n i f o r m ,  c y l i n d r i c a l  r a i l s  a n d  c a b l e s  o v e r  t h e  
s u r f a c e  o f  a  u n i f o r m ,  w e a k l y  c o n d u c t i n g  e a r t h )  m a y  b e  s o l v e d  
a n a l y t i c a l l y .  T h e  i r r e g u l a r  r a i l  s h a p e ,  p r o x i m i t y  o f  p o w e r  a n d  
s i g n a l l i n g  c a b l e s  a n d  n o n - u n i f o r m  g r o u n d  s u b s t r u c t u r e  
r e q u i r e  t h e  u s e  o f  s o p h i s t i c a t e d  m o d e l s  w i t h  h u m e r i c a l  
s o l u t i o n .  T h e  n u m e r i c a l  m e t h o d s  a v a i l a b l e  i n c l u d e  f i n i t e  
d i f f e r e n c e s ,  l a d d e r s  a n d  c e l l s ,  a n d  f i n i t e  e l e m e n t s .  A l l  
c o n s t r u c t  a  m a t h e m a t i c a l  r e p r e s e n t a t i o n  o f  t h e  s y s t e m  e n e r g y  
s t a t e  in  t e r m s  o f  t h e  e l e c t r o m a g n e t i c  f i e l d  v a r i a b l e s ,  b u t  t h e  
f i n i t e  e l e m e n t  m e t h o d  i s  t h e  m o s t  a d v a n c e d ,  p r o v i d i n g  a n  
e f f i c i e n t  t e c h n i q u e  f o r  m o d e l l i n g  c o m p l e x  s h a p e s ,  t a k i n g  
a c c o u n t  o f  m a t e r i a l  n o n - l i n e a r i t i e s  a n d  b o u n d a r y  c o n d i t i o n s .  
I n  c o n s t r u c t i n g  t h e  s y s t e m  m o d e l ,  a  m e s h  is  c r e a t e d  w i t h  e a c h  
m a t e r i a l  m o d e l l e d  a s  a  d i s t i n c t  r e g i o n  o r  s e v e r a l  r e g i o n s ,  
w h i c h  a r e  t h e n  s u b d i v i d e d  i n t o  f i n i t e  e l e m e n t s .
T h e  n u m e r i c a l  t e c h n i q u e  u t i l i s e d  f o r  t h e  F E M  s o l u t i o n  
a n a l y s e s  t h e  s y s t e m  u n d e r  s t a t i c ,  t r a n s i e n t  a n d  s t e a d y  s t a t e  
e x c i t a t i o n  c o n d i t i o n s ,  a n d  d e a l s  w i t h  n o n - l i n c a r  m a t e r i a l  
p r o p e r t i e s ,  s o  t h e  c o m p u t a t i o n  a n d  s t o r a g e  r e q u i r e m e n t s  f o r  
t h e  c o d e  a r e  u s u a l l y  s e v e r e .  T h e  F E M  p a c k a g e  u s e d  in  t h i s  
s t u d y  o b t a i n s  a  q u a s i  n o n - l i n e a r  s o l u t i o n  f o r  t h e  s t e a d y  s t a t e  
a n a l y s i s .  A  c o m p l e t e  A C  s o l u t i o n  is  t h u s  p o s s i b l e  b y  a p p l y i n g  
a  s i n u s o i d a l  w a v e f o r m  t o  a  t r a n s i e n t  a n a l y s i s .
G e n e r a l l y ,  t h e r e  a r e  a  n u m b e r  o f  s o l u t i o n  a p p r o a c h e s  
a v a i l a b l e ,  i n c l u d i n g  t h e  c a l c u l u s  o f  v a r i a t i o n  a n d  t h e  r e s i d u a l  
t e c h n i q u e s .  T h e  c a l c u l u s  o f  v a r i a t i o n  t e c h n i q u e  a t t e m p t s  t o  
s o l v e  t h e  e q u a t i o n s  b y  d e t e r m i n i n g  a n d  m i n i m i s i n g  a n  e n e r g y  
f u n c t i o n a l .  T h e  s e c o n d  m e t h o d ,  h o w e v e r ,  t a k e s  a m o r e  
s t r a i g h t f o r w a r d  a p p r o a c h  b y  e q u a t i n g  t h e  s y s t e m  e n e r g y  
e q u a t i o n s  t o  a  r e s i d u a l ,  w h i c h  is  t h e n  r e d u c e d  t o  a s m a l l  v a l u e .
T o  c r e a t e  a F E M  m o d e l ,  t h e  s y s t e m  is f i r s t  d e s c r i b e d  u s i n g  
t h e  M a x w e l l  e q u a t i o n
curl II +oE  = J.
w h e r e  H  a n d  E  a r e  t h e  m a g n e t i c  a n d  e l e c t r i c  f i e l d s ,  a  is t h e  
e l e c t r i c a l  c o n d u c t i v i t y  a n d  J s r e p r e s e n t s  t h e  s o u r c e  c u r r e n t  
d e n s i t y .  E x p a n s i o n  g i v e s
(-1 curl a ) t o  ( ^ + g r a d v )
w h e r e  p. i s  t h e  p e r m e a b i l i t y ,  A  is  t h e  v e c t o r  p o t e n t i a l  d e f i n e d  
b y  c u r l  A  =  B ,  w i t h  B  t h e  m a g n e t i c  f l u x  d e n s i t y ,  a n d  V  is  t h e  
p o t e n t i a l .  S i m p l i f y i n g  t o  t w o  d i m e n s i o n s ,  t h e  e q u a t i o n  
b e c o m e s
- d i v  (  -  g r a d  A * ) + o  ^ 7 =J»z ( 3 )
' H  ' o  t
s i n c e  A  a n d  J s n o w  h a v e  o n l y  z - c o m p o n e n t s ,  a n d  V  h a s  
a r b i t r a r i l y  b e e n  s e t  t o  z e r o .
T h e  o b j e c t i v e  i s  t o  r e d u c e  t h e  r e s i d u a l
R  =  d i v  ( -  g r a d  A z )  -  o  7 —*= ( 4 )
' ( i  ' 0 1
t o  z e r o ,  s o  n u m e r i c a l l y  t h e  p r o b l e m  is  t o  d e t e r m i n e  a n  
a c c e p t a b l y  s m a l l  v a l u e  f o r  R .  T h i s  i s  a c h i e v e d  b y  w e i g h t i n g  it 
b y  a  f a c t o r  W  a n d  m i n i m i s i n g  t h e  i n t e g r a l
JoW R d Q =  J Q [ d i v  ( - g r a d  A , )  -  o ^ z +  Jl z ] d Q  ( 5 )
w h e r e  Q  is  t h e  c o m p l e t e  p r o b l e m  s p a c e .  T h i s  is  c a r r i e d  o u t  b y  
d i v i d i n g  t h e  p r o b l e m  s p a c e  i n t o  a l a r g e  n u m b e r  o f  s m a l l  a r e a s ,  
k n o w n  a s  m e s h i n g .  W  is  t h e n  d i r e c t l y  r e l a t e d  t o  t h e  f i n i t e  
e l e m e n t  m e s h  b y  t h e  l o c a l  G a l e r k i n  p r o c e d u r e  [ 4 ] ,  T h e  s i z e  o f  
t h e  m e s h  is  d e p e n d e n t  o n  t h e  l o c a l  f l u x  d e n s i t y  a n d  i t s  r a t e  o f  
c h a n g e .
T h e  m e s h  n e c e s s a r y  f o r  m o d e l l i n g  a s i n g l e  r a i l  t r a c k  w i t h  
e l e c t r i c a l  c a t e n a r y  i s  s h o w n  i n  F i g .  2 .  L a r g e  e l e m e n t s  a r e  
s u f f i c i e n t  a  l o n g  w a y  f r o m  t h e  t r a c k  w h e r e  t h e  f i e l d s  a r e  l o w ,  
b u t  s m a l l e r  m e s h e s  a r e  n e c e s s a r y  n e a r  a n d  w i t h i n  t h e  r a i l s  
w h e r e  t h e  f i e l d  g r a d i e n t s  c h a n g e  r a p i d l y .  In  c o m p u t a t i o n a l  
t r i a l s ,  it h a s  b e e n  f o u n d  t h a t  t h e  f a r  f i e l d  b o u n d a r i e s  s h o u l d  b e  
a t  a  d i s t a n c e  o f  a b o u t  2 0  t i m e s  t h e  l a r g e s t  d i m e n s i o n  o f  t h e  
t r a c k  c r o s s - s e c t i o n .  B e c a u s e  t h e  r a i l s  a c t  a s  m a g n e t i c  
c o n d u c t o r s  w i t h  s i g n i f i c a n t  p e r m e a b i l i t y  a n d  c o n d u c t i v i t y ,  t h e  
s k i n  e f f e c t  e n s u r e s  t h a t  t h e  m e s h e s  w i t h i n  t h e  r a i l s  t h e m s e l v e s  
a r e  v e r y  s m a l l  n e a r  t h e  s u r f a c e ,  a n d  l a r g e r  in  t h e  i n t e r i o r  
( F i g .  3 ) .  T r i a n g u l a r  e l e m e n t s  a r e  u s e d  n e a r  t h e  r a i l  s u r f a c e  t o  
p r o v i d e  m o r e  f l e x i b i l i t y  w h e n  m o d e l l i n g  c o m p l e x  s h a p e s .






Fig. 3: F E M  elem en ta l m esh f o r  fla t-b o tto m  rail
Inductance and resistance modelling
E q u a t i o n  ( 5 )  i s  u s e d  d i r e c t l y  t o  m o d e l  t h e  e l e c t r o m a g n e t i c  
f i e l d  d i s t r i b u t i o n . S i n c e  t h e  s o u r c e  c u r r e n t  d e n s i t y  J sz is  k n o w n  
»s  a n  e x c i t a t i o n  c o n d i t i o n ,  a  s u i t a b l e  v a l u e  o f  v e c t o r  p o t e n t i a l  
A z a s  a  f u n c t i o n  o f  p o s i t i o n  m a y  b e  f o u n d  t o  m i n i m i s e  t h e  
w e i g h t e d  r e s i d u a l .  T h i s  v a l u e  o f  v e c t o r  p o t e n t i a l  t h e n  
d e s c r i b e s  t h e  m i n i m u m  s y s t e m  e n e r g y  s t a t e ,  s o  t h a t  t h e  o t h e r  
e l e c t r o m a g n e t i c  v a r i a b l e s ,  s u c h  a s  m a g n e t i c  f l u x  d e n s i t y  a n d  
m a g n e t i c  f i e l d ,  m a y  b e  d e t e r m i n e d .
T h e  c i r c u i t  i n d u c t a n c e  L  i s  f o u n d  f r o m  i n t e g r a t i n g  t h e  
S t o r e d  s y s t e m  e n e r g y  o v e r  t h e  a p p r o p r i a t e  a r e a  S  u s i n g
Ejtored = fc U 2 = / ,  H.B dS (6)
w h e r e  I i s  t h e  k n o w n  e x c i t a t i o n  c u r r e n t .
T h e  s y s t e m  r e s i s t a n c e  R  i s  d e t e r m i n e d  f r o m  t h e  d i s s i p a t e d  
p o w e r
Pdiu = I2R = /»  -  dS J o 0 )
w h e r e  J  i s  t h e  c o n d u c t o r  c u r r e n t  d e n s i t y .
F i g .  4  s h o w s  t h e  v e c t o r  p o t e n t i a l  a r o u n d  a n  o v e r h e a d  
e l e c t r i f i e d  s i n g l e  t r a c k  r a i l w a y  o b t a i n e d  u s i n g  t h e  a b o v e  
m o d e l .  T h e  c u r r e n t  f l o w s  a l o n g  t h e  c a t e n a r y  a n d ,  e q u a l l y  
d i v i d e d ,  b a c k  a l o n g  t h e  r a i l s .  W i t h  a  f r e q u e n c y  o f  5 0  H z  a n d  a  
c a t e n a r y  c u r r e n t  o f  1 0 0  A ,  t h e  v e c t o r  p o t e n t i a l  l i n e  i n t e r v a l s  
a r e  s p a c e d  a t  5  p W b  m ' 1. T h e  m a g n e t i c  f l u x  d e n s i t y  a n d  
m a g n e t i c  f i e l d  l i n e s  f o l l o w  t h e  s a m e  p r o f i l e  a s  t h e  v e c t o r  
p o t e n t i a l  i n  b o t h  a i r  a n d  g r o u n d  s i n c e  b o t h  r e g i o n s  a r e  
n o n - m a g n e t i c .  F r o m  t h e  m o d e l ,  t h e  c a t e n a r y  t r a c k  i n d u c t a n c e  
is 1 . 9 5  p H  m ' 1.
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P a r t  o f  t h e  s e r i e s  i m p e d a n c e  is  i n t e r n a l  t o  t h e  c a t e n a r y  w i r e  
a n d  r a i l s .  F i g .  5  s h o w s  a  m o d e l  o f  t h e  r a i l  c r o s s - s e c t i o n  w i t h  
f l u x  d e n s i t y  c o n t o u r s  g e n e r a t e d  b y  a  s i n u s o i d a l  c u r r e n t  a t  5 0  
H z .  T h e  r e s u l t  s h o w s  t h a t  t h e  f l u x  is  c o n c e n t r a t e d  n e a r  t h e  ra i l  
s u r f a c e ,  s i n c e  t h e  s k i n  d e p t h  a t  t h a t  f r e q u e n c y  is  v e r y  s m a l l .  
B e c a u s e  o f  t h e  k n o w n  r a i l  s h a p e  a n d  m a t e r i a l  p r o p e r t i e s ,  it is  
p o s s i b l e  t o  d e v i s e  v e r y  a c c u r a t e  m o d e l s  o f  t h e  r a i l  i n t e r n a l  
i m p e d a n c e ,  t a k i n g  i n t o  a c c o u n t  b o t h  c u r r e n t  a n d  f r e q u e n c y  
[ 5 ] .  T h e  i n t e r n a l  r e s i s t a n c e  a n d  i n d u c t a n c e  a r c  f o u n d  a s  b e f o r e  
b y  i n t e g r a t i n g  a c r o s s  t h e  r a i l  c r o s s - s e c t i o n ,  t y p i c a l  i m p e d a n c e s  
a t  5 0  H z  b e i n g  0 . 6 5  p H  m ' 1 a n d  0 . 2 3  m  Q  m  .
Fig. 5: M agnetic  f lu x  d e n s ity  co n to u rs  f o r  cu rren t-carry in g  
fla t-bottom  rail
Conductance and capacitance modelling
F E M  m o d e l l i n g  o f  t h e  a d m i t t a n c e  b e t w e e n  t h e  c a t e n a r y  a n d  
r a i l s ,  a n d  b e t w e e n  t h e  r a i l s  t h e m s e l v e s ,  m a y  b e  c a r r i e d  o u t  in  a  
s i m i l a r  w a y  t o  t h a t  f o r  i m p e d a n c e ,  b y  e x p l o i t i n g  
e l e c t r o m a g n e t i c - e l e c t r o s t a t i c  d u a l i t y .  F o r  t h e  d e t e r m i n a t i o n  
o f  c o n d u c t a n c e ,  t h e  d u a l s  a r e  o b t a i n e d  b y  r e p l a c i n g  A z b y  H z , 
J  b y  B ,  E  b y  H ,  p  b y  o  a n d  o  b y  p .  T h e  s y s t e m  e q u a t i o n  is  n o w
. /  1 1 6HZ
- d i v  ( - g r a d  H,
a n d  b y  a n a l o g y  t h e  d i s s i p a t e d  p o w e r  is
Pdiu = G V 2 = J,  E J  dS
(8)
(9)
w h e r e  G  i s  t h e  c o n d u c t a n c e .  T o  d e t e r m i n e  t h e  c o n d u c t a n c e ,  
t h e  b o u n d a r y  c o n d i t i o n s  o f  H z a r e  s e t  b y  u s i n g  A m p e r e ’s  l a w  
( /  H  dl =  I).
T h e  u s e  o f  t h e  m o d e l  i s  i l l u s t r a t e d  in  F i g .  6 ,  w h i c h  s h o w s  
r a i l - r a i l  c u r r e n t  f l o w  t h r o u g h  t h e  w e a k l y  c o n d u c t i n g  g r o u n d .  
D u e  t o  t h e  s y m m e t r i c  s y s t e m  g e o m e t r y ,  o n l y  h a l f  t h e  m o d e l  i s  
s h o w n .  F i g .  6 a  s h o w s  l i n e s  o f  c u r r e n t  f l o w  f r o m  o n e  r a i l  t o  t h e  
c e n t r e  p l a n e ,  F i g .  6 b  g i v e s  a n  i n d i c a t i o n  o f  t h e  c u r r e n t  
m a g n i t u d e  f r o m  t h e  a r r o w  s i z e ,  a n d  F i g .  6 c  d e p i c t s  t h e  
e q u i p o t e n t i a l s .  T h e  g r o u n d  i s  a s s u m e d  t o  h a v e  a  u n i f o r m  
c o n d u c t i v i t y  o f  3 . 3 3  m S  m ' 1. T o  o b t a i n  t h e  r a i l - r a i l  
c o n d u c t a n c e ,  t h e  p a c k a g e  c a l c u l a t e s  t h e  m a g n i t u d e  o f  c u r r e n t  
a n d  p o t e n t i a l  w i t h i n  e a c h  r e g i o n ,  m a t c h i n g  b o u n d a r y  
c o n d i t i o n s  a c r o s s  b o u n d a r i e s .  T y p i c a l  c u r r e n t s  a r e  s e v e r a l  p A  
f o r  r a i l - r a i l  p o t e n t i a l  d i f f e r e n c e s  o f  a  f e w  v o l t s ,  t h e  
c o n d u c t a n c e  b e i n g  0 . 5  p S  m 1 a t  a f r e q u e n c y  o f  5 0  H z .
T h e  c a p a c i t a n c e  b e t w e e n  c o n d u c t o r s  m a y  b e  d e t e r m i n e d  
f r o m  a n  e l e c t r o s t a t i c  a n a l y s i s .  F r o m  e q u a t i o n  ( 3 ) ,  a s t a t i c  
a n a l y s i s  w i t h  n o  s o u r c e  c u r r e n t s  g i v e s
- d i v  |  -  g r a d  A z j = 0 (10)
B y  a n a l o g y ,  r e p l a c i n g  H  w i t h  D  ( t h e  e l e c t r i c  i n d u c t i o n ) ,  A z 
w i t h  V  a n d  p  w i t h  £ 1 ( t h e  r e c i p r o c a l  o f  p e r m i t t i v i t y ) ,  e q u a t i o n
( 1 0 )  b e c o m e s
rig. 4: V ector p o ten tia l contours fo r  overhead line electrified track - d i v  £ g r a d  V = 0 (H )
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6. C urrent m agnitude
C o n c l u s i o n s
T h e  g e n e r a l  a p p l i c a b i l i t y  o f  F E M  f o r  t h e  a n a l y s i s  o f  r a i l w a y  
t r a c t i o n  s y s t e m s  h a s  b e e n  d e m o n s t r a t e d .  T h e  m a i n  d i f f i c u l t i e s  
in  m o d e l l i n g  a  t r a c t i o n  n e t w o r k  f o r  f i n i t e  e l e m e n t  s o l u t i o n  
h a v e  b e e n  t h a t :
—  t h e  e l e c t r o m a g n e t i c  f i e l d s  e x t e n d  f a r  f r o m  t h e  t r a c k ,  w h i c h  
c o n f l i c t s  w i t h  t h e  n e e d  t o  u s e  a  b o u n d e d  F E M  m e s h ;
—  t h e  p e r m i t t i v i t y ,  p e r m e a b i l i t y  a n d  c o n d u c t i v i t y  o f  t h e  
r a i l s ,  c a t e n a r y ,  t r a c k  s u b s t r u c t u r e  a n d  g r o u n d  m u s t  b e  
a c c u r a t e l y  k n o w n ,  i n c l u d i n g  a n y  n o n - l i n e a r i t i e s  w i t h  
c u r r e n t ,  f r e q u e n c y  a n d  t e m p e r a t u r e ;  a n d
—  t h e  o p t i m u m  n u m b e r  a n d  s i z e  o f  m e s h  e l e m e n t s  i s  
u n k n o w n  a n d  m u s t  b e  f o u n d  b y  e x p e r i e n c e .
B e f o r e  t h e  m o d e l  c a n  b e  p u t  t o  p r o d u c t i v e  u s e  w i t h  
c o n f i d e n c e ,  v e r i f i c a t i o n  s h o u l d  b e  c a r r i e d  o u t  u s i n g  
e x p e r i m e n t s  a n d  b e n c h m a r k  t e s t i n g .
F u r t h e r  a p p l i c a t i o n s  o f  F E M  in  r a i l  t r a c t i o n  s y s t e m s  
i n c l u d e :
—  m o d e l l i n g  i n t e r f e r e n c e  n o i s e  f r o m  t r a c t i o n  d r i v e  
c o m p o n e n t s  s u c h  a s  l i n e  a n d  m o t o r  s m o o t h i n g  r e a c t o r s ;
—  p r e d i c t i n g  i n d u c e d  v o l t a g e s  o n  b u r i e d  m e t a l  p i p e s  a n d  
c a b l e s  n e a r  r a i l  t r a c k ,  a n d  c r o s s t a l k  o n  p a r a l l e l  t r a c k s  [ 6 ] ;  
a n d
—  d e s i g n i n g  t r a c k - t r a i n  t r a n s m i s s i o n  b a s e d  s i g n a l l i n g  
s y s t e m s ,  i n c l u d i n g  d e t e r m i n i n g  t h e  e f f e c t s  o f  t r a c t i o n  a n d  
s i g n a l l i n g  b o n d i n g ,  a n d  o t h e r  t r a c k - c o n n e c t e d  e q u i p m e n t .
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c. E qu ipo ten tia l lines
Fig. 6: R ail-ra il g rou n d  currents fo r  differential track excitation
T h e  c a p a c i t a n c e  C  is  t h e n  o b t a i n e d  f r o m  t h e  s t o r e d  s y s t e m  
e n e r g y
E „ o r c d = ,/ i  C V 2 = / S E . D d S  ( 1 2 )
b y  s e t t i n g  t h e  p o t e n t i a l  V  a s  a  b o u n d a r y  c o n d i t i o n .
T h e  m o d e l  c a n  b e  u s e d  t o  o b t a i n  t h e  c a p a c i t a n c e  b e t w e e n  
a n y  c o m b i n a t i o n  o f  c o n d u c t o r s .  F i g .  7  s h o w s  t h e  m o d e l  
a p p l i e d  t o  a n  o v c r h e a d e l c c t r i f i e d  s i n g l e  t r a c k  r a i l w a y  a t  2 5  k V  
a n d  5 0  H z .  T h e  f i g u r e  s h o w s  t h e  e l e c t r i c  p o t e n t i a l  l i n e s  
b e t w e e n  t h e  c a t e n a r y  a n d  o n e  r a i l .  T h e  c o n t o u r  i n t e r v a l  i s  6 2 5  
V  a n d  w i t h  a n  e f f e c t i v e  g r o u n d  p e r m i t t i v i t y  o f  6 0 0 ,  t h e  s y s t e m  
c a p a c i t a n c e  is  1 1 . 9 6  p F  m " 1.
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A B S T R A C T
A n  e le c t ro m a g n e t ic  f ie ld  m o d e l is  d e s c r ib e d  fo r  th e  d e te rm in a t io n  o f  
th e  e le c t r ic a l e q u iv a le n t  d is tr ib u te d  im p e d a n c e s  a n d  a d m it ta n c e s  o f  
c a te n a ry  e le c t r if ie d  ra il t ra c k .  T h e  m o d e l s o lu t io n ,  o b ta in e d  u s in g  th e  
f in i te - e le m e n t  m e th o d ,  ta k e s  a c c o u n t  o f  th e  c o m p le te  t r a c k - g r o u n d  
s u b s t ru c tu r e .  S a m p le  re s u lts  a re  p re s e n te d  o f  th e  c a lc u la te d  f ie ld  
l in e s  f o r  v a r io u s  t r a c k  e x c i ta t io n  c o n d it io n s .  P o s t - p ro c e s s in g  f ie ld  
in te g ra t io n  g iv e s  th e  s to re d  a n d  d is s ip a te d  s y s te m  e n e rg y  a n d  h e n c e  
th e  t r a c k  s e lf  a n d  m u tu a l im p e d a n c e  a n d  a d m it ta n c e  a s  fu n c t io n s  o f 
f re q u e n c y .
IN T R O D U C T IO N
A  r ig o r o u s  m o d e l s u i ta b le  f o r  th e  a c c u ra te  s im u la t io n  o f  a  t r a c t io n  
n e tw o rk  m u s t  in c lu d e  th e  f ix e d  e le c tr ic  p o w e r  a n d  s ig n a llin g  p la n t,  th e  
m o v in g  t r a c t io n  v e h ic le s  a n d  th e  ra il t ra c k .  E le c tro m a g n e t ic a lly ,  th e  
ra i ls  a n d  p a ra l le l c o n d u c to rs  c o m p r is in g  th e  t r a c k  a c t  a s  a  c o u p le d  
m u lt ic o n d u c to r  t ra n s m is s io n  lin e . T h e  ra i ls  a re  la id  o n  th e  s u r fa c e  o f, 
a n d  in  c o n ta c t  w ith ,  th e  g ro u n d ,  w h ic h  h a s  f in i te  c o n d u c t iv i t y  a n d  
p e rm it t iv ity .  A n  a c c u ra te  a n d  c o m p le te  e le c t r ic  c ir c u it  m o d e l o f  th e  
t r a c k  is  d i f f ic u l t  to  a c h ie v e  d u e  to  th e  d is t r ib u te d  n a tu r e  o f  th e  
s u b s t ru c tu re  a n d  b e c a u s e  th e  ra ils  c o n ta in  fe r ro u s  m a te r ia l w h ic h  is  
n o n l in e a r  w ith  c u r re n t  a n d  f re q u e n c y .
In  o v e rh e a d  c a te n a ry  e le c t r if ie d  ra i lw a y s ,  t ra c t io n  c u r r e n t  f lo w  is  
u s u a l ly  d is tr ib u te d  b e tw e e n  s e v e ra l p a ra l le l c o n d u c to rs ,  th e  ra i ls  a n d  
th e  g ro u n d .  It is  im p o r ta n t  to  q u a n t ify  th e  g ro u n d  c u r re n t  e f fe c t  s in c e
th e  in d u c t io n  lo o p  c o n s is t in g  o f  c a te n a ry  a n d  g ro u n d  a c ts  a s  a n  
e le c t r o m a g n e t ic  n o is e  s o u rc e ,  g iv in g  r is e  to  p o w e r  a n d  h a r m o n ic  ■ 
f re q u e n c y  in te r fe re n c e  in  p a ra lle l c o m m u n ic a t io n s  lin e s .
C o n s id e ra b le  e f fo r t  h a s  b e e n  e x p e n d e d  in  th e  p a s t  in  th e  c re a t io n  
o f  a n a ly t ic a l m o d e ls  fo r  th e  s e lf  a n d  m u tu a l im p e d a n c e s  o f  c o n d u c to rs  
la id  o v e r  a  w e a k ly  c o n d u c t in g  e a r th . T h e  C a rs o n /P o lla c z e k  e q u a tio n s ,  
fo r  e x a m p le ,  a p p ly  th e  th e o ry  o f  le a k y  g ro u n d - re tu m  c o n d u c to rs  u s in g  
th e  c o n c e p t  o f  im a g e  c o n d u c to rs  to  q u a n t ify  th e  e a r th  c u r re n ts  w h ic h  
f lo w  d u e  to  in d u c t io n  a n d  c o n d u c t io n  [1 ] .  T h e  m o d e l p r e d ic ts  a  
s ig n i f ic a n t  e a r th  s u r fa c e  s k in  e f fe c t  a t  t r a c t io n  f r e q u e n c ie s .  T h is  
a n a ly t ic a l s o lu t io n ,  h o w e v e r ,  re l ie s  o n  s im p lif ie d  c o n d it io n s ,  in c lu d in g  
a  u n ifo rm  o r  h o r iz o n ta lly  s t ra t if ie d  e a r th  c o n d u c t iv ity .  In  a d d it io n  to  
re m o v in g  th e s e  r e s t r ic t io n s ,  th e  a d v a n ta g e  o f th e  n u m e r ic a l m e th o d  
p r e s e n te d  h e r e  is  th a t  a  c o m p le te  e le c t ro m a g n e t ic  f ie ld  m o d e l is  
c re a te d  w h ic h  c a n  g iv e  th e  a d m it ta n c e  a s  w e ll as  th e  im p e d a n c e  o f  a  
c o n d u c to r  s e t.
In  th is  p a p e r ,  a  tw o -d im e n s io n a l e le c t ro m a g n e t ic  f ie ld  m o d e l is  
d e s c r ib e d  w h ic h  g iv e s  th e  m a g n e t ic  a n d  e le c t r ic  f ie ld s  a ro u n d  a  
s e c t io n  o f  t r a c k  w i th  a n  o v e rh e a d  c a te n a ry .  A f te r  m a te r ia l  a n d  
g e o m e tr ic a l p ro p e r t ie s  a re  s p e c if ie d , th e  t ra c k  e x c ita t io n  c o n d it io n s  a re  
d e f in e d  a n d  a  s o lu t io n  o b ta in e d  b y  th e  f in ite  e le m e n t m e th o d  (F E M ). 
T h e  f ie ld  v e c to rs  a re  in te g ra te d  o v e r  a p p ro p r ia te  re g io n s  o f  th e  m o d e l 
to  o b ta in  th e  d is s ip a te d  a n d  s to re d  e n e rg ie s . T h e  t ra c k  im p e d a n c e  is  
th e n  o b ta in e d  d ir e c t ly .  T h e  t ra c k  a d m it ta n c e  is  d e te r m in e d  u s in g  
e le c t ro m a g n e t ic -e le c t ro s ta t ic  d u a lity  t ra n s fo rm a t io n s .  R e s u lts  fo r  t r a c k  
im p e d a n c e  a n d  a d m it ta n c e  a s  fu n c t io n s  o f  f re q u e n c y  a re  p re s e n te d ,  
a n d  c o n f irm e d  fro m  p u b l is h e d  d a ta  re p o r te d  in  th e  li te ra tu re .
T R A N S M IS S IO N  L IN E  R A IL  T R A C K  M O D E L
T h e  t ra c k  m o d e l s h o w n  in  F ig u re  1 re p re s e n ts  a  d is tr ib u te d  c o u p le d  
t ra n s m is s io n  lin e  a n d  c o n s is ts  o f  s e r ie s  s e lf  a n d  m u tu a l im p e d a n c e  
a n d  s h u n t  s e lf  a n d  m u tu a l a d m it ta n c e . T h e  in d iv id u a l lin e s  r e p re s e n t  
ra i ls ,  p o w e r  c o n d u c to rs  o r  s ig n a llin g  c a b le s .  T h e  e le m e n t v a lu e s  a re  
g e n e r a l ly  n o n l in e a r  w ith  re s p e c t  to  b o th  f re q u e n c y  a n d  c u r re n t .  T o  
fu l ly  d e f in e  th e  m o d e l,  e x p e r im e n ta l d e te rm in a t io n  o f  th e  p a ra m e te rs  
b y  c o n v e n t io n a l s h o r t  c ir c u it  a n d  o p e n  c ir c u it  te s ts  is  n o t  p o s s ib le  
b e c a u s e  th e  e q u iv a le n t  c o m p o n e n ts  in  th e  m o d e l a re  re fe re n c e d  to  a  
re m o te , in a c c e s s ib le  e a rth .
In  re a lity ,  th e  t r a c k  is  s u r ro u n d e d  b y  c u r re n t  a n d  f ie ld  d is tr ib u t io n s  
w h ic h  a re  in f lu e n c e d  b y  th e  g ro u n d  a n d  ra il m a te r ia l p ro p e r t ie s  a n d  
th e  t ra c k  g e o m e try .  E n e rg y  t r a n s fe r  ta k e s  p la c e  th ro u g h  th e  e le c t r ic  
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F ig u re  1. R a il t ra c k  s u b s tru c tu re  a n d  e q u iv a le n t  t ra n s m is s io n
lin e  n e tw o rk
th e  lo n g itu d in a l d ir e c t io n .  T o  fu lly  u n d e rs ta n d  th e  p h y s ic a l n a tu re  o f  
th e  e q u iv a le n t  c ir c u it  c o m p o n e n ts  in  th e  m o d e l,  th e  s u r ro u n d in g  f ie ld s  
m u s t  b e  c a lc u la te d  fo r  ty p ic a l t ra c k  e x c ita t io n  c o n d it io n s .  A lth o u g h  th is  
im p lie s  th a t  c o n d it io n s  a w a y  f ro m  th e  t ra c k  v ic in ity  m u s t b e  c o n s id e re d ,  
th e  re d u c e d  m a g n itu d e  o f  th e  f ie ld s  fa r  f ro m  th e  t ra c k  lim its  e n e rg y  f lo w  
a t  th o s e  lo c a t io n s .  Im p le m e n tin g  a n d  s o lv in g  a  f ie ld  m o d e l in  te rm s  o f  
th e  e le c t r ic a l e q u iv a le n t  p a ra m e te rs  th e n  o v e rc o m e s  th e  re s t r ic t io n  o f  
th e  la c k  o f  k n o w le d g e  o f th e  re m o te  g ro u n d  p o in t.
F IN IT E  E L E M E N T  M O D E L L IN G
T h e o re t ic a l b a s is  o f  F E M
F E M  is  a  v e rs a t i le  n u m e r ic a l a n a ly t ic  te c h n iq u e  in  w id e s p re a d  u s e  fo r  
th e  s o lu t io n  o f  s ta t ic  a n d  t im e -v a ry in g  e le c to m a g n e t ic  f ie ld  p ro b le m s .  
I ts  a p p l ic a t io n  to  p ro b le m s  in v o lv in g  m a g n e t ic  s to re d  a n d  d is s ip a te d  
e n e rg y  is  w e l l  e s ta b lis h e d ,  a n d  c o m p u ta t io n  t im e s  f o r  s y s te m s  w ith  
tw o - d im e n s io n a l g e o m e tr ic a l s y m m e try  a re  re a s o n a b le  w i th  m o d e rn  
c o m p u te r  w o rk s ta t io n s .  T h e  F E M  te c h n iq u e  a p p lie s  g iv e n  b o u n d a ry  
a n d  e x c ita t io n  c o n d it io n s  to  a  d e f in e d  p h y s ic a l s y s te m  a n d  re s u lts  in  
g e n e r a t io n  o f  th e  f ie ld  l in e s  a t d is c re te  p o in ts  c o r r e s p o n d in g  to  a  
m in im u m  s y s te m  e n e r g y  c o n d it io n .  I t  is  a t t r a c t iv e  f o r  th e  ra il t r a c k  
p r o b le m  b e c a u s e  th e  r a i ls  a n d  t r a c k b e d  d o  n o t  h a v e  a  r e g u la r  
g e o m e tr ic  s h a p e  a n d  th e  ra ils  a re  in  c lo s e  p ro x im ity  to  e a c h  o th e r .  T h e  
d if f ic u lt ie s  in  a p p ly in g  F E M  to  ra il t ra c k  m o d e llin g  a re  c o n c e rn e d  w ith  
s e le c t in g  th e  o p t im u m  m e s h  s iz e  to  a c h ie v e  re a s o n a b le  c o m p u ta t io n  
t im e s ,  a n d  s e t t in g  a p p r o p r ia te  m o d e l b o u n d a r ie s  t o  a c h ie v e  
a c c e p ta b le  c o m p u ta t io n a l a c c u ra c y .
T h e  th e o re t ic a l m o d e l s ta r ts  w ith  a d e s c r ip t io n  o f  th e  f ie ld  p ro b le m  
u s in g  M a x w e ll ’s  e q u a t io n s .  A d e ta ile d  e x p o s i t io n  is  a v a i la b le  in
s p e c ia l is t  a r t ic le s  [2 ]  a n d  th e  fo l lo w in g  is  a  s u m m a ry  to g e th e r  w ith  
in te rp re t iv e  in fo rm a t io n  re s u lt in g  in  th e  in te g ra l fo rm u la t io n  a s  re q u ire d  
b y  th e  F E M  p a c k a g e  u s e d .
In  g e n e r a l,  t h e  p r o b le m  s p a c e  is  c h a r a c te r is e d  b y  s e p a r a te  
r e g io n s  w ith  v a r io u s  c o n d u c t iv ity ,  p e rm e a b il ity  a n d  p e rm it t iv ity  v a lu e s .  
In  th e  p re s e n t  c a s e ,  fe r ro u s  h y s te re s is  is  ig n o re d ,  a lth o u g h  s a tu ra t io n  
is  p e r m it te d .  In  r e g io n s  o f  n o n z e r o  c o n d u c t iv i t y  a n d  c o n s ta n t  
p e rm e a b il ity ,  s m a ll s o u rc e  c u r re n t  lo o p s  a re  a llo w e d , b u t  o th e rw is e  n o
c u r re n t  f lo w s . H e n c e
V * H S =  J S (1 )
w h e re  J s is  th e  c u r re n t  d e n s ity  o f  a ll s o u rc e s . L e t
H d = H 1 - H s (2 )
w h e re  H 1 is  th e  to ta l f ie ld  in  th e  re g io n . T h e n
V  x H,  =  V  x H s (3 )
s o  V  x H d =  0 . (4 )
L e t  H d =  V<D (5 )
w h e r e  4> is  a  s c a la r  p o te n t ia l fu n c tio n . S in c e
V x V « D  =  0  (6 )
a n d  f ro m  M a x w e ll ’s  E q u a tio n
B  =  0  (7 )
th e n  u s in g  th e  m a te r ia l re la t io n s h ip
B  =  p H  (8 )
V . f o H , )  =  0  (9 )
s o  - V.V<D +  V . ( p H s) =  0 . (1 0 )
H e n c e  -  V.(pV<J>) =  0 . (1 1 )
E q u a t io n  (1 1 ) m u s t b e  s o lv e d  o v e r  th e  c o m p le te  p ro b le m  re g io n ,  i.e .
/ „  N l[V .(MV < t)) ld n  =  0  (1 2 )
w h e re  N j a re  th e  s e t  o f  w e ig h t in g  (s h a p e ) fu n c t io n s  a n d  O  is  th e  w h o le  
re a io n . F ro m  G re e n ’s  th e o re m .
J*n p V N j.V 4 > d n  -  f r  p N ie < D d r  =  0
d n
(1 3 )
w h e r e  r  is  th e  re g io n  b o u n d a ry  lin e . F o r  e a c h  e le m e n t,  th e  s c a la r  
p o te n t ia l is  m a d e  u p  o f
<& = I  NjDj (1 4 )
w ith  k  th e  n u m b e r  o f  n o d e s  in  th e  e le m e n t. F o r  th e  e le m e n t e ,
k
< j> jd n - f r  P e N j a j d r  =  o . (1 5 )aNj a N j + a N ,  a w
a x  a x  a y  ay a n
In  re g io n s  w h e re  a  *  0  a n d  is  d is c o n tin u o u s ,  th e n  V  *  0  b e c a u s e  o f  th e  
b o u n d a ry  c o n d it io n s .  F ro m  th e  d e f in it io n  o f  v e c to r  p o te n t ia l
V  x A  =  B  
a n d  M a x w e ll ’s  E q u a t io n ,
v  x e  =  - a B  =  -  a_ (v  x a ). 
a t at
In te g ra t in g ,  th e  e le c t r ic  f ie ld  b e c o m e s  




w h e re  V  is  th e  e le c t r ic  s c a la r  p o te n t ia l.  U s in g  th e  m a te r ia l re la t io n s h ip  
J  =  o E  (1 9 )
a n d  V  x H  =  J  (2 0 )
th e n  V  x H  =  oE  =  -  o | a A + W |  (2 1 )rwj
T h e  e le c t ro m a g n e t ic  p ro b le m  s o lv e d  b y  F E M  is  th e n
and the Colomb Gauge
dii<>
The equation to solve in integral form is
LH.V x (V x A ) +  odA
m at .
d H  =  0 .
Again, using Green’s theorem, for each element
(24)
(25)







'dA  + W  
at
Ia n  - j 5A  + W |.n
.at J
d r  = 0 (27 )
To include the Coulomb gauge, a penalty technique is added to the 
above equation of the form
a(V.A)2 = 0 (28)
which is valid over the complete problem region. In a static problem,
aA/at = 0 and if V = 0 is arbitrarily chosen, Equation (22) is simplified to 
V  x ( v  x A ) =  0 . (29 )
To set up the FEM model, the problem region is divided into an 
elemental net, the extremities of which coincide with the boundary 
conditions. The net size is determined by the rate of change of field 
within it. Examples of nets for individual rails and for the complete 
system are shown in Figure 2 . Large elements may be used a long 
distance from the track where the fields are low but smaller meshes 
are necessary near the rail surface where the field changes greatly 
from the skin effect. In practice, the far boundary is set at about 20 
times the track lateral dimension.
FEM determination of track impedance
Solution of Equation (29) results in the calculation of values for the 
vector potential within each element for the minimum energy state.
Figure 2. FEM meshes for field calculations near rail and around track
From this the values of other fixed variables such as magnetic flux 
density and magnetic field can be obtained and the system magnetic 
stored and dissipated energies evaluated.
The circuit inductance L is determined by integrating the stored 
system energy using the equation
Estored “ 0 . 5 LI2 = f s H.BdS (30)
where I is the known excitation current and S is the circuit area.
The system resistance R is determined from the dissipated power
PdiSS =  I 2 R  ”  f s  J Z /o  d S  ( 3 1 )
where J is the conductor current density and S is the conducting area.
Figure 3 shows typical results for the vector potential distribution 
necessary to calculate the self impedance Zn and mutual impedance
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Figure 3. Vector potential contours for overhead catenary electrified 
single track railway, catenary with earth return,
Z1r. In the former case current excitation is applied along the catenary 
(conductor 1) with earth return, and in the latter case, it is applied 
along the catenary with return through the parallel combination of the 
running rails. With a frequency of 50 Hz and a catenary current of 
100A, the vector potential line intervals are spaced at 5 pTm. The 
magnetic flux density and magnetic field lines follow the same profile 
as the vector potential in both air and ground since both regions are 
non-magnetic.
Part of the series impedance is internal to the catenary wire and 
rails. Figure 4 shows a model of the rail cross section with current 
contours generated at a frequency of 50 Hz. The current is 
concentrated near the rail surface, since the skin depth at that 
frequency is very small. Because of the known rail shape and material 
properties, it is possible to devise very accurate models of the rail 
internal impedance, taking into account both current magnitude and 
frequency [3]. The internal resistance and inductance are found by 
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Figure 4. Current density contours in flat-bottom rail 
Track admittance modelling
FEM modelling of the self and mutual admittance may be carried out 
in a sim ilar way to that for impedance, by exploiting 
electromagnetic-electrostatic duality. For the determination of 
conductance, the duals are obtained by replacing Az by Hz, J by B, E
by H , p by a and a by p. The system equation becomes
V.(VHZ) = -pdH_z (32)
o dt
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and by analogy the dissipated power is
Pdiss “  GV* -  f sE .JdS  (33)
where G is the conductance.
To determine the conductance, the boundary conditions of Hz are
set using Ampere’s law (J*H .dl = I). Results from the model are given 
in Figure 5, which shows current flow through the weakly conducting 
ground from a single rail to remote earth. The lines of current flow and 
the equipotentials are orthogonal. The model gives the self 
conductance g1e directly by summing the magnitude of current and 
potential within each region and matching boundary conditions across 
boundaries. For g12, excitation is applied between the running rails.
Currant Flow and  Equipotential C ontours tor G round Conductivity
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Figure 5. Current flow and equipotential lines for track conductance 
model (ground conductivity = 3.33 mS/m)
The capacitance between conductors may be determined from an 
electrostatic analysis. A static analysis with no source currents gives
- V.(VAZ) = 0. (34)
M
By analogy, replacing H with D (the electric induction), Az with V and p 
with 1/e, equation (34) becomes
- V .(eW ) = 0. (35)
computers in naiiways—  
Estoied = 0.5CV2 = f s E .DdS (36)
by setting the potential V as a boundary condition.
The model has been used to obtain the capacitance between 
combinations of conductors. Figure 6 shows results from an overhead 
electrified single track railway at 25 kV and 50 Hz. The electric 
potential lines between the catenary and the rail are at 625 V intervals.
VF/PE2D
Figure 6. Electric field equipotentials between catenary and rail 
TRACK IMPEDANCE AND ADMITTANCE
The models described have been solved with a commercial FEM 
package and the field plots generated were integrated to find the 
stored and dissipated energy and hence the self and mutual 
impedances and admittances. The results as a function of frequency 
are given in Figure 7, where line 1 refers to the overhead catenary and 
lines 2 and 3 are the running rails.
The results for phase impedance include inductance and 
resistance. The former, obtained by integrating across the complete 
field internal and external to the rail, indicates that the catenary-rail 
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with published traction power system studies [4]. The series 
resistance has been calculated by integrating across the rail cross 
section only, a typical value at 50 Hz being 0.23 H/km.
The phase admittance results have been obtained from the 
scaling factors used in the duality transformation. To determine the 
conductance, the excitation currents are typically several pA for rail-rail 
potential differences of a few volts. The results depends critically on 
the value of ground conductivity selected, the rail-rail conductance 
being about 0.5 mS km-1 at a frequency of 50 Hz for a ground 
conductivity value of 3.3 mS/m. The catenary-rail capacitance is in 
agreement with published data, and is typically about 12 nF krrr1 for 
an relative ground effective permittivity of 600.
CONCLUDING REMARKS
FEM analysis is a viable modelling technique to determine the 
impedance and admittance of railway traction networks. The main 
difficulties are that since the electromagnetic fields extend far from the 
track, careful choice of the model boundary is necessary; that the 
permittivity, permeability and conductivity of the rails, catenary, track 
substructure and ground must be accurately known; and that the 
optimum number and size of mesh elements has a large effect on 
computation time and storage and must be found from experience.
The technique is now being further developed for application in 
rail traction systems to model interference noise from traction drive 
components such as line and motor smoothing reactors, to predict 
induced voltages on buried metal pipes and cables near rail track, and 
crosstalk on parallel tracks [5] and to design track-train transmission 
based signalling systems based on track conductors.
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In Situ Determination of Rail Track Electrical 
Impedance and Admittance Matrix Elements
R. John Hill, Senior Member, IEEE, and David C. Carpenter
Abstract—A n o v e l d ifferen tia l excitation  technique is de­
scr ib ed  for  the ex p erim en ta l determ ination  o f  the elem ents o f  
rail track  im p ed an ce  and  adm ittance m atrices from  m easure­
m ents o f  rail v o lta g es and  cu rrents on a sh ort, isolated track  
section . T h e  e sta b lish m en t o f  a com m on earth  point along the  
track is u n n ecessary , a lthough  rail breaks and driven earth rods 
at th e  feed  and rem o te  ends o f  the test section  are required. 
Rail se lf  and  m utu al im p ed an ce  and adm ittance m easurem ents  
are rep orted  for a s in g le  railw ay track , for a frequency o f  
50 H z.
I .  I n t r o d u c t i o n
A N electric railway traction system consists of power 
and signal sources and receivers connected through 
the track bed structure and electrically conducting earth.
The rails are coupled to parallel power lines and signal
and communications cables, and the whole track system 
behaves as a spatial, linear, distributed network. The track 
voltages and currents are determined by the transmission 
line equations
d [ \ ]
- ^ i = - [ Z ] [ l J  (1)
and
T = - m i V ]  ( 2)ax
where [V], [I] are column vectors of the track conductor 
phase voltages and currents, and [Z], [Y] are the track 
impedance and admittance matrices. The problem consid­
ered in this paper is the experimental determination of the 
elements of the track [Z] and [Y] matrices by site mea­
surements.
Accurate knowledge of the values of the track imped­
ance and admittance matrix elements is important for the 
electrical circuit simulation of traction systems. The ele­
ments define the track transfer function which governs 
power flows between substations and electric vehicles.
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They also determine the mixing behavior of power and 
signal currents in track signaling systems, and affect the 
sensitivity of track signaling receivers in data transmis­
sion systems using modulated carrier signals. Element 
nonlinearities with respect to current and frequency are 
also important, for example, in electromagnetic compat­
ibility studies to predict intermodulation distortion.
Determination of the track elements has been reported 
in the literature only as a peripheral problem in traction 
simulation. In defining the element values, simplifying 
assumptions are usually made about material properties 
(rail iron conductivity and permeability, and earth con­
ductivity and permittivity), and the nature of the track 
substructure. Early studies by Riordan [1] and Sunde [2] 
used estimated values of the single-track propagation con­
stant. Other reported track experimental measurements 
consider only the differential mode propagation constant 
and characteristic impedance as applied to unbalanced ex­
citation, for track signaling applications [3]. Many sim­
ulations do not consider the differential excitation of the 
running rails with electrical signals, and so treat the rails 
as a single conductor located near the ground. Examples 
are the modeling of harmonic propagation along the over­
head catenary [4], earth currents [5], and telecommuni­
cations interference [6]. In these cases, the line induc­
tance and capacitance are calculated from the track and 
cable geometric positions [7]. For more exact studies, the 
rail internal self-impedance may be assumed to be fre­
quency dependent due to skin effect in the iron [8], and 
the external rail self-impedance and interrail mutual 
impedance may be estimated using the Carson-Pollaczek 
equations assuming a uniform earth conductivity 19].
The main difficulties in making experimental measure­
ments of the track matrix elements are that access to an 
absolute earth reference is not possible, and that differ­
ential voltage and phase measurements between points at 
each end of the track cannot be made, because the dis­
tances are long, and the measurement instrumentation 
creates additional earth loops. The technique described in 
this paper determines all the track parameters in a single 
set of tests. It requires the establishment of reference 
probes at the sending and receiving ends of a track sec­
tion. These probes have a finite earth impedance, which 
is also determined experimentally. After the track exci­
tation voltages and currents have been measured, phasor 
diagrams are constructed, and the measured phasors are
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examined for consistency to provide error information. 
The corrected phasors are then treated as the variables in 
a track transmission line model enabling calculations to 
be made of all the track matrix element values.
I I .  P r o p a g a t i o n  o f  S i g n a l s  A l o n g  R a i l  T r a c k  
A. Wave Propagation
The theory of wave propagation along multiconductor 
transmission lines is well known [10], [11]. Considering 
the distributed-parameter line of Fig. 1, the distance-de­
pendent voltages and currents are related by the imped­
ance and admittance matrices. In these matrices, the ele­
ments are Zij and y,y(/, j  =  1 to n for an n-phase line), 
where z.( and y„ are the line self-impedances and admit­
tances per unit length, and Zij and y,-, are the mutual imped­
ance per unit length of line i with respect to line j  with 
earth return, and the mutual admittance per unit length 
between lines i and j ,  consistent with the equivalent cir­





d 2[ I] 
dx2
= [Z] [Y] [V] = [P] [V]
= [Y] [Z] [I] = [P,][I]
(3)
(4)
since z,y =  Zj,• and y,y =  yy7(i & j ) .  Equations (3) and (4) 
are solved by means of a modal transformation by deter­
mining the eigenvalues of |P]. Introducing a diagonal ma­
trix [Q] and column vectors of modal voltages [Vm] and 
currents [I„], it may be shown that [10]
and
<*2 [ V J
dx2
d 2\ I J  
dx2
=  [Q ][V J (5)
(6 )
v ,
■ / / / / / /
*-
3 *-
/ / / / / / / / / r




yii+y^n ^ 22^12 
7 /7 7 7 7
F ig . 2 . Im pedance and adm ittan ce  m odel fo r a tw o-w ire  line  w ith  earth
re tu rn .
B. Single-Rail Excitation
For a single conductor in the presence of an infinite 
earth plane, the impedance and admittance per unit length 
are Z\\ and y M, and the propagation constant is
7  =  yfP  =  V C z n y ,,) .  (8 )
The phase voltage has components corresponding to for­
ward and backward traveling waves. Each component 
produces an associated current, with the currents and volt­
ages related by the characteristic impedance
*o =  V ( z , , / y , , ) .  (9)
C. The Two-Rail Line: Single-Track Railway
The two-rail line corresponds to a single rail track with 
no parallel electric power or signal/communications ca­
bles. The problem is considerably simplified if spatial 
symmetry is assumed in the conductor positions such that 
zn = Z22 and y,, =  y12. Equations (3) and (4) then become
cP_
dx2
Px P 2 






as elements the modal propagation d 2 h > ,  P2






The modal voltages and currents each satisfy the equa­
tions of a s ngle-phase line with a unique voltage and cur­
rent distribution, propagation constant and characteristic 
(surge) impedance at any frequency. Equations (5) and
(6) can be solved independently since mutual components 
are elimin&ed. After solution, the combination of the n 
modes satisfies the line boundary conditions.
where
and
P I =  711*11 +  712*12




according to the element notation given in the unit length 
model of Fig. 2. The two propagation modes are each 
associated with a pair of forward and backward traveling 
waves. The modes may be related to differential fhal-
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anced) and common (unbalanced) excitation, as illus­
trated in Fig. 3. In rail track, these correspond to arrange­
ments for track circuit excitation, where a signal source 
and load are connected across a length of track, and a 
propulsion current return path, where power is injected to 
the rails by a moving train and extracted at a substation 
or transformer connection point.
For differential mode excitation, I x =  —/2, and
d 2h
dx
T  =  ( P l ~  P 2) h (14)
w ith
7d =  >/(P, -  P2)
and
=  V [ ( z H -  Z12M 711 -  7 ,2)]
Zo,d = >/[Un — Zn)/(y \ 1 -  712)]
For common mode excitation, Vx = V2 and 7|
y c = V(P, +  P2)





III. T h e o r y  o f  I n  S i t u  T r a c k  P a r a m e t e r  
M e a s u r e m e n t
A. Excitation o f  a Line Pair with Earth Return
Consider two conductors 1 and 2 with different excita­
tion voltages K, (jc) and V2(x) and carrying different cur­
rents / i(x) and /2(jc) as shown in Fig. 4. The source 
impedances are Z\ and z2, and the two lines are loaded 
with equal impedances zL. The excitation voltage source 
and load are each earthed with an impedance of z£.
For homogenous lines, the solution of (10) for this line 
geometry may be expressed in terms of exponential func­
tions as:
A x exp — 7 jjc + Bx exp7 ,x 
_C, exp -  7 2 jc + Dx exp y2x .
(19)
where Ty and A x, B x, Cx, and D x are constants determined 
by the line boundary conditions. The matrix [T] may be 
evaluated using (10) and (19) since
(20)
from which, associating y c with 7 , and y d with y2, (15) 
and (17),
> . ( * ) ' 'Tu Tn
V2{.x), t21 t22.
—
1 1 10<N —1 P> Pi Tu Tx2
1--- N> 1 -0  7 2 - -Pi Pi. -T2\ t22_
Tu  =  T21
and
r ,2 — —t22.
The line voltages are thus, from (19),
(21)
(2 2 )
> l « ~TU — T22
y 2{x). Tu T22 _
A\ exp -  7 1  jc + B x exp 7 1  jc 
_CX exp -  y 2x  +  D x exp 7 2JC.
- 1
1
Zo,c =  "''/[ten + Zi2) / ( y n  +  yi2)]. (18) and the line currents are
D. Parallel Lines and Tracks
The above considerations can be extended to the gen­
eral rt-phase transmission line system corresponding to rail 
tracks with parallel power and signal cables. The line 
voltages and currents are determined in terms of propa­
gation modes, the dominant mode being determined by 
the power feeding arrangements. In the solution of modal 
systems, multiple-track railways can exploit planes of 
symmetry, rather like the case of symmetrical compo­
nents for three-phase power lines [10].
A exp — 7 1  jc + B exp 7 1 JC 




- 1 dV  | (jc) /  dx
-h (x)- -Z 2 I Z22. -dV2(x)/dx_
If the lines are symmetric, z xx = z22, and since Z21 = z x2,
A exp -  71 jch i * ) - 1  1 '
=  k x
J i i * ) . _ - l  1 .
+  ko
1 - 1
- 1  1
C exp -  y 2x 
_D exp 7 2jc
(25)
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where k x and k2 are constants determined by the line ge­
ometry. Equations (23) and (25) may be solved to give 
the impedance matrix elements in terms of the constants 
7 i> 72 . and k2. The result, shown in Appendix I, is
z" = °-5 i ?  + £  
z“ = 0-5 ^ - |
(26)
(27)
The admittance matrix elements are obtained from (15), 
(17), (26), and (27) as
and
y  n =
y  12 =
fe l l  -  Z>2>7l +  fe l l  +  2 ) 2 )7 2  
det [Z]




B. Sending-End and Receiving-End Boundary 
Conditions
Knowledge of the receiving-end currents and voltages 
for known values of Zi. enables the constants A, B, C, and 
D to be found in terms of k x, k2, y x, y 2 and Ze • The line 
voltages at the load end are
> 1  (L)~
y 2 (L).
fer. + ZE) zE 
Z e  ( z L +  ZE )  J
I\(L)
M L ) ]
(30)
From (23) and (25), the line voltages and currents at jc =  
L may also be determined in terms of k (, k2, 7 1 , y 2, A, B, 
C, and D. Further, at the sending-end with jc = 0, using
(25),
/, (0)~ - 1  r A 1 - f ~C~
= *i + k2_/2(0)_ - 1  1. .5. . - 1  1. _£>_
(31)
Equations (23) and (25) with jc = L, and (30) and (31), 
may thus be solved for the coefficients A, B, C, and D as 
functions of Zl, Ze , k {, k2, 7 ,, and y 2 and the variables 
/, (0) and /2 (0). The result is given in Appendix II.
>i/(0)" >1/(0)" 1 r ■/./(0)"
= +  Ze>2/(0). >2/(0). .1 1. ./2/(0)_
Since the absolute values of Vx (0) and V2(0) cannot be 
measured, further consideration of the sending-end con­
ditions is necessary to obtain an expression to eliminate 
the additional voltage drop across the unknown sending- 
end earth impedance z£ . Only the potentials F',(0) and 
F2 (0 ), relative to the excitation voltage terminals, and the 
currents 7| (0 ) and /2 (0 ) may be determined experimen­
tally. Because there are five unknowns (the four track ele­
ments and the earth impedance), sufficient independent 
experiments must be performed to derive five independent 
equations. To achieve this, three different load imped­
ances are used to make three independent sets of mea­
surements.
If the lines are equally loaded at jc = L with impedance 
Z u ( i  = 1 to 3), the sending-end (jc = 0) voltages are re­
lated to the measured line voltages and currents by
. (32)
The solution technique, summarized in Appendix III, is 
to find analytical expressions for the measured line volt­
ages in terms of the basic unknowns Ze , k x, k2f 7 , and 7 2 , 
using the constants A, B, C, and D from (B1)-(B4). The 
track matrix elements are then found from (26)-(29).
IV. E x p e r m e n t a l  M e a s u r e m e n t s
A. Line Excitation
The choice of excitation voltage, source impedance, 
and load impedance depends on the relative magnitudes 
of those impedances relative to the track matrix elements 
and earth impedance. The series impedance of rail track 
is normally much less than the reciprocal of the shunt ad­
mittance. Moreover, it is generally not possible to reduce 
the value of the earth impedance below a certain value by 
installing more earth rods, due to the finite ground con­
ductivity. Therefore, in the rail track circuit, most of the 
series voltage drop appears across the earth impedances, 
rather than the line.
The line excitation must produce a high voltage differ­
ential between the two rails to create an appreciable trans­
verse current flow through the interrail admittance, and 
high currents through the rails to create an appreciable 
longitudinal voltage drop along the rails. These condi­
tions are satisfied by choosing the source impedances so 
that the rail circuit is in parallel resonance. Further, the 
source and load impedances must be of comparable mag­
nitude to the line impedance. Fig. 5 shows a phasor dia­
gram for a typical measurement where these conditions 
are satisfied.
B. Results
Measurements on a 36 m length of rail track were made 
at 50 Hz, with the excitation voltage, source impedances 
and load impedances shown in Table I. Also shown in that 
table are the measured sending-end voltages and currents. 
The primary results, in the form of the line self and mu-
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F ig . S. P h aso r d iag ram s fo r line v o ltag es  an d  cu rren ts . 
T A B L E  1
E x p e r i m e n t a l  C o n d i t i o n s  a n d  R e s u l t s
T es t N um ber / =  1 i = 2 i =  3
L oad  im p ed an ce  Zu  (A) 0 .0 9 9  +  >0 0 .1 9 8  +  >0 0 .2 9 8  +  >0
S upply  v o ltag e  Es (V) 2 4 3 .9  +  > 0 2 4 3 .5  +  > 0 2 4 0 .9  +  > 0
R a il v o lta g e  V'u (V) 2 4 3 .4  -  > 8 .5 2 4 3 .0  -  > 8 .5 2 4 1 .3  -  > 6 .7
R ail v o ltag e  V2i (V ) 2 4 2 .7  -  > 8 .5 2 4 1 .5  — > 8 .4 2 3 9 .2  -  > 6 .7
S upp ly  c u rre n t /„  (A) 3 .8 4  -  > 0 .3 1 7 3 .8 3  -  > 0 .3 2 3 .8 0  -  > 0 .27
L ine  1 cu rren t / | , ( 0 )  (A) 2.01 -  > 0 .1 6 2 .2 3  — yO. 17 2 .5 4  -  > 0. 15
L in e  2 cu rren t / 2l(0) (A ) 1.83 -  > 0 .1 6 1 .6 0  -  > 0 .1 5 1.26 -  y 1.34
S en d in g  end  series  im pedance  Z , (0 )  
S en d in g  end  series  im pedance Z2 (0 )
0 .1 2  -  >4 .21  
0 .2 7  +  > 4 .6 5
T A B L E  II
Im p e d a n c e , A d m i t t a n c e  a n d  G r o u n d  R e t u r n  I m p e d a n c e  R e s u l t s
P ara m e te r V alue
S ef im p ed an ce  ( m i l /m )  
M itual im pedance  z ,2 ( m i l /m )  
S ef a d m ittan ce  , ( / iS / m ) 
M itual adm itta n c e  y l2 ( j t S /m )  
G o u n d  im p ed an ce  (D)
0 .5 5  +  jQ.49 
0.51  +  >0.31  
0 .3 8  +  j  0 .9 3  
0 .0 4 8  +  > 0 .061 
6 3 .0  -I- > 3 .7
T A B L E  I II
D e r i v f . d  P r o p a g a t i o n  C o n s t a n t s  a n d  C h a r a c t e r i s t i c  I m p e d a n c e s
P ro p ag a tio n  constan t 
7  (N a p ie r /m )
C h arac te ris tic  im pedance  
Z o ( f l )
Sngle rail (2 .3 4  + y 2 . 9 8 ) l 0 '5 
D flercn lia l m ode (3 .7 7  +  j  1 .2 5 )1 0 " '' 
O m m o n  m ode  (1 .5 7  +  y '2 .2 2 )1 0 -5
33.91 -  > 8 .9 6  
14.04 +  > 1 .0 3  
2 6 .3 8  - > 6 .1 1
tial impedances and admittances, and the ground-retum 
inpedance, are given in Table II, and the calculated char­
acteristic impedances and propagation constants are given 
ii Table III.
V. D i s c u s s i o n  
Measurement errors in voltage, current and phase read- 
hgs are inherently large due to instrumentation inaccu- 
acies, and in the difficulty in reading small differential 
oltages and phase angles. An error assessment was made
using the phasor diagram representation of Fig. 5. The 
shift in phasor magnitude and direction arising from er­
roneous readings was used to estimate possible variations 
in the parameters, by substituting extreme, as well as 
nominal, phasor voltage and current values in the model. 
For the short track section used for the reported measure­
ments, errors were estimated at greater than 50%. This 
was due to the difficulty in ensuring low rail-to-cable joint 
impedances, compared with the self and mutual imped­
ance values under determination. Indeed, the short track 
length dictated extreme measurement accuracy, with the 
use of a stable power supply and linear external series 
components. To reduce the error, a longer measurement 
track section would be required.
The differential mode propagation constants and char­
acteristic impedances evaluated from the self and mutual 
impedances and admittances are comparable to those ob­
tained using conventional short-circuit and open-circuit 
tests, where connection to the ground is not required |3]. 
The various rail types and track geometries in service ex­
plain small differences between the results and other re­
ported impedance measurements [12], [13], differences in 
admittance being explained by ground and environmental 
conditions.
The technique can readily be used for multiple-track 
lines, by making measurements between successive pairs 
of rails or conductors. However, the assumptions about 
track symmetry (zM = z22 a°d ,Vn = V’22) may not be valid 
for asymmetric track positioning. The presence of unex-
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cited conductors will not affect the results for any rail pair. 
The assumption about equal earth impedances at the ex­
citation source and load earth points is also unimportant 
since the reference potential is automatically adjusted to 
be midway between those points.
Although the short measurement track length in the re­
ported test represented much less than a quarter wave­
length at 50 Hz, the technique is unrestrictive as to the 
length required. Indeed, the necessity to create a pseu­
doresonance condition for the measurements would no 
longer apply since the phasors in Fig. 5 would be more 
widely spread due to the inherent transmission line ef­
fects.
The technique could also be used to determine any 
length dependency in the values of the line impedances 
and admittances. The models for these parameters rely on 
the presence of the weakly conducting earth to remove 
such length dependency, so for insulating earth it would 
be expected that the line parameters would themselves de­
pend on the length of line involved.
VI. C o n c l u d i n g  R e m a r k s
• The differential rail excitation technique described 
enables rail track impedance and admittance matrix ele­
ments to be determined, and hence the transmission line 
parameters to be evaluated, for any length of track. It is 
applicable to any pair of parallel similar conductors laid 
on the surface, and in contact with, the earth.
• The method does not rely on the prior establishment 
of a perfect earth plane, nor on the removal of the track 
from the ground. It requires rail breaks to be established 
and earth rods to be installed at the beginning and end of 
the measurement section.
• The results show that at 50 Hz, no assumptions may 
be made regarding the relative magnitudes of the in-phase 
and quadrature components of the track impedances and 
admittances. This is significant since the propagation 
wavelength for the differential excitation mode of a sin­
gle-rail track would be long compared with typical block 
section lengths employed in railway signaling systems.
A p p e n d i x  I
I m p e d a n c e  a n d  A d m i t t a n c e  M a t r i x  C o e f f i c i e n t s






Z |1 Z|2 
Z|2 Z| i_
- A  exp — 7 ,jc + B exp 7 ,*
_ —A exp -  7 tJt + B exp 7 |Jt_
C exp -  72* -  D exp 7 2 *
_ — C exp — 7 2 * + D exp 7 2*_
+ 72
(A l)
Equating (Al) and (25),
^2
~ * 2 J
—A exp — 7 1 * + B exp 7 j* 








L  7 1
72
-7 2 J
—A exp — 7 1 * + B exp 71* 
C exp -  72* -  D exp 7 2*_
(A2)
Adding (A2),
fc, (—A exp — 7 ]* + B exp 7 1 *)
7i
det [Z]
[(zn “  Z12) ( A exp — 7 ,* + B exp 7 ,*)]
or
k,  = 7i
Zll + Z12






The values of zn and Z12 are determined from (A3) and 
(A4), and are given in (26) and (27).
The admittance matrix elements are derived from (15), 
(17), (26), and (27), since
7ii ~  y 12 —
72
and
y 11 +  V12 =
Zll Z12
7i
Z n  +  Z 12
(A5)
(A6)
The resulting values for and y 12 are given in (28) and 
(29).
A p p e n d i x  I I
E v a l u a t i o n  o f  C o n s t a n t s  f r o m  L i n e  B o u n d a r y  
C o n d i t i o n s
From the solution of (23) and (25) with x = L, (25) 
with * = 0, and (30), the constants A, £ , C, and D may
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be evaluated as:
A =  —
7,(0) + /2(0) P ~  *i (zL + 2zE)]
B  =
C =
{[1 -  k x(zL + 2z£)] + [1 + fc, (zL + 2ze )] exp -  2yXL} 
__________________ [1 +  +  2 z£ )]
D  =  -
2k i
/ .  (0 )  +  / 2 (0 )
2kx {[1 + k x(zL + 2z£)] + [1 -  k x(zL +  2z£)] exp 2y xL}
/.(Q) ~  /2 (0 ) ____________ (1 ~  zLk2)____________
2k2 [(1 -  zLk2) + (1 + zLk2) exp -  2 7 2L]
7 ,(0 ) - 7 2 (0) ( l + z Lk2)





A p p e n d i x  111 
S o l u t i o n  i n  T e r m s  o f  M e a s u r e d  L i n e  V o l t a g e s  
a n d  C u r r e n t s
Equations (23) and (32) can be combined as





Using (B1)-(B4), and rearranging.
r  _  H  +  k x(zu  +  2z£)](1 -  2 kxzABl)exp l y xL — ---------------------------------------------
[1  -  * i (Z u  +  2 z£ )1 (1  +  2 t lZAB,)
and
exp 2y2L = (1  +  Z u k i ) (  1 -  2 * 2z c p i)





m o )  +  ^ 2 ,(0)
2 [7,(0) + 72 (0)]
v\j{0) -  *4(0)







Equation (C3) may be solved for k2 by equating the value 
of exp 2y2L for two values of load (/ = 1 ,2). The result 
is
ki =  ±
(Ze 2 — Z l  i )  +  2(ZCD1 — ZcD2)
2[Z/,,Z£2(ZcDI — ZcD2) + 2zCD1ZCD2(Ze2 ~  ^Ll)]
(C6 )
Substituting k2 into (C3) then gives y 2. By similar substi- 
tuton of i = 1 , j  into (C2), the value of k x becomes
By settings = 2, 3, the two resulting solutions for k x may 
be equated, yielding
- G  ±  V(G2 -  4F77)
Ze ~ 2 F
(C8)
where
F  — 2(2Zp2 6z 3 — 2 z £ 3 bzj +  Zp2 Szli ~  Z p j bzu) (C9) 
G =  2 [Zp2 (Zi3 4- Ze\)  5 z 3 — Zp2 &Z u (Z q \  +  Z g 3)
~  Zpiizu. +  Z li )  & 2 +  zpi bzuizQi + Zqi)] (CIO)
and
H  =  Ze\ (Zp2 Zl3 5 z 3 — Zp$Zi2 fiz2)
+ 2 Zq\ (ZqsZp2 6ZE3 ~  ZQ2ZP3 SZei) ( C l l )
with
Zpj =  &zLj +  2 bZj 
&ZEj ~  ZLj  ~  ZLl 
bZj =  ZaBI — Z^Bj
and
Zq -, —
U  = 2, 3)
U  = 2, 3)
(7  = 2, 3)
0 =  1 ,2 , 3).y \ m  +  ^ , ( 0 )
2  [7,(0) + I2 (0 )]
k
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